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Some properties of multivalent analytic
functions associated with an integral operator

Yi-Hui Xu and Cai-Mei Yan

Abstract
Let A(p) denote the class of functions of the form f(z) = 2P +
D hept1 apz® (p € N = {1,2,3,---}) which are analytic in the open
unit disk U = {z : z € C and |z| < 1}. By making use of the Noor
integral operator, we obtain some interesting properties of multivalent
analytic functions.

1 Introduction

Let A(p) be the class of functions of the form

oo

f(z):Zp+ Z a‘kzk (pEN:{172731"'})7 (1)

k=p+1

which are analytic in the open unit disk U = {z: z € C' and |z| < 1}.
For f € A(p), we denote by D"*P~=1 : A(p) — A(p) the operator defined
by
P

D"Pf(z) = = f(2)  (n > —p) (2)

(1—z)ntp
or, equivalently, by

2 ()Y

DU = =, T

)
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where n is any integer greater than —p and the symbol (%) stands for the
Hadamard product (or convolution). If f(z) is given by (1.1), then from (1.2)
it follows that

D"TPLf(2) = 2P + Z <n+k_1)akzk (p € N;n > —p).
k=p+1

The symbol D"*P~1 when p = 1 was introduced by Ruscheweyh [12] and the
symbol D"*P~1 was introduced by Goel and Sohi [2].

Recently, analogous to D"*?~1 Liu and Noor [4] introduced an integral
operator I, , : A(p) — A(p) as following.

Let frp(z) =2P/(1—2)"P (n > —p), and let f(+)( ) be defined such that

) Gl

frp(2) * fq(zz; (z) = m~ (3)
Then
Lipf(z) = [3)(2) % f(2)

) 0+ Dp+2) -k _
o _%;1 D CET S R s

It follows from (1.4) that

2(Ins1pf(2)) = (4 ) npf(2) = nlnt1p f(2)- ()
z) =

We also note that Iy, f(z f'(2)/p and I pf(2) = f(z). Moreover, the
operator I, ,f(z) defined by (1 4) is called as the Noor integral operator of
(n+ p — 1)th order of f [4]. For p = 1, the operator I,,1f(z) = I,,f was
introduced by Noor [7] and Noor and Noor [9]. Many interesting subclasses
of analytic functions, associated with the Noor integral operator I, , and its
many special cases, were investigated recently by Cho [1], Liu [3], Liu and
Noor [4,5], Noor [7,8], Noor and Noor [9,10] and others. In the present sequel
to these earlier works, we shall derive certain interesting properties of the Noor
integral operator.

2 Main results

In order to give our theorems, we need the following lemma.
Lemma. (see [6]). Let © be a set in the complex plane C' and let b be a
complex number such that Reb > 0. Suppose that the function ¢ : C2 x U —
C satisfies the condition

Pliz,y; 2) ¢ Q
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for all real z,y < —|b—ixz|?/(2Reb) and all z € U. If the function p(z) defined
by p(z) = b+ b1z + byz? + - - - is analytic in U and if

Y(p(z), 2p'(2); 2) € Q,

then Rep(z) > 01in U.

We now prove our first result given by Theorem 1 below.

Theorem 1. Let n > —p+1,A > 0 and v > 1. Suppose that f(z) € A(p),
then

In, f(Z) Infl, f(Z)
refu-vpzelEh sl < cen) @
implies
S Df(2) } »
re{pzli) <o Gev "
where 8 € (1, +00) is the positive root of the equation
2n+p+A—1Da® = A+2y(n+p— 1z —A=0. (8)
Proof. Let
1, Lipf(2) }
plz) = p-1 [ﬁ Iny1pf(2) ’ ©)

then p(z) is analytic in U and p(0) = 1. Differentiating (2.4) and using (1.5),
we obtain

In pf(z) Inflypf(z)
: A
[n+1,pf(z) * In,pf(z)

(1-3

AB-1) zp'(2)

= w<p<2:), Zp/(Z)),
where

4 AB-D) B-DtptA-1)  ANB-1) s
Ylrs) =B+ " n+tp—1 e N Y

Using (2.2) and (2.5), we have

{(p(2),2p'(2)) : 2€ U} Cc Q={w e C: Rew < v}.
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Now for all real z,y < —(1 + x2)/2, we have

, AB—1) AB-1
Relvtin) = p 20D MY b
g AB=D) | AB(B-D 1+ a?

n+p—1" 2n+p—1) B2+ (B—1)2%2
A1) AB-1)

= 6+n+p—1 26(n+p—1)
_ AB-1D(28+1) _
= P o

where § is the positive root of the equation (2.3).
Note that n > —p+ 1,A > 0,v > 1 and let

gx)=2n+p+A—1z> —[AN+2y(n+p— 1)z -\

then g(0) = —A < 0 and g(1) = —2(n+p — 1)(y — 1) < 0. This shows 8 €
(1,400). Hence for each z € U, ¢ (iz,y) ¢ Q. By Lemma, we get Rep(z) > 0.
This proves (2.2).

Theorem 2. Let A >0,y > 1and 0 <d < 1. Let g(z) € A(p) satisty

Int1,p9(2) 5
Re {In,pg(z) } >3 (zeU). (11)
If f(z) € A(p) satisfies

Int1,pf(2) Inpf(2)
In+1,pg(z) + )\In,pg(z)

Re{(l—)\) }<7 (z€U), (12)

then

pe{eal @) BBy (13)

Ing1,p9(2) 2(n+p) + Ao

Proof. Let = %(ﬁ > 1) and consider the function

1 Iag1pf(2)
p(Z) - /B -1 |:ﬁ In+1,pg(z):| . (14)

The function p(z) is analytic in U and p(0) = 1. Set

Int1p9(2)

B(z) = I pg(z)

)
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then Re{B(z)} > § (z € U). Differentiating (2.9) and using (1.5), we have

_ In—&-Lpf(Z) In,pf(z)
it () T ()
— 8- (- () - L= o)
Let MB—1)
Y(r,s) =p—(B—1)r— WB(Z) - 8,

then from (2.7), we deduce that
{Y(p(2),2p'(2)) 1 2€ U} Cc Q={w e C: Rew < 7}.

Now for all real z,y < —(1 + 2?)/2 we have

Refuliz)} = 52 Re(p(a))
X(E 1)
= P ) )

Hence for each z € U, ¢(iz,y) ¢ Q. Thus by Lemma, Rep(z) > 0 in U. The

proof of the theorem is complete.
Finally, we prove the following result.
Theorem 3.Let § > 1 and v > 0. Let f(2) € A(p) , then

Inypf(z)} n+p+7y
Re{ln+l7pf(z) = n+p (=€)

implies

Re { (I”“”f(z)) 1/%} >27Y8 (2 el)

zP

The bound 21/7 is best possible.
Proof. From (1.5) and (2.10), we have

e {msa )

Toi10f(2) }<p+7 (z€U).

That is,

i Z(In—l-l,pf(z))l _ ) Z
27( Lpfz) 7)) 7

(17)
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Let
p(z) = (InJrl,pf(z))l/z’Y

2P

then (2.12) may be written as

2 (logp(2)) < =z (logl Jlr Z)/ (18)

By using a well-known result [13] to (2.13), we obtain that

that is, that

where w(z) is analytic in U, w(0) = 0 and |w(z)| < 1 for z € U.
According to Re (t'/7) > (Ret)'/? for Ret > 0 and 8 > 1, (2.14) yields

{7 (k)

> 278 (zeU).

To see that the bound 27/# cannot be increased, we consider the function

=t Z (nt+p+1)---(nt+k) 292y —-1)---(2y—k+p+1) k

Wt D +2)k (k—p)!

Since g(z) satisfies

In+1,pg(2)

2P =1+ 2)27

we easily have that g(z) satisfies (2.10) and

—1/2B~y
Re { (Inﬂ,z;g(Z)) } 018
V4

as z = Rez — 17. The proof of the theorem is complete.
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