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Abstract

Some fixed point convergence properties are proved for compact and
demicompact maps acting over closed, bounded and convex subsets of
a real Hilbert space. We also show that for a generalized nonexpansive
mapping in a uniformly convex Banach space the Ishikawa iterates con-
verge to a fixed point. Finally, a convergence type result is established
for multivalued contractive mappings acting on closed subsets of a com-
plete metric space. These are extensions of results in Ciric, et. al. [7],
Panyanak [2] and Agarwal, et. al. [9].

1 Introduction

Let H be a Hilbert space and K be a nonempty subset of H. A mapping
T : K — H is said to be pseudo-contractive if

ITx = Ty|* < o —yl* + |1 = D)z — (I = T)yl*, for all z,y € K.

A mapping T : K — H is called hemicontractive if F(T) = {z € K : Tz =
x} # ¢ and

Tz — a*||° < ||z — 2*|*+||lz — Tz|*, for all z* € F(T) and for all z € K.
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It is easy to observe that each pseudo-contractive mapping with fixed points
is hemicontractive. The reciprocal is not in general true; see [1],[4].

There are two well known methods of approximating a fixed point of a
pseudo-contractive mapping, viz. Mann [11] iterative and Ishikawa [10] itera-
tive processes. In 1991, Xu [3] introduced the following iteration process: For
T: K — FE, let a sequence {x,} and xy € K, where K is a nonempty subset
of a Banach space F, defined iteratively as follows :

Tn+1 = ApTp + bnTyn + cpup
Yn = an/‘rn + bn,T(En + Cn/vna n > 07 (1)

where {u,} and {v,} are bounded sequences in K and {a,},{bn},{cn},{a,},
{b,} and {¢},} are sequences in [0, 1], such that a,, +b, +¢, = al, +b), +¢}, =1,
for all n > 1. If, in (1), b}, = 0 = ¢},, then we obtain the Mann iterative se-
quence in the sense of Xu. If ¢, = 0 = ¢, in (1), then we obtain the Ishikawa
iterative sequence.

In [7], Ciric, et al. have introduced and investigated the following modified
Mann implicit iterative process. Let K be a closed convex subset of a real
normed space N and T : K — K be a mapping. Define {x,} in K as follows :

rg € K,
Tp = anTn—i1+0nTv, + Crnttn, n>1, (2)

where {a,}, {bn}, {c.} are real sequences in [0,1] such that a,, + b, + ¢, = 1,
for each n € N and {u,} and {v,} are sequences in K.

Let H be a Hilbert space and C a subset of H. A mapping T : C — H
is called demicompact if it has the property that whenever {u,} is bounded
sequence in H and {T'u,, — u, } is strongly convergent, there exists a strongly
convergent subsequence {u,, } of {u,}.

In section two of the present paper, we have shown that if K is closed,
bounded and convex subset of a real Hilbert space H, T : K — K a compact
hemicontractive map with zo € T(K) and sequence {z,} in T(K) be defined
by (1) and {b,}, {c.} and {v,} satisfy some appropriate conditions, then the
sequence {z,} converges strongly to a fixed point of T. Also, we have inves-
tigated that if K is closed, bounded and convex subset of a real Hilbert space
H and the mapping T : K — K is continuous demicompact hemicontractive
map and {a,}, {b,}, {cn} are real sequences in [0,1] such that a, +b, +¢, = 1,
for each n € N and {b,}, {cn}, {vn} satisfy some appropriate conditions, then

the sequence {z,}, defined by (2), converges strongly to some fixed point of
T.
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Let E be a Banach space. A subset K of E is called proximinal if for each
x € E, there exists an element k& € K such that

d(x, k) = dist(z, K) = inf{||lz —y|| : y € K}.

It is well known that every closed convex subset of a uniformly convex Ba-
nach space is proximinal. We shall denote by P(K), the family of nonempty
bounded proximinal subsets of K. We say that the mapping 7' : E — P(E) is
generalized nonexpansive if

H(Tz,Ty) < al|lz —y|| + b{d(z, Tx) + d(y, Ty)} + c{d(x, Ty) + d(y, Tz)},

for all z,y € X, where a + 2b+ 2¢ < 1.
Bancha Panyanak proved the following Theorem in [2].

Theorem 1.1. Let K be a nonempty compact convex subset of a uniformly
convex Banach Space E. Suppose T : K — P(K) is a nonexpansive map
with a fized point p. Let {x,} be the sequence of Ishikawa iterates defined by
rg € K,

Yn = (1 - Bn)xn + Bnzn Bn € [07 1]7 n >0,

where z, € T, is such that ||z, — p|| = dist(p, Txy), and
Tnt1 = (1 — an)xn + anzy’, an € [0,1],

where z," € Ty, is such that ||z, — p|| = dist(p, Tyn). Assume that

(1) 0 < ap, Bn < 1,

(ii) B — 0 and

(111) > an By = 0o. Then the sequence {x,} converges to a fized point of T.

In section three, we generalize the above theorem by taking generalized
nonexpansive map in place of nonexpansive map in which the sequence of
Ishikawa iterates converges to the fixed point of T.

Let X be a complete metric space and C(X) is collection of all nonempty
closed subsets of X, CB(X) is the collection of all nonempty closed bounded
subsets of X. Let H be a Hausdorff metric on C(X), that is

H(A, B) = max{supycad(z, B), supzepd(z, A)},
for any A, B € C(X), where d(z, B) = inf{||z — y|| : y € B}.

A function f: X — R is called lower semi-continuous, if for any sequence
{2} in X and z € X,

In section four, we generalize the following result (cf. Theorem 4.2.11 in
[9]) by taking C(X) in place of CB(X).
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Theorem 1.2. [9]. Let X be a complete metric space and let T, : X —
CB(X)(n=0,1,2,3,...) be contraction mappings each having Lipschitz con-
stant k < 1, i.e.,

H(Thx, Thy) < kd(z,y),

for all z,y € X and n € (0,1,2,3,...). If lim,, oo H(T,(x),To(x)) = 0 uni-
formly for x € X, then lim,_,oo H(F(Ty,), F(Tp)) = 0.

2 Fixed point theorems for hemicontractive map

We shall make use of the following Lemmas.

Lemma 2.1. [8]. Let H be a Hilbert space, then for all x,y,z € H,
laz + by + c2[|* = a |l«]*+b |y|* +¢ll2|*—ab ||z — y|* —be]|ly — 2||*—ca |2 — =||?,
where a,b,c € [0,1] and a +b+c=1.

Lemma 2.2. [5]. Suppose that {p,},{on} are two sequences of nonnegative
numbers such that for some real number Ng > 1,

Pn+1 < ppt+0n, ¥V n > No.

(a) If Y07 jon < 00, then lim{p,} exists.
(b) If Y00 100 < 00 and {pn} has a subsequence converging to zero, then

limy, 00 Pn = 0.

Now we prove our main results in this section which is generalization of
[[7],Theorem 4]

Theorem 2.3. Let K be a closed bounded convex subset of a real Hilbert space
H and T : K — K a compact, hemicontractive map. Let {an,}, {bn}, {cn}
be real sequences in [0,1] such that a, + b, + ¢, = 1, for each n € N and
satisfying:
(i) {bn} C 0,1 — 6] for some 6 € (0,1/2],
(ii) D07 jcn < 0.
For arbitrary xyg € T(K), let a sequence {x,} in T(K) be iteratively defined
by

Tp = QnTpn_1 + b, TV, + Crtty,, mn>1, (3)

where v, € T(K) are chosen such that > 7 | ||v, — || < 0o and {u, }32, is
arbitrary sequence in K. Then {x,}22, converges strongly to some fized point
of T.
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Proof. Let T : K — K be a continuous map, where K is a closed bounded
convex subset of a real Hilbert space H. Then T(K) is closed subset of K
and T(K) is compact. Hence T(K) is compact. Let A = ¢o(T(K)), convex
closure of T(K). Then A C K. Since T(K) is a relatively compact subset
of K, by Mazur’s theorem ¢o(T'(K)) is compact and convex. Furthermore,
T(A) ¢ A. Now we have to show that in restriction T : A — A, {x,}72,
converges strongly to some fixed point of 7. Let 2* € T(K) be a fixed point
of T and M = diam(T(K)), diameter of T(K). Since T is hemicontractive,

|Ton = 2** < llon = 2*||* + [ — Toal”, (4)
for each n € N. By virtue of (3), Lemma 2.1 and (4), we obtain

|z — 9:*||2 = |lanxn-1 + bpTv, + cr, — x*||2
= |lan(@xn_1 — %) + bp(Tv, — %) + cp(uy — x*)||2
= an ||JTner — 2|2+ o [ Ton — ¥ + ¢ [Jun — 2|
— apby || Tn—1 — TvnH2 —bpey || To, — un||2
— GnpCn Hxn—l - un||2

an || Tn—1 — x*||2 + b | Tvn — x*HZ

IN

+ cn flun — x*Hz = anby [[n—1 — Tvn||2
* 2 * 2
< (I =bn)|zn1 — 2" + bp(llvn — ="
+ lvn = Tvpll?) + cnM? = anby ||#n_1 — Toa|®.  (5)

Also, we have

o —2*1* < v — @l® + lon — 271 + 2|20 — 27| 0n — 2a
< ”Un_anz""Hxn_w*nz""?Man_an’ (6)
and
llvn — Tvn”2 < on = anQ + [|on — Tvn”2 +2[|zn — Ton|| lvn — @n |
< on = anz + |7y — TUnH? +2M vy, — 2, || (7)
and
lzn — Tvn||2 = |lanxpn-1 + bnTv, + cru, — TvnH2

(1= b, —cpn)xn—1+ b Tvn + crun, — TvnH2

(1= bn) |1 — Tl + cn |lun — xn—1||]2
[(1=by) [|Tn1 — Ton|| + Mc,]?

(1= b)? |2n_1 — Ton|* + 3M2c,. (8)

ININCIA
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In view of (7) and (8), (5) takes the form
%112 * 2
zn =7 < (1 =bn)?|lzp—1 — ¥
+ by || — )7 + 260 [|vn — 2 ||® + 4AMby, |Jvn — 0|

+4AM?c, — bpfan — (1 = bp)?] |2n—1 — To,|*. (9)

Using a,, + by, + ¢, = 1 in condition (%), we have

an—(1=0,)2 = 1—b,—c,—(1-0,)2
= b,(1—"0b,)—cpn
> 6% —c,. (10)

From condition (%), it follows that there exists a positive integer ng € N such
that for all n > ng, we have ¢, < 82, i.e. 62 —¢, > 62 — 8% = §2(1 — ). Thus,
from (10), we obtain

an — (1 =0,)% > §%(1-9). (11)

From (9) and (11), we have, for all n > ng

(1= bn) llzn — 33*||2 < (1 =bp)llwp- - x*||2 + 2y [Jon — an2
+ 4Mb,, ||vp — xp || + 4M3c,
— b0 (1= 68) |zn_1 — Tv,|*.
|2 |2 2b,, 2
or Jen =P < llea, =" I+ gy on
by, 4M?3c,
AM ——— n - 4n
52(1 - 5) )
bp——— |zn—1 —Tw,||". 12
o g =gy I = Tl (12)

3 1 1 —1 —1. bn 1-6 __
SlncemSgandm§ﬂ75§bn§1—5,wehavem§T_



ON ITERATIVE FIXED POINT CONVERGENCE IN UNIFORMLY CONVEX

BANACH SPACE AND HILBERT SPACE 173
3 —1 < }. Hence from (12), we have
*|2 w2 2 o0  4AM 4M3¢,
lzn —2%7 < |lzn—1r =27+ < lvn — 20ll” + —— llvn — 20l +
0 0 0
5(1 - 9) )
- T 1N n— 7T n
(1 _bn) HiL’ 1 v H
Lo 2 AM AM?c
< wpor -2 HQ‘F’||Un_$n||2+7||vn_$n”+ ~
1) ) )
§3(1—-6
T s~ T
< | T T L
>~ Tn—1 x 5 Un Tn 5 Un Tn 5
—§° lzn—1— TUn||2 )
ie. ||an — 2> < |lwnet — 2|)* = 6 [|#n_1 — Twn|® + 00, for all n > ny,
(13)
where
2 Jom = all? + 22 oy — o] + 2L
on = |=|vn—zn — vy, — zn, —c,
0 0 )
1
= 5[2va- Tnl? + AM |lvn — 20| + 4M3c,]. (14)

By the hypothesis of the theorem, we obtain

iO'j < +oo. (15)

Jj=no

From (14), we get
5 lZn—1 — Tvn”z < zn—1 — I*HQ — |zn — x*”Z + On,
and hence

oo oo
>l = Toi|* < >0 + a1 — 2%
Jj=no Jj=no

By (15) we get 3252 [|#j_1 — T;||* < +o00. This implies limy, o [|zn—1 — vy
= 0. From (8) and condition (ii), it further implies that lim,, o |2 — T0p| =
0. Also the condition 7% vy, — 2| < 0o implies limy, e [|vn — 24| = 0.
Thus from (7), we have

nh_)rréo lvn, — T, || = 0. (16)
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By compactness of T'(K), there is a convergent subsequence {v,, } of {v,}, such
that it converges to some point z € T(K) C ¢o(T(K)) = A. By continuity of
T, {Tvy,} converges to T'z. Therefore, from (16), we conclude that Tz = z.
Further, lim,,_, o ||vy, — 25| = 0 implies

lim ||z, — 2| = 0. (17)

J—00

Since (13) holds for any fixed points of T', we have

|zn — Z”2 < l#p—1 — 2”2 -0 |2n—1 — TUnHZ +On
and in view of (15),(17) and Lemma 2.2, we conclude that ||z, — z|| — 0 as
n — oo i.e x, — z as n — o0o. Thus, we have proved that a sequence {x,}
converges strongly to some fixed point of T'. This sequence in K automatically
converges strongly to a fixed point of T'. O

Theorem 2.4. Let K be a closed bounded convex subset of a real Hilbert space
H and T : K — K a continuous demicompact and hemicontractive map. Let
{an},{bn} and {c,} be a real sequences in [0,1] such that a, +b, + ¢, =1 for
each n € N and satisfying:

(i) {bn} C [6,1 = 6], for some 6 € (0, 3],

(i3) Yoo jcn < 00.

For arbitrary xo € K, let a sequence x,, € K be iteratively defined by

Ty = pTp—1 + by T0n + Crtn, n>1, (18)

where v, € K are chosen such that > -~ ||vy, — x| < co. Then {z,}52,
converges strongly to some fixed point of T .

Proof. Let * € K be a fixed point of hemicontractive map T and M =
diam(K). Using inequality (4) as in the proof of Theorem 2.3 and proceeding
in the similar manner we arrive at (16) which implies that the sequence {v,, —
Tuptnen converges strongly to zero. As T is demicompact, it results that
there exists a strongly convergent subsequence {v,, } of {v,,}. such that v, —
z € K. By continuity of T', T'v,, converges to T'z. Therefore, from (16), we
conclude that Tz = z. Further, lim,,_, ||vn — z,|| = 0 implies

0, = 2 = 0. (19)
Since (13) holds for any fixed points of T', we have
|7 — Z||2 < lzn-1 = Z||2 — 6% ||zn—1 — Tvn||2 +Oon. (20)

In view of (15), (19) and Lemma 2.2, we conclude that ||z, — z|| = 0 asn — oo
ie. &, = z as n — oco. Thus, we have proved that {z,} converges strongly to
some fixed point of T O
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3 Ishikawa iteration for multivalued generalized nonex-
pansive map

To prove the main theorem of this section, we need the following Lemmas:

Lemma 3.1. [3]. Let E be a Banach space. Then E is uniformly convez if and
only if for any given number p > 0, the square norm ||H2 of E is uniformly
convexr on B, the closed ball centered at the origin with radius p; namely,

there exists a continuous strictly increasing function ¢ : [0,00) — [0,00) with
@(0) = 0 such that

laz + (1 = a)y|* < allz]® + (1 = o) lyl]* — a1 = )é(]|z - y])),
forallz,y € B,,a € [0,1].

Lemma 3.2. [2]. Let {a,},{Bn} be two real sequences such that

(1) 0 < o, B < 1,

(i) B, — 0 as n — oo and

(id1) Y00 jan By = 00.

Let {v,} be a nonnegative real sequence such that > 7 o Bn(1 — By)vn is
bounded. Then {y,} has a subsequence which converges to zero.

Theorem 3.3. Let K be a nonempty compact convex subset of a uniformly
convex Banach space E. SupposeT : K — P(K) is a generalized nonexpansive
map with a fived point p. Let {x,} be the sequence of Ishikawa iterates defined
by zo € K,

Yn = (1 - /Bn)xn + /ann Bn S [Oa 1]7 n > Oa

where z, € Tx,, is such that ||z, — p|| = dist(p, Txy), and
Tpy1 = (1 —an)z, + anzn',  ap € [0,1]

where zp," € Ty, is such that ||z, — p|| = dist(p, Tyn). Assume that

(Z) O S an)/B’rb < 1

(#4) Bn, — 0 and

(iii) > oo ) anfn = 0o. Then the sequence {x,} converges to a fized point of
T.

Proof. By using Lemma 3.1, we have

lzner = ol = (1= an)wn + anz = pll”
2
< (L —-an)len _pH2 +an ||z = pll” — an(l = an)d(zn — 2a"[)
< (1=ap) | —pl* + anH2(Tyn, Tp)

—an(l— O‘n)¢(||xn - Zn/H) (21)
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By generalized nonexpansive property of T', we have

H(Tp,Tyn) < allyn —pll + 0d(yn, Tyn) + c{d(p, Tyn) + d(yn, Tp)}
< allyn = pll + 0{llyn — pll + d(p, Tyn)} + c{d(p, Tyn) + d(yn, Tp)}
< (a+b+c)[lyn —pl + (b+c)d(p, Tyn)
< (a+b+)llyn —pll + (b+ ) H(Tp, Tyn)
a+b+c
H(Tp7 Tyn) < m ”yn - p” . (22)

Since 1‘1:?212’) < 1, it follows that

H(Tyn, Tp) < |lyn — 2| (23)

From (21) and (23), we get

2 2 2
[zn1 =27 < (1= an) llzn —plI” + an llyn — pll
—an(1 = an)o(||z, — Zn/”) (24)

Now

”(1 - ﬁn)xn + Bnzn — p”2

(1= Ba) lzn = pI* + Bu 120 — pII* = Bu(1 = Ba)d(llzn — 2all)
(1= Bo) llzn = plI* + BuH* (T, Tp) — Bu(1 = Ba) b0 — 2nll)
lzn = plI* = Ba(1 = Bu)d(l|27 — 2al)- (25)

From (24) and (25), we get

2
1yn — pll

ININCIA

|zner = plI* < |z = plI* = anfa(l = Ba)é(len — 2al)- (26)

Therefore

an/@n(l - /Bn)d)(nxn - Zn”) < ||1'n _p”2 - ||33n+1 _p||2 .

This implies
S @nBa(l = Ba)é(ln — 2all) < llor — plf® < oo
n=1

By Lemma 3.2, there exists a subsequence {zy, — zn, } of {z, — z,} such that
O(|Tn, — 2n,||) = 0 as k — oo and hence ||z, — 2zn, | — 0, by continuity and
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strictly increasing nature of ¢. By compactness of K, we may assume that
Zn, —> ¢, for some ¢ € K. Thus,

dist(q,Tq) lg — @, || + dist(zn,, Ten,) + H(Txy,,Tq)

<
< g = @nll + ll2n, = 20l + [l2n, =gl = 0 as k — 00(27)

Hence ¢ is a fixed point of T. Now on taking ¢ in place of p, we get ||x,, — ¢|| as

a decreasing sequence by (26). Since ||zn, — ¢|| — 0 as k — oo, it follows that

{||zn — q||} converges to zero, so that the conclusion of the theorem follows.
O

4 Fixed point theorem for multivalued contractive map-
pings

The main result of this section is as follows:

Proposition 4.1. Let X be a complete metric space and let S, T : X — C(X)
be a multivalued mapping. If there exists a constant ¢ € (0,1) such that for
any x € X there is y € Iés)xand IéT)x satisfying d(y, S(y)) < cd(x,y) and
d(y, Ty) < cd(x,y) with ¢ < b and f is lower semi-continuous, then

H(F(s),F(T)) < (b—c) ‘supyexH(Sz,Tx), (28)

where the following have been taken from [12], for mapping f : X — R,
f(x) is defined as f(x) = d(xz,Tx) and for mapping S, f(z) is defined as
f(x) = d(z, Sz),

Iés)z ={y e S(x) : bd(z,y) < d(x,Sx)}

and
IZET)QC ={yeT(x):bd(z,y) <d(z,Tz)}.

Proof. Since S(z),T(z) € C(X) for any = € X, Iés)mand IZET)I are nonempty
for any constant b € (0,1). Let o € F(S) implies ¢ € S(zg). Then there is
another point z1 € S(z¢) such that for any initial point 2o € X, there exists

I;(JCO)

T € . For x1, there exists Sx; such that

d(il'l, S(,Cl) < Cd($0,1'1)7

and for any xg € X, there exists z1 € IZET)IO ie. {z1 € T(xo) : bd(zg,x1) <
d(xo,Tx1)} satisfying
d(z1,Tz1) < cd(zo, 1),
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and for z; € X, there is x5 € IZET)II

satisfying
d(za,Txa) < cd(x1,x2).

Continuing this process, we can get an iterative sequence {z,}22,, where
T)x
Tnt+1 € I,S )zn and

d(xp+1, Tons1) < cd(Tp,py1), n=0,1,2 ... (29)
On the other hand z,,1 € IZET)I" implies
bd(zy, xny1) < d(zp,Tx,), n=0,1,2,... (30)
From (30) and (31), we have

d(@nt1, Tepi1) < —d(xp, Tx,), n=0,1,2,..

SO

and

d(xn+laxn+2) < gd(mnaxn—o—l)a n=0,1,2,...

Observe that

C
d(irnaxn+1) S Bd(‘rnflaxn)

CcCJ[cC

S B gd($n727xnfl):|
2
C

- b2d<xnf2axn71)

= bnd(.’lﬁo,xl). (31)

Since ¢ < b, § < 1, therefore lim,, . (§)" — 0, which means that {z,}72 is
a Cauchy sequence. By the completeness of X, there exists v € X such that
{xn}52, converges to v.

Now we have to show that v € F(T). We have given {f(z,)}52, =
{d(zn, Txn)}22, to be a decreasing sequence and hence it converges to zero.
Since f is lower semi-continuous, as =, — v, we have 0 < f(v) <lim, , f(z,) =
0. Hence f(v) = 0. Finally the closeness of T'(v) implies v € T'(v). Hence
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ve F(T).
Now, we observe that

d(IOav> S Zd xnyzn—&-l)
n=0
< Z( ) d(xo, 1)
n=0
1
< ( c) d(zo,21)
L—=3
< (1 9)_1 L d(wo, Ty). (32)
Py b b b
Now
d(zo,Txo) <  Supresz,d(x,Txo)
< maz{suprese,d(x, Tro), Supeerz,d(x, STo)}
Hence we get
1
d(zg,v) < b(b—c)flgd(xo,Txo)

IN

(b—¢) " H(Sxzg, Txo). (34)

Interchanging the roles of S and T, for each yo € F(T) and y; € Syo, for any
yo € X and u € F(S), we have

d(yo,u) < (b—¢)" H(Syo, Tyo)-
Thus, we have
H(F(S),F(T)) < (b—c¢) 'supyex H(Sz, Tx).
O

Example Let X = {1, 1, 8, ....... 5, ..} U{0,1}, d(z,y) = |z — y] for any
x,y € X, be a complete metric space. Define the mappings S,T : X — C(X)

as and ) )
{2”"‘2’1}7 lfCE: 27, n:07172,....

1

S(z) =
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Now
[ TR
f(z) =d(z,Tz) = g BT =gmn=12..
07 lfSUZO,l
and
3
s ifr=—n=12.
f(x):d($75$): 2n+2’ iz 2n7n y 4y
07 lfCU:O,l

Hence f is continuous for both mappings S and 7. Obviously, S and T are
not contractive mappings. It is clear that

Hence

n(r (L) rw)-Ls L
)

For mapping S : X — C(X

Hence

H(S(;),S(O)) :%Z%:

Furthermore, there exists y € I§,, for any « € X, such that d(y,T(y)) =
3d(x,y) and d(y, S(y)) < d(w,y), then

H(F(S), F(T)) =0

and 1
Suprex H(Sz,Tx) = 1

Hence, we get H(F(S), F(T)) < (b—¢)"'Supyex H(Sz,Tx).

Theorem 4.2. Let X be a complete metric space and let T,, : X — C(X)
(n=0,1,2,3,...) be multivalued mappings. If there exists a constant ¢ € (0,1)

such that for any x € X, there is y € Ilgn)w satisfying
d(y, Thy) < cd(z,y), forn=1,23/4..

Iflim, oo H(Tyx, Toz) = 0 uniformly for x € X, then lim,,_,o. H(F(T,), F(1y))
0
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Proof. Since
lim H(T,(x),To(z)) =0

n—o0

uniformly for x € X, it is possible to select ng € N, such that
supzex H(Thx, Tox) < (b—c)e, for all n > ny.
By proposition 4.1, we have
H(F(T,),F(Ty)) <€, for all n> ny.

Hence
lim H(F(T,), F(Tp)) = 0.

n— 00

O
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