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SINGULAR LIMITS FOR 2-DIMENSIONAL
ELLIPTIC PROBLEM WITH
EXPONENTIALLY DOMINATED
NONLINEARITY AND A QUADRATIC
CONVECTION TERM

Sami Baraket, Imen Bazarbacha, Saber Kharrati and Taieb Ouni

Abstract

We study existence of solutions with singular limits for a two-dimensional
semilinear elliptic problem with exponential dominated nonlinearity and
a quadratic convection non linear gradient term, imposing Dirichlet
boundary condition. This paper extends previous results obtained in
[1], [3], [4] and some references therein for related issues.

1 Introduction and statement of the results

In this work we are concerned with the following types of stationary singular
problems:

—Au = O(z,u,Vu) in Q
{ (1)

u = 0 on 01,

where ® is a smooth nonlinear function and €2 is an open smooth bounded
subset of R?2. We focus on Problem (1) and we establish several recent
contributions in the study of this equation. The most natural case where
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®(x,u, Vu) = A\|Vu|? + 2 V(z) (e“ + ew) where € and A are small parame-
ters, v € (0,1) and V' : Q — [0,+00) is a positive function. We deal with
very general growth for V' (z) like, for example,

N
Vi) = [Tl -l s@).

where f is a smooth positive function such that f(p;) >0, for i=1,--- N
and (8;)1<i<n are positive numbers, so that problem (1) becomes

N
—Au—AVu]2 = ¢? H |z — ps| P f () (e“ + ew) in Q 2)
i=1
u =0 on Of.

Denote by A := {p1, -+ ,pn} C § the set of singular sources. We are interested
in solutions which “concentrate” as the parameters € and A tend to 0 (in a
sense that will be determined later).

The aim of this paper is to study the influence of the non-linear gradient
term |Vu|?. It turns out that the presence of this term can have significant
influence on the existence of a solution, as well as on its asymptotic behavior.
The general question is: Does there exist a family of solutions (ue x g;)e>0,1>0
of some singularly perturbed problem like (2) which converges to a non trivial
singular function (on some set A) as the parameters € and A tend to 07

Given /3 = II<I%i<IlNﬂi > 0, for (B;)i<i<ny € R4\N, we will suppose in the

following that X satisfies

(Hy): lim Ae /(B — 0, for any § € (0,1).
A—0

For 8 = 0, we will suppose in the following that A\ satisfies

(Cy) : If 0<e<A, then lim A'T%2:79 =0, foranyéd e (0,1).

A—0

For A = 0, Esposito in [13] gave a positive answer to the above question for
the following problem:

N
—Au = 2% —Ax Zﬂiépi in Q (3)
i=1

u = 0 on 0,

where again 0 C R? is an open smooth bounded subset of R?, §,, are the
Dirac mass at p; and A := {p1,--- ,py} C Q is the set of singular sources.
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Notice that using suitable transformation, problem (3), is equivalent to the
following

N
—Auy = g2 z—pi|?P f(z)e* in Q
};[1| pil 77 f(z) (4)

u = 0 on 01,

where f : Q@ — R is a smooth function such that f(p;) > 0 for any i =
1,---, N and f; are positives numbers.
This type of equation has been studied by Bartolucci et al. in [8] and by Chen
and Lin in [10]. They obtained the existence, sharp estimates and construction
of multiple bubbles to (4). That the construction of nontrivial branches of
solutions of such semilinear elliptic equations with exponential nonlinearities is
equivalent to prove the existence of a conformal change of metric for which the
corresponding mean curvature surfaces in the Euclidean space is non constant
function.

Baraket et al. in [3] extended these results for special nonlinearities of type
e’ + e for v € (0,1) instated of €. Problem (4)5,— (a.e: A is empty) is
given by

—Au = 2% in Q
{ u = 0 on Of. (5)

The above equation was first studied by Liouville in 1853, see [15], in which he
derived a representation formula for all solutions of (5) which are defined in
the hole space R?. When the parameter ¢ tends to 0, the asymptotic behavior
of nontrivial branches of solutions of (5) is well understood thanks to the
pioneer work of Suzuki [20] who characterizes the possible limit of nontrivial
branches of solutions of (5). See also [18]. The existence of nontrivial branches
of solutions was first proved by Weston [24] and then a general result has been
obtained by Baraket and Pacard [6] and Baraket and Ye [7] for e* + €7,
v € (0,1) instated of e*.These results were extended, applying to the Chern-
Simons vortex theory in mind, by Esposito et al. in [14] and Del Pino et al.
in [12] to handle equations of the form

—Au=e2Ve"

where V' is a non constant (positive) function and € is a small parameter. Let us
mention that the construction of nontrivial branches of solutions of semilinear
elliptic equations with exponential nonlinearities allowed Wente to provide
counter examples to a conjecture by Hopf [23] concerning the existence of
compact (immersed) constant mean curvature surfaces in the Euclidean space,
see also [22] and [25] and some references therein.

To describe our result, we first introduce the Green’s function G(z, z') defined
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on 2 x €2, to be solution of

—AG(z,2") = 8mly—y in
G(z,z") 0 on 0N

and let
H(z,2') = G(z,2') + 4log |z — 2|,
its regular part.

Given a finite subset S = {q1, - ,qx} of @, m € Nand s € {1,--- , N}, we
set

“
B
B
3
I

> H(wj o)+ Y Glai, ;) (6)
j=1

i#]
+ 4> Bilog(lz; —pil) + 2 log(f ()
i=1j=1 j=1
which is well defined in (Q\A)™ for any x; # x; with ¢ # j and let

m S

Glar, wmywr, e sw) = 3 S (14 B)Ggw). (7)

j=1i=1
G is well defined for z; # w; with z; € Q, w; € Q.

The main result of this paper is the following.

Theorem 1. Given o € (0,1). Let  be an open smooth bounded domain in
R2, f a smooth positive function and (B;)1<i<n € Ry \N* be real numbers.

(a) Let S = {pj,, - ,pj,} CA, given X\ satisfying the condition (H,), then
there exist g > 0, A\g > 0, and {Us,A,ﬁj/. }0<5<50 of solutions of problem
T o<a<ag
(2) such that

S

EIELI% ue)\ﬁji = Z(l + Bji)G(')pji) mn G?O’?(Q\S)

A——0 i=1

(b) Let S ={q1, - ,qm} C Q\A and (q1, -+ ,qm) be a nondegenerate criti-
cal point of the functional F, given X satisfying the condition (Cy), then
there exist g > 0, Mg > 0, and {ue x 1= (ue,x0)o<e<eo of solutions of

0<A<Ag

problem (2) such that

dim vy = ZG('an‘) in CoY(O\S).

A—0 i=1
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(¢) Let S be such that SN A = {pj,,---,pj.},S\A = {q1,--- ,qm} and
(g1, ,qm) be a nondegenerate critical point of the function F(-) +
S(,pjry - P4, )s given X satisfying the conditions (Hy) and (C), then
there exist eg > 0, Ao > 0, and {Ue,A,ﬁji }0<a<50 of solutions of (2) such

0< A<
that
lim uey g, = > (14 B8,)GCp) + Y Gloa)  in CLI(Q\S).
A0 k=1 i=1

In the case where A is empty and taking f a positive constant funcion,
part (b) of Theorem 1 extends the result in [1].

Observe that the nondegeneracy assumption on critical points, if it exists,
is a rather mild assumption since it is certainly fulfilled for a generic choice of
the domain €.

2 Construction of the approximate solution

We first describe the rotationally symmetric approximate solutions of

Av + AV + £2[z]? (ev+evv) =0 (8)
in R? where 8 € Ry \N and v € (0,1).
We define the function
ve g(x) == log 8(8 4 1)2 — 2log(e? + |=|>1+A) 9)
solution of the equation
—Av==e?|z/* ¢ inR2 (10)

Notice that equation (10) is invariant under dilation in the following sense :
If v is a solution of (10) and if 7 > 0, then v(r-) + 2(8 + 1) log 7 is also a
solution of (10). With this observation in mind, we define for all 7 > 0

Ve rp(x) == 2(8+1) log 7+ log 8(8 + 1)2 — 2log(e? + |rz[?3F+H) (1)

and
Ve,r (z) = ve r0(). (12)
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2.1 A linearized operator on B;
We set By = By — {0}. Then we introduce the following space:

Definition 1. Given k € N, o € (0,1) and p € R, we introduce the Hélder
weighted spaces C&*(BY) as the space of functions in C‘?fo’co‘ (B3) for which the
following norm

lullgrepey = sup (r" [lu(r-)lerc(s,-5,)) »
! ! r<1/2

is finite.

We then define the subspace of radial functions in @Z”(B’{) by

ek (B})={f € Ck(By); such that f(z) = f(|z]),Y z € Bi}.

rad,p

We define the linear second order elliptic operator Lg by
Lg:=A+ 52\x|2ﬁe”€=*ﬁ

which corresponds to the linearization of Au + ¢2|x|?/e¢% = 0 about the radial
symmetric solutions v, ; g for both cases 8 =0 and 8 ¢ N. -
When k£ > 2, we let [Gﬁ’a(Q)]o be the subspace of functions w € GE’Q(Q)

satisfying w = 0 on 9. We recall the result in [13] which states as:
Proposition 1. [6],[13]

(i) Let p > 0, p ¢ N and 8 € N, then Lg : [C2*(B1)]lo — Gg’fz(Bl) is
surjective.

(ii) Let jp >0, p & N and B =0, then Lo : [C%%  (B1)]o — €y 5 (B1) is
surjective.

(iti) Let p > 1, p € N and B = 0, then Lo : [C*(B1)]o — 62’32(31) is
surjective.

In the following, we denote by G, g a right inverse of Lg. Let
d€(0,1),
we define

re.g i= max(e2(1-1=0/2BHD) \1/2.=6/2(B+1) 3\1/2 2/(26+3))

and
P 1= maX(EQu—n,)—a/Q7 )\1/25—6/2, )\1/2’51/2)_
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Remark that by assumptions (Hy) and (Cy), ¢ g and r. tend to 0 respectively
as € and A tend to 0.

We would like to find a solution v of
AU+A\W|2+52|x\2B(ev+evv) ~0 (13)

in B,_, of the form

v(x) = ve r 8(z) + h(z).
Equation (13) yields

_8(6‘1‘ 1)2T2(5+1)82|x|2ﬁ N
(€2 + |Tx|2(A+1))2

Lgh —h—l)

87 (BL1)27 727 (BH1) 2| 426
it €7 = AV (Veyr, g + )2
in By_,.

By Proposition 1, solving the equation (14) is equivalent to find a fixed point
h, in a small ball of €3*(B,. ,), solution of

h = G55 0 R(h) (15)
where
8 1)272(8+1) 22| |28
i)‘i(h) _(ﬁ'i_ )T 5|Z‘| h—h—l)
(82 4 |Tx|2(6+1))2
(16)
] 1)27727(B+1) 22| 1|28
_ (B"_ ) T 3 |£E| e’yh o >\|v(’vs,'r,ﬁ + h)|2
(& + [raPr Dy
We have
IR(0)| < cpe? 2?2 (% + |T{E|2(5+1))_2’Y + c,{)\|VvEmg|2,
this implies that for v € (0,1) and |z| = r we have
sup 270 IR(0)] < cpe? sup \a:|2'8+2_5(52+ |Tﬂc|2(’8+1))_2'Y
r<re.g r<re
+¢. sup a0 (22 4 || 2B) 72 (17)
TSTE,ﬁ

< et 1=M=8/(B+1) 4 o N\e=0/(B+1) < cnrgﬁ.
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For hy, hy in B(0,2¢,72 5) of @if{‘l’(;(Brw), we have for v € (0, 1), that

sup 270 |R(h2) — R(h1)]

r<r..g

< c.e? sup 7"26”76(52 + |T.’£|2('B+1))72 |eh2 —eM oy n — h2|
TSTE.,B

+CH82 sup r25+2_5(52 + ‘Tx|2(,3+1))—2’y|€'yh1 _e’Yh2|
T‘ST‘E,B

+cx sup 20NV (verp + h2)|? = [V (Ve ra + h1))?)

r<re,p

S 0556/(64‘1)7‘37‘3”]]2 — hl”C?CV(BrE’ )
4(1—~)—46 1
+epe =D [y — h1||e§‘B(Br5,5) +exllhe = hallgzs

T )
e.B
< CW?,&H% - hl”e?“(B

T‘E,ﬂ).
Thus, applying a classical fixed point argument, when ¢ is small enough, we

prove the existence and uniqueness of h, solution of (15). We summarize this
in the following result.

Proposition 2. i) Given 6 € (0,1 —~], 8 ¢ N, X satisfying (Hy) and k > 1,
then there exist ¢, > 0 independent of € and a solution h € Gfﬁl s(Br. ;) of
(15) satisfying
2
”hHG?’“(BTE,B) < 2C~T5,,8'

Moreover e 5(x) = ve 7 g(x) + h(x) is a solution of (13) in B, .
1) Given § € (0,1), B = 0, X satisfying (Cy) and k > 1, then there exist
¢k > 0 independent of € and h € Gi;fé?é(Bre) solution of (15)|5=¢ satisfying

Hh”e?”(Brg) < 2¢,r2.
Moreover uc - (x) = ve - (x) + h(x) is a solution of (13)5=¢ in B,,.

2.2 Analysis of the Laplace operator in weighted spaces [4]

In this section, we study the mapping properties of the Laplace operator in
weighted Holder spaces. Given g, ...,qx € Q, we set q := (q1,- - ,qx) and

() =2 {q1,...qx},

and we choose 9 > 0 so that the balls B, (g;) of center ¢; and radius rq are
mutually disjoint and included in Q. For all r € (0,rg), we define

K
Q@) =2- | B.(g)).
j=1
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Definition 2. Given k € R, o € (0,1) and v € R, we introduce the Hélder
weighted space CF(Q*(q)) as the space of functions w € @f’o’?(ﬁ*(q)) for with
the following norm

Hw”eﬁv”(()*(q)) L= ”w||Gk,<¥(s_2—u§<:13m/2(qj))

23 wp ey
j:10<7“§7‘0/2

is finite.

When £ > 2, we denote by [k (Q*(q))]o the subspace of functions w €
ek (Q*(q)) satisfying w = 0 on 9.

Proposition 3. Assume that v <0 and v € Z, then
L, 2@ (@0 — €00 (a)
w — Aw
s surjective. .

In the following, we denote by G, a right inverse of £,,.

Remark 1. Observe that, when v < 0, v ¢ Z, a right inverse is not unique
and depends smoothly on the points qi,...,qm, at least locally. Once a right
inverse is fized for one choice of the points qi,...,q9x, a Tight inverse for
another choice of points ¢y, ...,qx close to qi,...,qx can be obtained by using
a simple perturbation argument.

2.3 Harmonic extensions [4]

We study the properties of interior and exterior harmonic extensions. Given
¢ € C2(S1), we define H' (= H'(¢;")) to be the solutions of

AH' = 0 in B
, (19)
H* = ¢ on 0B.

We denote by e, es the coordinate functions on S*.

Lemma 1. i) If we assume that

/ pdvgt =0 (20)
S1
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then there exists ¢ > 0 such that
IH (¢ ')||e§v&(g;) < cllellezeshy-

it) If we assume that

/ pdvgr =0 and / pepdvgr =0 for £=1,2 (21)
St St
then there exists ¢ > 0 such that

1H* (5 Wezezr) < clliellezais-

Given ¢ € €2%(S) we define H¢(= H¢(¢;-)) to be the solution of
AH¢ = 0 in R?2-B
(22)
H¢ = ¢ on 0B
which decays at infinity.

Definition 3. Given k € N, a € (0,1) and v € R, we define the space
CkY(R2 — By) as the space of functions w € GfO’S(RQ — By) for which the
following norm

||w||e’5wa(R27Bl) = S]i}f (7‘_” Hw(?" ~)||€§,a(1§2731)) s
T2

is finite.

Lemma 2. If we assume that

/ pdvg = 0. (23)
Sl
Then there exists ¢ > 0 such that

||He(<p7 ;.)H@i’f(]l@—Bl) < Cll(p”(gz,a(sl).

If F C L*(S') is a space of functions defined on S!, we define the space
F~ to be the subspace of functions of F' which are L?(S')-orthogonal to the
functions eq, es.

Lemma 3. The mapping
P - e2,a(Sl)J_ — el,a(Sl)J_
© — O,H'—0,H°
where H* = H'(p;-) and H® = H¢(yp;-), is an isomorphism.
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3 The nonlinear interior problem
We are interested in equations of type

Aw+)\|Vw|2+€2V(x)<e“’+e““) =0. (24)
First, we will treat the case where 0 is a zero of the potential V. Then, we can

write V (x) = |2|?? K (z) where K is some smooth function such that K (0) > 0.
We would like to find w solution of

Aw + \Vw|? + &2 |x|2ﬂK(x)(ew+e”’w) =0 (25)
in B,_,. Given ¢ € €%*(S") satisfying (20) and (21), we define

V= e 5 — log(K(0)) + H' (1,12 5)

then we look for a solution of (25) of the form w = v + v and using the fact
that H/g is harmonic, this amounts to solve

—Lgv=5(v)
where
) = SEHDea eHi<w,A/ra,m+h+v(@ 1)

(€2 + |z |2 +0))2 K(0)

4 8(5 —+ 1)272(ﬁ+1)52|z|25 eh <6Hi(¢,'/re,[3)+v oy 1)
(€2 + |72|2(1+5))2

N 8(ﬁ + 1)272(B+1)52|x|25 o 1) ;
(& + [raE0+9)2

N 87(B + 1)27721(B+1) 22|28 o [ K(x) HH (o fre )0 q

(2 + |ra[2(B+1))2y K(0)Y

j 2
+ A !V ['Us,‘r,ﬁ(x) + H'(p,x/re g) + h(x) + v(x)} |
ANV () + R
By Proposition 1, it is sufficient to find v € C’i’a(BTE’ﬁ) solution of

v==Gup05() (26)
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in B, ,. We denote by N(= N¢ 7 g,,) the nonlinear operator appearing on the
right hand side of the above equation. Given x > 0 (whose value will be fixed

later on), we further assume that the functions ¢ satisfy

llolleza <krep for B¢ N (27)
and

ll¢l|eza < kT2 for B =0. (28)
Then, we have the following result.
Lemma 4. i) Let § ¢ N, under the above assumptions, there exists a constant
¢ > 0 such that for p € (0,1 — ]

HN(O)”Gi»“(BTEﬁ) S (&% re,,@

and
IN(2) = N(on) ez, ) < 7o llos = oallez,
provided vy, vy € C2%(B,, ,) satisfy HWHGﬁ'Q(BTE’[,) < 2¢47e .
11) Let f = 0, under the above assumptions, there exists a constant ¢, > 0
such that for p € (1,2)
2
INO ez 5, < cxr?.
and
IN(v2) = N(v1)ll 2,y < €x72 02 = vill gz,
provided vy, vy € C2%(B,.) satisfying lvillgz.= (g, y < 2c,r2.
Proof . The proof of the first estimate of part i) follows from the result of
Lemma 1 part ) together with the assumption on the norms of . We briefly

comment on how these are used: it follows from Lemma 1, part i) that for
8 ¢ N, we have

1H (0, /re )2, ) < €n 72 pllellerasn)

re.p)

for all » < r. /2. Then using (27), we get
||Hl(§07 '/Ts,ﬁ)Hef’a(Brayﬁ) < ek Te,B

for all » < r. 5/2.
Using the fact that [|h] < 2¢, 72 5 which tends to 0 as € tends to 0, then for
w€ (0,1 —~], we get

[e2kep8(e2 + [rappetv)=2 eh (eHierirem —1))

< cng(l_ﬂ)/(ﬁ'i'l) < CuTe

0,
€0 (By, )
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i K
52‘x|25(€2 + |7-a';|2(B+1))_2 eH (¢, /7re,p)t+h (KES; — 1)

eﬁfg(é%y 5)
S Cﬂe(lfﬂ)/(ﬁ"rl) S CxTe B

and

K i
€2|x‘25 (52 + |7'1:\2(5+1))_27th (K((OJ;)V Vi (e /rep) _ 1)

S CK€4(1_7)_P‘/(5+1)(1 —+ 61/(ﬁ+1)) S CiTe 8-

0.8 (B
e/A,—2(BTg,[-g)

on the other hand, using the condition (H)), we get

M9 [oera@) + i, 0/re0) + B@)][* = AV e (@) + (@)

<k

, €uy(Br, )
TZ -

Then the first estimate of part i) follows. On the other hand, we have for
||Ui||e;2/B(BrEﬁ) S 20,{’]“5’5,

IN(v2) = N(or) gz e

<ecn (51/(5+1) et/ (B g 4 407 4 A0 (] 4 51/(/3+1))) vz — 1l g2 (g
= ) ©w

< cpte,pllve — leei’“(RQ)'

This yields the second estimate of part 7).

Observe that these estimates are uniform in 7 provided 7 remains in a fixed
compact subset of (0,00). Applying a contraction mapping argument, we
obtain the following proposition.

Proposition 4. Given 8 ¢ N, p € (0,1 — ] and k > 0, there exists e, > 0,
Ax > 0,(depending on k) such that for all € € (0,e,), A € (0, ) satisfying
(Hy), for all T in some fized compact subset of [T_,77] C (0,00) and for a
gwen ¢ satisfying (20) and (27), then there exists a unique vg(= Ve rp,p)
solution of (26) satisfying

< 2cqTe-

‘|U6||eg;a(5%ﬁ)

Notice that it follows from this proposition that the function

VA Uerpp =Uerp+h—log K(0)+ H'(-/r2p) + Ve r gy
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solves (25) in B,_,. Observe that the function v, r g, obtained as a fixed
point for contraction mapping, it depends smoothly on the parameter 7 and
the boundary data ¢.

We turn now to the case when 0 is not a zero of V', which corresponds to
the case g = 0.

Proposition 5. Given k > 0, p € (1,2) and 8 =0, then there exists €, > 0,
Ak > 0 (depending on k) such that for all € € (0,e4), A € (0, ) satisfying
(Cy), for all T in some fized compact subset of [7—,7%] C (0,00) and for a

gwen ¢ satisfying (21) and (28), then there exists a unique v(= V. r.,) solution
of (26)|5=0 such that

\|U||ei,a(R2) <2¢, 72,

4 The nonlinear exterior problem
Denote by

rep, = max(sQ(l_w_éﬂ(ﬁiH), )\1/28—6/2([%4—1)’ )\1/2’52/(251—&-3))'

and r. = max(e2(1=1=0/2 \1/2g=6/2 \1/2 £1/2) and recall that § = 1211_1<HN Bi-
Let G(-, %) be the unique solution of o
—AG(,%) = 871'55
in Q, with G(-,Z) = 0 on 9. Recall that the following decomposition holds
G(z,%) = —4 log|x — %| + H(z, )
where x — H(z, %) is a smooth function. Here we give an estimate of the
gradient of H(z, ) without proof (see [27] and more details in [22], Lemma
2.1), there exists a constant ¢ > 0, so that
|V.H(z,%)| < clog|z — .
Let 77 := (7',...,7%) € RX close to 0, ¢ = (p',...,pK) € (C>(SH))K

satisfying (23) and q := (pj,,...,Pj,,q1;- -, dm) close to
q:=(Pjy,--»Pj.+q1s---+qm). Note that the set {q1,...,¢mn} can be empty .
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We define

S

Z(1+Bj +77) G(,pj, +ZX7‘0 =) HY(@" (- = pi.) [re,5,,)

lf SﬁA S = {p]p"' 7p]s}

¥ = Z(Hﬁjﬁn D) +ZXT0 =) HO@5 (= pj.) 12,8,

i= 1
+Z 144G di)+ZXTo('_Qi)He(¢i;(
i=1

if SﬂA {pj17... ,pjs}and SN\A={q1, - ,qm}, withs+m =K,

(29)

where X, is a cutoff function identically equal to 1 in B,/ and identically
equal to 0 outside B,,. We suppose that

c=Gi)/Te)

di = qi = pj, if ¢ eSNA (30)
|Gi —qi] < mre if ¢ €S\A
and we let .
B, =B g eSNA a1
ﬂz‘ =0 if q; € S\A.
We would like to find a solution of
N
Av AVoP + 2 [T o = pil? f(o) (e + ) = 0 (32)
i=1

in Q,«E.E(Q) =0 - UfilBTE_B (g;) which is a perturbation of v. Writing v =
V + 9, this amounts to solve

N
—Av =] la—plP f(@) (57 + %) + AT+ ANVE )

i=1
We need to define some auxiliary weighted spaces :

Definition 4. Let 7 € (0,79/2), k € R, a € (0,1) and v € R, we define the
Hélder weighted space C5%(Q(q)) as the set of functions w € CH¥(Q (q))
for which the following norm
K
Hw||e§,a Q- = [lw| ex. (D /2 (q))+z E[SHP/Q) (r=" lw(g: +7“')||ek,a(32—31)) .
i—1 TE[PTo

is finite.
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For all o € (0,79/2) and all Y = (y1,- -+ ,ym) € Q™ such that || X — Y| <
ro/2, where X = (21, , %), we denote by

Eoy 1 € Qo (Y)) — CY(Q" (Y)),

the extension operator defined by &,y (f) = f in Q, (V)
; oy =g (2 o
Eav(Di+a) =% (D) 1 (ot

in B (yi) — By/2(yi), for each i = 1,...,m and ég,y(f) = 0 in each B, /2(yi),
where t — X(¢) is a cutoff function identically equal to 1 for ¢ > 1 and
identically equal to 0 for ¢ < 1/2. It is easy to check that there exists a
constant ¢ = ¢(v) > 0 only depending on v such that

1€0,y (w)”eﬁv“(()* vy =¢ Hw”eB»a(Qg () (33)

Fix v € (—1,0) and denote by G, : C%(Q*(q)) — C2*(Q*(q)) the right

inverse of A provided by Proposition 3 with 0 (q) = Q—{d,...,qdx}. Clearly,
it is enough to find ¥ € C2*(Q*(q)) solution of

=G,08&, ,40R(), (34)

where
~ N -~ -~
R(0) = & H |z — pi* f () (e‘”’“ + eWJ””) FAVE+0)? +AT.
i=1

We denote by N(: Ne,ﬁ,q,gg) the nonlinear operator which appears on the right
hand side of equation (34).

Given k > 0 (whose value will be fixed later on), we further assume that
when SNA =S, for i = 1,...,s the functions ¢7* and the parameters 7}
satisfy

17 leze < KTep,, (35)
and
74| < ke g, (36)
and when SNA = {p;,,--- ,p;.} and S\A = {q1,--- ,¢m }, we assume that for
i=1,...,s the functions ¢’ and the parameters 7% satisfy
@7 lle2.e < Kireg,, (37)
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and
7] < Kre g, (38)
also for i = 1,...,m the functions ¢ and the parameters 7j* satisfy
1@ [le2e < 72 (39)
and
7] < e (40)

Then, the following result holds.
Lemma 5. Under the above assumptions, given k > 1, there exists a constant
¢ > 1 such that
INO) g2 (0 (g)) < €nTe.5
and
||3~\f(172) - N({)l)”eﬁ»“(ﬁ*(q)) Scrrepllve — 171”@3”((1*(51))

provided ¥y, 0y € C2*(Q*(q)) and satisfy 10ill 2.0 (e () < 2 € Te -

Proof . Recall that N(¢) = G, 0 R(?), we will estimate N(0) in different
subregions of Q*(q).
o If SNA =S we have
« In By, (pj,), we have xr,(z — pj;) = land AV = 0 then

[HE (75 (2 = §j) [re,p;,)| < wrlg r ! (41)

so there exist a constant c,(f) >0,7=1,2 and ¢, > 0 such that

N
3, 1 . _ . 534 .
193(0)] < V€2 (@) ||z — py, [P0 — py, | AP T |2 — py[*Pe
(=10

IT 1o = | 2OH857) 1 DAL+ 85, + ) (-~ + logr) + 725 172)2
0=14#i _
< (22 2T (L B, )+ logr) 02 22),

Hence, for v € (—1,0), 7/ small enough, there exist a constant ¢, > 0 such
that

R(0)|[ 00 11 1o 4y < sup 2 Y|R(0 < Cxr. 3.
I3 )He””(Ui:lBTO@“)) 7o 5<r<ro/2 RO B
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« In Q — B, (pj,), we have x,,(z — pj,) = 0and Av = 0. Thus
m

N
RO)| < cue?|f(@)|[ Iz — pj, [P [ [ e+ 7 Clapae)
=1 =1

. . 2
e (L4 B+t + (L4 By, + i) logr +12,5 772
So,

1ROl -t 5oy, < ST IRO)] < 0 + coh

ro<r

* In B7"0<pji) - BTO/Q(pji)’ we have ‘He(gbji; (1‘ _pji)/rfaﬂji” < K’Tg,ﬁjiril'
Consequently,

I9(0)] < e 22 AT L e (14 By, +77) (r L +logr) +12 5 1722

+ZHA) Xro ('T _pji)H |He(<)5]'i; (l‘ - pji)/ra,ﬁji)

. 2
< ¢ {52 +A <(1 + ﬁji _|_,,7]'i)(7“_1 + log r) + r?,ﬁjir_2> +r§’5j/r_1]

where
[A, XroJw = AwXry + WAXr, +2VW - VX,
Then, we get
||m(0)”e‘;*ﬁ2( ¢ 1 (Bro(ps) = Bro2(p31))) < TO/SE?STO r27VIR(0)] < cﬁrig.
Finally,
1R OMlesey (@ - Uz_y By () = 725 1)

e If SNA={pj,, - ,pj,} and S\A ={q1, -+ ,¢m}, then
*If z € B"'s.ﬁj_ (pj,), then we get the same estimates as above taking in to

account that 5{(0) is uniformly bounded in neighborhood of S\I' and using
the expansion of ¥ given by (29), then we get the estimate (42).
* If © € B,_(q;) then

* In By, (G;), we have x,,(z — ¢;) = land Av = 0 and

[H(@i3 (x — 33) /re)| < krdr™h (43)
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so that
R0)| < ewe?|f(@)]lx — g4 ] |2 — gl O+
0=1,04£i

+ee (14 ﬁi)_(r_l +logr) + r?r‘2)2
< 20D e X (A+7) " +1logr) + 7”?7“_2)2 .

Hence, for v € (—1,0) and for 77° small enough, we get

% 2—v|Mm 2
ROleg ey, By < 52 IRO] < carz + e

* In Q — B, (q;), we have xr,(z — ¢;) = 0and AV = 0. Thus

m

‘5‘{(0)‘ < 6552|f(q;)|H e(l—O—ﬁf)G(r,lM) +Cm/\((1 +ﬁi)(r—1 +logr) +7“§’I“_2)2.
=1

So

1RO leo 0y, By ) < sup PP VIR(0)] < cpe? + cn
TOST

 In By (¢i) — Bry j2(di), we have |[H®(py; (x—G;) /r<)| < krir~t. Consequently,

RO) < e e 0 e A (1+7) (0! +logr) +12r72)
) MA X (@ = @I H (G55 (x = @) [re.,)]
i=1
—1 2)

<cg. (52 + A ( (1+ Ayt + logr) + r§r‘2)2 +r70r).

Then

Y a m ~ ~ < 2-v gy < 2
RO,y (Byo(@) = Bropa@)) =, 39 mIRON < ewrs

So,
(44)

% 2
1RO e, e, (- Br (@) < Cx T2
Then by (42) and (45), we get
y R s m . <c.r2
IR ONleo.m, (02 — (Uzy By (p3.)) U (UIy (B (@)))) S CnTe - (49)
Finally by (33), we get

HN(O)HGE’O‘(Q*(I)UCI)) SCaTep
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For the proof of the second estimate let #; and @, € C2%(Q*(q)), then we
have

N
R(02) = R(D1)| < cn?le—pi, PP [ o= pil?elf(@)] ¥ (€7 — ™)
0=1,0#
+Ce A ||V(\7 +09)]2 — |V(¥ + 61)\2| .

Then
o If SNA =S we have that

|§%(1~)2) - 5{({}1” < 0552|x _pji|25ji |1' - pj11|74(1+ﬁji+ﬁji) |62 - f/1|
AV (02 — 01)| (IV(02 + 01)] +2[VV])
< ee?r 2B AN 5y — By [+ e AV (B — 1) (IV(B2 + 01)| + 2| V).

Hence, for 77¢ small enough, we get
IN(22) — N@l)”ei*’(ﬁ*(p)) < cwrepllive — 51”@3@(@*(;,))- (46)

e If SNA={pj,, - ,pj.} and S\A = {q1,--- ,gm} then
*IfweB (pj;), then we get the estimate (46).

*lfz € B,, ((j;) then

R(52) — R(01)| < enc?la — g ) |5y — 5]+
M|V (02 — 171)“ (IV(D2 +01)| +2|VV|)
< cpe2r ) Ty — By | 4 e M|V (Do — 91)| (| V(D2 + 01)| + 2|V¥)).

So, for 77 small enough, we get
||N(62) - j(f(f’l)He?;“((z*(al)) < ¢ 7"?”@2 - 171”@12},!3(9*(;1)). (47)

Then by (46) and (47), we get the desired result.

Applying a fixed point Theorem for contraction mappings, we conclude
that

Proposition 6. Given k > 1, there exists ¢, > 0 and A\ > 0, (depending
on k) such that for all € € (0,e.), X € (0,\s), for all set of parameters
i9i satisfying (36) and functions ¢ satisfying (23), there exists a unique v(=
Ue,ii,p,¢) solution of (34) such that W := V + U 55,5 solves (32) in Qrs,g (p).
In addition

Hf}”@g""(@*(p)) < 2c¢, Te 3
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As in the previous section, observe that the function v, 5 p s being obtained
as a fixed point for contraction mapping, depends smoothly on the parameters
77t for i =1,...,s and the boundary data ¢.

Proposition 7. Given k > 1, there exists ¢, > 0 and A\, > 0, (depending
on k) such that for all e € (0,e,), X € (0,\.), for all set of parameter 7j’,
fori=1,...,m, satisfying (40) and function ¢ satisfying (23), there exists a
unique U(= e j5.4,5) solution of (34) such that

||17He2’a((2*(pU61)) S 2C,§ 7"?.

v

5 The nonlinear Cauchy-data matching

We gather the results of the previous sections, keeping the notations. Assume
that @ := (G1,-..,q4m) € Q™ are given close to q := (q1,-..,qm) and satisfy
(30). Assume also that 7 := (71,...,7x) € [7_, 77K C (0,00)% are given
(the values of 7_ and 77 will be fixed shortly). First, we consider some set
of boundary data ¢ := (¢!,..., %) € (€22(S1))X satisfying (20) and (21).
According to the results of Propositions 4, 5, 6 and 7 and provided ¢ € (0, &,,)
and X\ € (0, \;), we can find a solution of

N
Av+ AV + &2 [ e = pil f(2) (" + ) =0 (48)
i=1
which can be written as

Uﬁ%t(l‘) = Very,.85 (1‘ _pjz:) +h (93 _pji) - 1ong11(O)

+ Hi((pji; ({E - pji)/reaﬁji) + ’l_)s,‘rji i (l’ - pji)7

in By, (pj;), where

N
Kjll(x) = H |$—pg +pj1:|2ﬁef (x+pji)
£=1L#j;
and the function v/ = Ve 7, pi: satisfies

ijinei,a(]Rg) < 2cxre,p;,- (49)
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Also a solution of (48)|3,—o can be decomposed as

Vint (%) = Ve ,r, (2 =Gi) +h (2= ;) —log K7 (0)+H' (9" (1=Gi) /re)+ e o (2 —Gi)

near B,_(g;), where

N
Ki(z) = H|$_p€+(ji|2mf(x+(ji)-
=1

and the function v’ = o, ,, i satisfies
||Ui||e,2L,a(R2) < 2c¢.r2. (50)

Similarly, given some boundary data ¢ := (§!,...,5%) € (C22(S1))K satis-

fying (23), some parameters 7 := (7!, ..., 7%) € RE satisfying (36), (38) and
(40), provided ¢ € (0, &), we use the result of Proposition 6 and Proposition 7,
to find a solution v, of (48) which can be decomposed as

Vegt = V + ﬂ&,ﬁ,p,tﬁa inQ— Uf:lBTs,Bji (pji>
where the function Vv is given by (29) and 9 := 9. 7.5 € C2*(Q*(p)) satisfies

19lle2.2(@r(py) < 2x7e,5 (51)
and ~
Vext =V + Ve g8, 02 —UZ B (G)

where the function v is given by (29) and ¢ = ¥. 545 € C2*(Q*(pU q))
satisfies

~ 2

19/l 2o (@ (pugy) < 2¢xTe- (52)
It remains to determine the parameters and the functions in such a way
that the function which is equal to v}/, in B,_ 5. (pj;) and is equal t0 Vegy

in Q,_ 5. (p) is smooth. Similarly it remains to determine the parameters and

the functions is such a way that the function equal to vl in B,_(g;) and which
is equal t0 Vgt in Q- (pUQ)) is smooth. This amounts to find the boundary
data and the parameters so that

Vint = Vext and arvint = a’rvewta (53)

near 9B, (pj;) or near 0B, _(g;). Assuming we have already done so, this

provides for each ¢ small enough a function v. 5 € €** (which is obtained
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by patching together the functions v;,; and the function ve.:) solution of our
equation, the elliptic regularity theory implies that this solution is in fact
smooth. This will complete the proof of our result since, as € and A tend to
0, the sequence of solutions we have obtained satisfies the required properties,
namely, away from the points g¢; the sequence v, g converges to some function
in which appears the sum of G(-, ¢;) in each case of our theorem.

Before we proceed, the following remarks are due. First, it will be conve-
nient to observe that the functions v. -, g, and ve r, can be expanded as

2, —2(Bj;+1)
_ Ji
UE»Tji 15.71' (x) - 72(1 + 5]7) log TJ1 - 4(1 + ﬂ]l) log ‘x| + O ‘$|2(571+1)
(54)
near 0B, , and
s rs
g2r72
Ver, () = —2logm —4loglz|+ 0O < | 72 > (55)
T

near 0B,_. The functions
K s m
D (485, +i7) Gla,py,) and Y (148, +7) G, p;,)+y_(1+i) G, )
(=1 =1 (=1
which appear in the expression of v.,; can be expanded as

K . .

> (U By, + i) Gla + pji,ps) = —4(1+ By, +777) log ||+

(=1 . |

(1+ B + ) H (x +pji7pj'i) + Z (1+ B, + ) Gz +pjmpj/z)

0=1,04i
(56)

near 0B, 5.
i

S

Z(l—i_ﬁjz—i_ﬁﬂ)g(x"i_pjﬂpﬂ +Z 1+77 $+pji765)
/=1 =1

= —4(1+ B, +77)log |z + (1 + Bj, + 7)) H(x + pj,, pj, )+

Z (1+5j£+77]j2)G($+pji,pﬂ +Z 1+77 x+pjia(h)
0=10#1% (=1
(57)
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near OB

ress;, and

S

S (148, +7) Gl + dipj,) + Y A+ Gz + Gi Ge) =
=1 =

=1

m
—4(1+77) logla| + (1 4+ 7)H(x + G, )+ > (1+i")G(x + G, d)
0=1,0#1i

+> (148, +i7)G(x + Gi,pj,)
=1

near 0B,

5.1 End of the proof of part (a) of Theorem 1:

In this case SN A =G, for  near B, , (pj,), we have

(Vint — Veat) (@ = —2(1 + B;,) log 75, + log 8(1 + 5ji)2 + 47 log |2 — Dy,

+h(z = p;) + H' (75 (@ = pj.) /rep,) = H(@5 (2 = pji) /1= ,,)

N
- (1 +6JL +ﬁji)H(x’pji) +10g( H |pji _p€|252f (pji))
0=1,0j;
S ) 827-*72(5'“ +1)
— > (48, + )G, p) + O

0=1,0£i |z — pj, [Pt

= _2(1 + ﬂjl) log T3 + 10g8(1 + Bji)2 + 4"7% log ‘x — Dj;

+h(z—p;))
+Hi(<pji; (z— pj'i)/’rayﬁji) - He(¢ji; (33 - pji)/r57ﬁji)

EQT*Q(ﬁjiJrl)
—F

5 (Pia) + 0 m + 0 (Jz —pjsl)
Ji )

= _2(1 + Bji) log 75, + log8(1 + /Bji)z + 4ﬁj7 log Te,Bj, — Eji (pjwp) + O(TE,B)
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where p = (p;,,---,p;,) and

S

Eji(x7q) = (1+/Bji)H(x’pji) + Z (14‘5]‘@)0(95;]73‘@)
=10
N (59)

+log( H [z —pe* f (pj.))-

£=1L#j;

Next, in (53), all functions are defined on 0B, , (p;,) nevertheless, it will be
convenient to solve instead of (53) the following set of equations

(Vint — Veat) (g, + Te,B )=0 and O, ((Uint — Vet ) (pj; + Te,B )) =0 (60)

on S'. Here all functions are considered as functions of y € S! and we
have simply used the change of variables * = p;, + 7. 3y to parameterize
OBy, 4. (pj,)- We decompose

spji — (p%i 4 (pjiyJ- and @ji — @%7 4 @ji,l

where @%i,gééi are constant functions on S*, where ’i*+ and @/i+ are L?(S?!)
orthogonal to the constant functions.

Projecting the set of equations (53) over the constant functions, yields the
system ‘
’ P 1
log T_QO—H;J)J — Ej,(pji,p) + 01(r.5) =0
Ji

i+ 05(rc 5) = 0.

(61)

This system can be readily simplified into

1
log Te 3

(2(1 + ﬁjl) logTji - 10g8(1 + Bji)Q + E1 (pjwp)) = Oé(rsﬂ)

and ‘
ﬁji = Ozll(rs,ﬁ)v

where the terms O}c(ra’g) for k = 1---4 depend nonlinearly on 74, pe, ¢°, ¢,
but, they are bounded (in the appropriate norm) by a constant (independent
of ¢ and k) time r_ 5. Let us comment briefly on how these equations are
obtained. They simply come from (53) when expansions (54) and (56) are used,
together with the expression of H? and H® given in Lemma 1 and Lemma 2,
and also the estimates (49) and (51).
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We are now in position to define 7_ and 7 since, according to the above, as
¢ tends to 0 we expect that 7;, will converge to 77 satisfying

2(1+ B;,)log i —log8(1 + 8;,)* = —Ej,(pj,, p)

and hence it is enough to choose 7_ and 74 in such a way that

2(1+85,) )
log —— < —sup E;, (pj,, < —inf; E;, (p;,,p) < log ——————.
E8(1+ 5,2 i Psop) < iulpgip) < log 8(1 + B;,)?

Now, we consider the L?-projection onto the space of functions which are
L?-orthogonal to the constant functions. This yields the system

gt — @it 1 Ol(r ) = 0
(62

Op(H — Ho) + 0§(r. 5) = 0.
Thanks to the result of Lemma 3, this last system can be re-written as
Pt = 03(r. ).
If we define the parameters t = (/i) € R® by

i =

logr, 5

then the system we have to solve reads
(7, ™, &5) = Og(r2. 5); (63)

where as usual, the terms O,lc(rsﬁ), k =5---8 depend nonlinearly on t, 7, o=,
@+ but they are bounded (in the appropriate norm) by a constant (indepen-
dent of ¢ and &) time r_ 3.

The nonlinear mapping which appears on the right hand side of (63) is
continuous and compact. In addition, this nonlinear mapping sends the ball of
radius k7. 5 (for the natural product norm) into itself, provided  is fixed large
enough. Applying Schauder’s fixed point theorem in the ball of radius k7, 5
in the product space where the entries live yields the existence of a solution
of equation (63) and this completes the proof of the part (a) of Theorem 1.
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5.2 End of the proof of part (b) of Theorem 1:
In this case SN A = thus for = near dB,_, we have

(Uint - vert) (I)

= —2log7; +log8 + 4i'log |x — §;| + h (x — §;) + H (% (v — ;) /re)

—H (@' (x = @) /ro) = (L+ ) H(z,G) + Y (1+7)G(,d)

=141
N -2
wog TT fa =7 @) +0 (S0
0=10+#i q’
= —2log7; +log8 + 47t log || + h (x — §;) + H (% (v — ;) /re)

—H (" (w = @) /re) = (L+ 7V H (@ @)+ Y, (1+79G (@, d)

0=1,0%

al 2 2 e2r? 2

#og [T 1as 1 @)+ 0o~ a2+ 0 (2 ) 4 002

=10 qi
= —2logT; + log8 + 4ij' logre — Fi(Gi,q) + O(r2)
where q = (q1, -+ ,qm) and
m N
Fi(w,@) = H(@,@)+ Y, G,d)+log( [[ l=—p™f (@) (64)
0=1,00 0=1,03

Next, in (53), all functions are defined on dB,_(§;), but it will be convenient
to solve on S! the following equations

('Uint - Uemt)((ji + e ) =0 and a'r‘ ((vint - vext)((ji + Te )) =0. (65)
We decompose
P=ph ittt and @ =@y + G+ gt
where ¢, §i € Eg = R are constant functions on S1, @i, &% belong to E; =

ker(Ag: + 1) = Span{er,es} and where ¢+ 3%+ are L?(S!) orthogonal to
]EO and ]El.
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Projecting the equations (65) over Eq will yield the system

—2log 7; + log 8 + 47j' log e — F;(Gi, @) + 03(r2) =0 (66)
4+ 03(r2)  =0.
Let us comment briefly on how these equations are obtained. They simply
come from (65) when expansions (55) and (58) are used, together with the ex-
pression of H* and H® given in Lemma, 1 and Lemma 2, and also the estimates
(50) and (52). The system (66) can be readily simplified into

[2log7; —log8 + Fi(Gi,@)] = 03(r2), and ' = OF(r?).

log 7.

We are now in a position to define 7_ and 77 since, according to the above,
as € tends to 0 we expect that ¢; will converge to ¢; and that 7; will converge
to 7, satisfying

2log 1 — log8 = —F;(¢;,Q)

and hence it is enough to choose 7_ and 71 in such a way that
2log(7-) —log8 < —sup F;(gi,a) < —inf Fi(g;,q) < 2log(7") — log 8.
We now consider the L2-projection of (65) over E;. Given a smooth function

f defined in Q, we identify its gradient V f = (9, f, Oz, f) with the element of
Eq

2
Vf= Z Oy, f ei.
i=1
With these notations in mind, we obtain the equations
VFi(Gi,@) = 0(r2) and ¢} = 03(r2). (67)
Finally, we consider the L2-projection onto L?(S*)+. This yields the system
{ P =gt 032 =0 o
on(H* — Ho+) 4+ 03(r2) =0.
Thanks to the result of Lemma 3, this last system can be re-written as
pht = 03(r2) and @ = 05(r2).

If we define the parameters t = (¢;) € R™ by

t; [210g7'i—log8+ff"i(q~i,(j) . V1<i<m.

- logr.
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Then the system we have to solve reads
(.7, V5@, ¢+, &*) = 0%,02), (69)

where as usual, the terms O%(r?), k = 1---10 depend nonlinearly on all the
variables on the left side, but they are bounded (in the appropriate norm) by
a constant (independent of £ and «) time r2, provided ¢ € (0,¢,).

We claim, provided that the degree of the mapping
?FZQ'—)(@9’1((11561)7'-wv?m(Qm;(i))? (70)

from a neighborhood of q € 2™ to a neighborhood of 0 in E* is equal to 1,
this nonlinear system can be solved by using Schauder’s fixed point theorem
in the ball of radius k72 in the product space where the entries live, namely

t, n€R™; r.(q—q) € (R)™

and
‘PJ_, @J_ c (eQ,a(Sl)l)m )

As before, the nonlinear mapping which appears on the right hand side of (69)
is continuous and compact. In addition, this nonlinear mapping sends the ball
of radius 72 (for the natural product norm) into itself, provided x is fixed
large enough. Applying Schauder’s fixed Theorem in the ball of radius k72 in
the product space where the entries live the existence of a solution of equation
(69). This ends the proof of the part (b) of Theorem 1. O

5.3 End of the proof of part (c) of Theorem 1:

In this case SNA = {p;,,---,p;.} and S\A = {q1, - ,¢m} with s + m = K.
The remaining of the analysis of the previous subsections remains essentially
unchanged, we simply combine the two previous constructions by gluing the
limits functions and at once the definition of E; is modified into

Ei(z,(p,q)) = Fi(z,q) + $(z,p)

where
m N
Fi(w,@) = H(,G)+ Y Gla,q)+log( [ |=—pel”f (@) (71)
0=1,0#£i (=104
and .
9(37713) = (1 + ﬁjl)G(xaij)' (72)
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