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Abstract

In this paper, the problem of modifying Halpern iteration for ap-
proximating a common fixed point of a family of asymptotically quasi-
¢-nonexpansive mappings is considered. Strong convergence theorems
are established in a uniformly smooth and strictly convex Banach space
which also enjoys the Kadec-Klee property. The results presented in
this paper mainly improve the corresponding results announced in [Y.J.
Cho, X. Qin, S.M. Kang, Strong convergence of the modified Halpern-
type iterative algorithms in Banach spaces, An. Stiint. Univ. Ovidius
Constanta Ser. Mat. 17 (2009) 51-68].

1 Introduction-Preliminaries

Let E be a Banach space with the dual E*. We denote by J the normalized
duality mapping from F to 2" defined by

Jo={f" € E": (x, f*) = |«|* = I£]*},

where (-, ) denotes the generalized duality pairing.
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A Banach space E is said to be strictly convex if |ZE2| < 1 for all z,y €
E with ||z|]| = ||yl = 1 and = # y. It is said to be uniformly convex if
lim, o0 ||Zn — yn|| = 0 for any two sequences {z,,} and {y,} in E such that
[Znll = [[ynll = 1 and lim, o0 | 22422 || = 1. Let Up = {z € E : ||z| = 1} be
the unit sphere of E. Then the Banach space E is said to be smooth provided

tyll —
Lty —
t—0 t

(1.1)

exists for all z,y € Ug. It is also said to be uniformly smooth if the limit (1.1)
is attained uniformly for all x,y € Ug. It is well known that if £ is uniformly
smooth, then J is uniformly norm-to-norm continuous on each bounded subset
of F. It is also well known that if E is uniformly smooth if and only if £* is
uniformly convex.

Let — and — denote the weak and strong convergence, respectively. Recall
that a Banach space F has the Kadec-Klee property if for any sequence {x,,} C
E and z € E with 2, — x and ||, || — ||z||, then ||z, — x| = 0 as n — oo for
more details on Kadec-Klee property, the readers is referred to [7,27] and the
references therein. It is well known that if E is a uniformly convex Banach
spaces, then E enjoys the Kadec-Klee property.

Let C' be a nonempty closed and convex subset of a Banach space FE, and
T : C — C amapping. The mapping 7' is said to be closed if for any sequence
{zn} C C such that lim,_, . x, = ¢ and lim, . T2, = yo, then Txy = yo.
The mapping T is said to be asymptotically regular on C' if

lim sup ||[T" "'z — T"z| = 0.
n—oo zeC

A point x € C is a fixed point of T provided Tx = z. In this paper, we use
F(T) to denote the fixed point set of T

As we all know that if C' is a nonempty closed convex subset of a Hilbert
space H, and Pz : H — C is the metric projection of H onto C, then Pg
is nonexpansive. This fact actually characterizes Hilbert spaces and conse-
quently, it is not available in more general Banach spaces. In this connection,
Alber [3] recently introduced a generalized projection operator Il in a Banach
space E which is an analogue of the metric projection in Hilbert spaces.

Next, we assume that E is a smooth Banach space. Consider the functional
defined by

$w,y) = |z)* = 2{z, Jy) + |ly|* for v,y € E. (1.2)

Observe that, in a Hilbert space H, (1.2) is reduced to ¢(x,y) = ||z — yl?,
x,y € H. The generalized projection Il : E — C' is a map that assigns to an
arbitrary point € E the minimum point of the functional ¢(z,y), that is,
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IIogx = &, where Z is the solution to the minimization problem

T,x) = min , ).

$(z,7) = min oy, )

Existence and uniqueness of the operator Il follows from the properties of the
functional ¢(z,y) and strict monotonicity of the mapping J (see, for example,
[2,3,7,27]). In Hilbert spaces, II¢ = Pc. It is obvious from the definition of
function ¢ that

(lyll = l2ID* < ¢y, 2) < (llyll + ll21D?, Yo,y € E. (1.3)

Remark 1.1. If E is a reflexive, strictly convex and smooth Banach space,
then for z,y € E, ¢(z,y) = 0 if and only if 2 = y. It is sufficient to show
that if ¢(x,y) = 0 then = y. From (1.3), we have ||z|| = ||y||. This implies
that (z,Jy) = ||z]|* = ||Jy||*>. From the definition of J, we have Jz = Jy.
Therefore, we have z = y; see [7,27] for more details.

Let C be a nonempty closed convex subset of E, and T a mapping from
C into itself. A point p in C is said to be an asymptotic fixed point of T’
[25] if C' contains a sequence {z,} which converges weakly to p such that
lim, o0 ||Zn — Txy|| = 0. The set of asymptotic fixed points of T will be

denoted by F(T).
T is said to be nonexpansive if

1Tz =Tyl <z —yl, Va,yeC.

It is well known that if C' is a nonempty, bounded, closed and convex subset of

a uniformly convex Banach space E, then every nonexpansive self-mapping T’

on C has a fixed point. Further, the fixed point set of T is closed and convex.
T is said to be quasi-nonexpansive if F(T) # () and

lp— Tzl < |lp—=l, VpeF(T)zeC.
T is said to be relatively nonexpansive [2-4] if F(T) = F(T) # § and
¢(p,Tx) < d(p,x), Vpe F(T),zeC.

The asymptotic behavior of relatively nonexpansive mappings was studied in
[4-6]. There are several convergence theorems for fixed points of relatively
nonexpansive mappings were established, see, for example, [11,17,24,28].

T is said to be ¢-nonexpansive [18,21,30] if

o(Tx,Ty) < ¢(x,y), Vr,yeC.
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Remark 1.2. In Hilbert spaces, the class of ¢-nonexpansive mappings is
reduced to the class of nonexpansive mappings.

T is said to be quasi-¢-nonexpansive [15,18,24] if F(T') # () and

o(p, Tz) < ¢p(p,x), Ype F(T),xzeC.

Remark 1.3. The class of quasi-¢-nonexpansive mappings is more general
than the class of relatively nonexpansive mappings which requires the restric-

tion: F(T) = F(T).

Remark 1.4. In Hilbert spaces, the class of quasi-¢-nonexpansive mappings
is reduced to the class of quasi-nonexpansive mappings.

T is said to be asymptotically nonexpansive if there exists a sequence
{kn} C [1,00) with k,, — 1 as n — oo such that

IT"z — Tyl < kpllxz —yll, Va,ye€ C,¥n>1.

The class of asymptotically nonexpansive mappings was introduced by Goebel
and Kirk [13] in 1972. Since 1972, a host of authors have studied the weak
and strong convergence of iterative processes for such a class of mappings.

T is said to be asymptotically quasi-nonexpansive if F(T) # () and there
exists a sequence {k,} C [1,00) with k, — 1 as n — oo such that

lp— Trz|| < knllp— ||, Vp€ F(T),zcC,Vn>1.

T is said to be relatively asymptotically nonexpansive [1,23] if F (T) =
F(T) # 0 and there exists a sequence {k,} C [1,00) with k, — 1 as n — oo
such that

o(p, T"x) < knd(p,x), Vpe F(T),z e C,¥n> 1.

T is said to be asymptotically ¢-nonexpansive [22,30] if there exists a se-
quence {k,} C [1,00) with k, — 1 as n — oo such that

(T, T"y) < kno(x,y), Vr,ye C,¥Vn>1.

Remark 1.5. In Hilbert spaces, the class of asymptotically ¢-nonexpansive
mappings is reduced to the class of asymptotically nonexpansive mappings.

T is said to be asymptotically quasi-¢-nonexpansive [19,22,30] if F'(T') # 0
and there exists a sequence {k,} C [1,00) with k, — 1 as n — oo such that

o(p, T"z) < knp(p,z), Vpe F(T),z € C,Vn>1.
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Remark 1.6. The class of asymptotically quasi-¢-nonexpansive mappings is
more general than the class of relatively asymptotically nonexpansive map-
pings which requires the restriction: F(T) = F(T).

Remark 1.7. In Hilbert spaces, the class of asymptotically quasi-¢-nonexpansive
mappings is reduced to the class of asymptotically quasi-nonexpansive map-
pings.

In 1976, Halpern [15] introduced the following explicit iteration for a non-
expansive mapping:

20 €C, Xpy1 =apu+ (1 —a,)Tx,, Vn>0.
He pointed out that the conditions
(C1) limy,,— 00 oty = 0;
(C2) 35l an =00

are necessary in the sense that if the iteration converges to a fixed point of
T, then these conditions must be satisfied. It is well know that the process
is widely believed to have slow convergence because the restriction of the
condition (C2). To improve the rate of convergence of Halpern iteration, one
cannot rely only on the process itself. The hybrid projection method which
was first considered by Hangazeau [11] has been employed to study Halpern
iteration and other mean iterations by many authors; see, for example, [8-
12,16-23,26,29].

In 2007, Qin and Su [20] considered modifying Halpern iteration for a rela-
tively nonexpansive mapping. To be more precise, they obtained the following
results.

Theorem QS. Let E be a uniformly conver and uniformly smooth Banach
space, let C' be a nonempty closed convex subset of E, let T : C — C be a
relatively nonexpansive mapping. Assume that {a,} is a sequence in (0,1)
such that lim, oo o, = 0. Define a sequence {x,} in C by the following
algorithm:

xg € C chosen arbitrarily,

yn = J HanJrg + (1 — ay)JTxy,),
Cn={v€C:9(v,yn) < and(v,20) + (1 — an)p(v, n),
Qn={veC:{Jrg— Jan,z, —v) >0},

Tnt+1 = e, ng, 2o, V1 >0,

where J is the single-valued duality mapping on E. If F(T') is nonempty, then
{zn} converges to Ilpryxo.
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Recently, Qin, Cho, Kang and Zhou [18] further improved Theorem QS by
considering quasi-¢-nonexpansive mappings. To be more precise, they proved
the following.

Theorem QCKZ. Let C' be a nonempty closed convexr subset of a uniformly
convex and uniformly smooth Banach space E and T : C — C a closed and
quasi-¢-nonezpansive mapping such that F(T) # 0. Let {x,} be a sequence
generated in the following manner:

xg € E  chosen arbitrarily,

C,=0C,

x1 = e, o,

Yn = Jﬁl(OénJ‘Tl + (1 — Oén)JT(ZZn),

Cn+1 = {Z €Cy: ¢(Zvyn) < an¢(2,1'1) + (1 - an)¢(2axn)}7

Tny1 =g, 71

Assume that the control sequence satisfies the restriction: lim, . ay, = 0.
Then {xy} converges strongly to llpryx:.

Very recently, Cho, Qin and Kang [12] reconsidered Halpern iteration for
an asymptotically quasi-¢-nonexpansive mapping. To be more precise, they
proved the following.

Theorem CQK. Let C be a nonempty closed convexr subset of a uniformly
convex and uniformly smooth Banach space E andT : C — C a closed asymp-
totically quasi-¢-nonexpansive mapping with a sequence {k,} C [1,00) such
that k, — 1 as n — oo. Assume that T is asymptotically regular on C,

F(T) # 0 and F(T) is bounded. Let {x,} be a sequence generated in the
following manner:

xo € F chosen arbitrarily,

Cl = 07

z1 = Il¢, zo,

Yn = J anJzr + (1 — ) JJT 2],

Cn+1 = {Z €Cy: ¢(Zayn) < ¢(Z,In) + Oan},
Tny1 =g, 21, Yn >0,

where M is an appropriate constant such that M > ¢(w,x1) for all w €
F(T). Assume that the control sequence {ay} in (0,1) satisfies the following
restrictions:

(a) limy, 00 iy = 0,

(b) (1 —an)k, <1 foralln >0.
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Then {xn} converges strongly to Ilpryx;.

In this paper, motivated by the research going on in this direction, we re-
consider modifying Halpern iteration based on hybrid projection methods for a
family of asymptotically quasi-¢-nonexpansive mappings. Strong convergence
theorems are established in a uniformly smooth and strictly convex Banach
space which also enjoys the Kadec-Klee property. Note that every uniformly
convex Banach space enjoys the Kadec-Klee property. The results presented
in this paper can be viewed as an improvement of Cho, Qin and Kang [12],
Martinez-Yanes Xu [16], Qin, Cho, Kang and Zhou [18], Qin and Su [20].

In order to our main results, we need the following lemmas.

Lemma 1.1 ([3]). Let C be a nonempty closed convex subset of a smooth
Banach space E and x € E. Then, xo = ez if and only if

(ko —y,Jo — Jzg) >0 VYyeC.

Lemma 1.2. ([3]). Let E be a reflexive, strictly convexr and smooth Banach
space, C' a nonempty closed convexr subset of E and x € E. Then

oy, lez) + p(llez, x) < d(y,xz) Yy € C.

Lemma 1.3. ([19]). Let E be a uniformly smooth and strictly convex Banach
space which also enjoys the Kadec-Klee property, C' a nonempty closed convex
subset of E and T : C — C a closed and asymptotically quasi-¢-nonerpansive
mapping. Then F(T) is a closed convex subset of C.

2 Main results

Theorem 2.1. Let E be a uniformly smooth and strictly convexr Banach
space which also enjoys the Kadec-Klee property, and C' a monempty closed
conver subset of E. Let T; : C — C be an asymptotically regular, closed
and asymptotically quasi-p-nonexpansive mapping with the sequences {k, ;} C
[1, -—L—] for each i > 1. Assume that F(T;) is bounded for each i > 1, and

? 1—017,,)1‘

F =N, F(T;) is nonempty. Let {x,} be a sequence generated in the following
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manner:

xg € E  chosen arbitrarily,

Ciy=0C, Ci=n2,C,

xr1 = HCl‘TOa

Yn,i = J’l(oszasl +(1- ozn,i)JTi”xn), n>1, (2.1)
On+1,i == {Z € Cn,i : ¢(Zayn,i) S ¢(Z7xn) + an,iM}7

Cn+1 - m?ilc?H»l,iv

Ty =g, 21,Vn >0,

where M = sup{¢(z,z1) : z € F}. Assume that the control sequence {c ;}
is chosen such that lim, o a,; = 0 for each i > 1. Then the sequence {z,}
converges strongly to Ilgz;.

Proof. First, we show that C,, is closed and convex for each n > 1. It suffices
to claim that, Vi > 1, C,, ; is closed and convex for every n > 1. This can be
proved by induction on n. In fact, for n =1, C;; = C is closed and convex.
Assume that C},; is closed and convex for some h. For z € C}, ;, we see that
o(z,yni) < d(z,xp) + aniM is equivalent to

2z, Jon — Jyna) < llznll® = lynill* + on i M.

Hence C}1; is closed and convex for each i. Hence, for Vi > 1 C), ; is closed
and convex. This proves that C), is closed and convex for each n > 1.

Next, we prove that F C C),, for each n > 1. It suffices to claim that
F C C,,; for each n > 1 and for each ¢ > 1. Note that F C C; = C. Suppose
that 3 C Cj; for some h and for all 4. Then, for Vw € F C C}, ;, we have

¢(w7yh,i)
= ¢(w, J_l(oz;mel +(1- ah,i)JTihxh))
= ||w||* = 2(w, ap iJz1 + (1 — ah’i)JTihxw + [JapiJxr + (1 — ah,i)JTihthQ

< flwll? = 203 (w, Jo1) = 2(1 = an) (w, JT]'wn) + anilloa|? + (1= an) [T 2]

anid(w, z1) + (1 — ap)p(w, T xy)

apip(w, 1) + (1 = ani)knid(w, xp)

p(w,zp) — (1= (1 — ani)kni) o(w, zp) + anid(w, 1)
< p(w, zh) + apip(w, 1)

< ¢(w,xp) + ap i M,

A

which shows that w € Cp; ;. This implies that  C C,,; for each n > 1 and
each ¢ > 1. This proves that F C C,, for each n > 1.
On the other hand, we see from Lemma 1.2 that

(b(xnaml) = (ZS(HCH(EIM/I;I) S ¢(w7x1) - ¢(U},{L‘n) S ¢(w,$1),
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for each w € F C C), and for each n > 1. This shows that the sequence
¢(xpn,21) is bounded. From (1.3), we see that the sequence {x,} is also
bounded. Since the space is reflexive, we may, without loss of generality,
assume that x, — p. Since C,, C C,, for all m > n, we have z,, € C,, for all
m > n. Since C,, is closed and convex, we see that p € C,, for alln > 1. It
follows that p € NS, Cy. In view of ¢(xpn,z1) < d(Tnt1,21) < (P, 1), We
see that

é(p, 1) < liminf ¢(z,,, z1) < limsup ¢(zy,, z1) < ¢(p, 1).
n—oo n—oo

This implies that
lim ¢(zn,21) = d(p,x1).

n—roo
Hence, we have ||z,|| — ||p|]| as n — oo. In view of the Kadec-Klee property
of E, we obtain that
lim z, =p. (2.2)

n—oo

Next, we show that p € F. By the construction of C,,, we have that C,, 1 C C),

and z,41 = g, 21 € Cp. It follows that

= ¢(rpy1, e, 71)
< d(Tny1, 1) — d(le, z1,71)
= ¢(Tnt1,71) — P(Tn,x1).

¢(mn+17 xn)

Letting n — oo, we obtain that ¢(z,41,2n) — 0. In view of 25,11 € Cpq1, We
obtain that

ATy, Yn,i) < (Tpy1, Tn) + M,  Vi> 1.

It follows that
lim ¢(zpy1,yns) =0, Vi>1.

n—oo

From (1.3), we see that

[yl = ol Vi > 1. (23)
It follows that

lim [ Jyaill = IJpll, ¥i> 1. (2.4)

n—oo

This implies that {Jy,;} is bounded. Note that E is reflexive and E* is also
reflexive. We may assume that Jy, ; — 2** € E* for each i > 1. In view of
the reflexivity of E, we see that J(E) = E*. This shows that there exists an
x' € E such that Ja' = 2%*. It follows that

d)(anrlvyn,i) = HanrlH2 - 2<xn+17 Jyn,z> + ||yn,i||2
= [lzns1l” = 2@nt1, Tyn) + | Tynall>.
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Taking liminf, .., the both sides of equality above yields that

0 > |lpll* = 2(p,a"*) + ||la"*
= |Ipll* = 2(p, J2*) + || J2*||?
= [lpl? = 2(p, J2*) + [|2"|?
= ¢(p,x*), Vi>1.

‘ 2

That is, p = 2, which in turn implies that 2* = Jp for each i > 1. It
follows that Jy,; — Jp € E* for each ¢ > 1. Since (2.4) and E* enjoys the
Kadec-Klee property, we obtain that

lim Jyn,;=Jp, Vi>1.
n—oo

Note that J~!: E* — E is demi-continuous. It follows that y,, ; — p for each
i > 1. Since (2.3) and E enjoys the Kadec-Klee property, we obtain that

lim y,; =p, Vi>1. (2.5)
n—oo

Note that
||In - yan S ”xn 7p|| + ||p - yn,i”a VI Z 1

It follows that
lim ||z —ynil| =0, Vi>1. (2.6)
n—oo

Since J is uniformly norm-to-norm continuous on any bounded sets, we have
nh_)n;o WJzn — Jynil| =0, Vi>1. (2.7)
Notice from (2.1) that
Jxn — Jyni = ani(Jr, — Jr1) + (1 — ap i) (Jz, — JT xy)

It follows that
ILm |Jxn — JT @y || =0, Vi>1. (2.8)

Since J is uniformly norm-to-norm continuous on any bounded sets, we see
from (2.2) that
lim ||Jz, — Jp|| = 0. (2.9)
n—oo
Notice that
1 TT wn — Jpl| < |[JTi w0 = Janll + | J2n — Jpll, Vi > 1.
In view of (2.8) and (2.9), we have

li_>m |JT! 2, — Jp|| = 0. (2.10)
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The demi-continuity of J~! : E* — F implies that Tz,, — p for each i. Note
that

T znll = llpll = NI T @nll = 1P| < [JT 20 — Jpll, - Vi > 1.

From (2.10), we see that ||T*z,| — ||p||, for each i > 1, as n — oo . Since E
has the Kadec-Klee property, we obtain that

Jim [T, —pl| =0, Vi>1. (2.11)
Since
TP = pll < TP g = Tl + 1T 20 — pll, Vi1
It follows from the asymptotic regularity of T; and (2.11) that
Tim 77, — pl =0,

that is, T;1)'x, —p — 0 as n — oo. It follows from the closedness of T; that
T;p = p for each ¢ > 1. This proves that p € F.
Finally, we show that p = Ilgz,. From z, = Il x;, we have

(Xp —w,Jry — Jzn) >0, YweF CC,. (2.12)
Taking the limit as n — oo in (2.12), we obtain that
(p—w,Jzy — Jp) >0, YweT.

In view of Lemma 1.1, we see that p = IIgx;. This completes the proof.

Remark 2.2. Note that every uniformly convex Banach space enjoys the
Kadec-Klee property. Theorem 2.1 improves Theorem CQK in following as-
pects:

(a) from the viewpoint of the space, the space is extended from uniformly
smooth and uniformly convex Banach spaces to uniformly smooth and
strictly convex Banach spaces which enjoy the Kadec-Klee property;

(b) from the viewpoint of the mapping, a family of mappings is considered
instead of a single mapping.

For the class of quasi-¢-nonexpansive mappings, we have from Theorem
2.1 the following immediately.

Corollary 2.3. Let E be a uniformly smooth and strictly convexr Banach
space which also enjoys the Kadec-Klee property and C' a nonempty closed
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convez subset of E. Let T; : C'— C be a closed quasi-¢-nonexpansive mapping
such that F(T;) # 0 for each i > 1. Let {z,} be a sequence generated in the
following manner:

xo € £ chosen arbitrarily,

Cii=C, Ci=nx,Ci,,

z1 = Ilg, o,

Yn,i = Jfl(an,inl +(1- am)JTZ—:cn), n>1,

Cny1i ={2€Cri: (2, yn;) < anid(z,21) + (1 — ani)o(z,20)},
CnJrl = mq?ilanrl,%

Tny1 =g, 21,V > 0.

Assume that the control sequence {cu, ;} is chosen such that lim, o i = 0
for each i > 1. Then the sequence {x,} converges strongly to llgx;.

In Hilbert spaces, Corollary 2.3 is reduced to the following immediately.

Corollary 2.4. Let H be a Hilbert space and C' a nonempty closed convex
subset of H. LetT; : C' — C be a closed quasi-nonexpansive mapping such that

F(T;) # 0 for each i > 1. Let {x,} be a sequence generated in the following
manner:

xo € H chosen arbitrarily,

Cii=0C, Ci=n2Cy,

z1 = g, x0,

Ynyi = niZ1 + (1 — ) Tiwn, n>1,
C(n-i-l,i - {Z S Cn,i . ||Z - ymi”Z S a’ﬂ,i|
Cnt1 =N Cni14s

Tp+1 = Pcn_HIhVTL Z O,

2=z + (1= ang)llz — zal?},

where P is the metric projection. Assume that the control sequence {ou, ;} is
chosen such that lim,_,oc s = 0 for each @ > 1. Then the sequence {z,}
converges strongly to Pyxq.

For a single mapping, we can also obtain from the Theorem 2.1 the follow-
ing easily.

Corollary 2.5. Let E be a uniformly smooth and strictly conver Banach
space which also enjoys the Kadec-Klee property and C' a nonempty closed
convezr subset of E. Let T : C — C be an asymptotically regular, closed
and asymptotically quasi-p-nonexpansive mapping with the sequence {k,} C
[1, —~—]. Assume that F(T) is bounded and F(T) is nonempty. Let {z,} be

Y 1—an
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a sequence generated in the following manner:

xg € E  chosen arbitrarily,

Ch,=0C,

x1 = g, xo,

Y =J Nz + (1 — o) J T zy), n>1,
Cni1={2€Ch:d(z,yn) < d(z,2,) + an M},
Tny1 =g, 71,Vn >0,

where M = sup{¢(z,z1) : z € F(T)}. Assume that the control sequence
{an} is chosen such that lim, o o, = 0. Then the sequence {x,} converges
strongly to Ilp(Tyy.

Remark 2.6. If T is closed quasi-¢-nonexpansive, then Corollary 2.4 is a
version of Theorem QCKZ in a uniformly smooth and strictly convex Banach
space which also enjoys the Kadec-Klee property.
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