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Abstract

In this paper we study the concept of asymptotically double lacunary
statistical convergent sequences in probabilistic normed spaces and prove
some basic properties.

1 Introduction and Background

An interesting and important generalization of the notion of metric space was
introduced by Menger [11] under the name of statistical metric, which is now
called probabilistic metric space. The notion of a probabilistic metric space
corresponds to the situations when we do not know exactly the distance be-
tween two points, we know only probabilities of possible values of this distance.
The theory of probabilistic metric space was developed by numerous authors,
as it can be realized upon consulting the list of references in [2], as well as
those in [18, 19]. Probabilistic normed spaces (briefly, PN-spaces) are linear
spaces in which the norm of each vector is an appropriate probability distribu-
tion function rather than a number. Such spaces were introduced by Serstnev
in 1963 [20]. In [1], Alsina et al. gave a new definition of PN-spaces which
includes Serstnev’s a special case and leads naturally to the identification of
the principle class of PN-spaces, the Menger spaces. An important family
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of probabilistic metric spaces are probabilistic normed spaces. The theory of
probabilistic normed spaces is important as a generalization of deterministic
results of linear normed space.

It seems therefore reasonable to think if the concept of statistical conver-
gence can be extended to probabilistic normed spaces and in that case enquire
how the basic properties are affected. But basic properties do not hold on
probabilistic normed spaces. The problem is that the triangle function in such
spaces.

Marouf [10] presented definitions for asymptotically equivalent sequences
and asymptotic regular matrices. In [13], Patterson extended those concepts
by presenting an asymptotically statistical equivalent analog of these defini-
tions and natural regularity conditions for non-negative summability matrices.
In [14],Patterson and Savag extended the definitions presented in [13] to lacu-
nary sequences. This paper extend the definitions presented in [4] to double
lacunary sequences in probabilistic normed space.

The notion of double sequences has been investigated from different aspects
by Tripathy [23], Tripathy and Dutta ([25], [26]), Tripathy and Sarma ([31],
[32]) and many others.

In this paper we study the concept of asymptotically double lacunary sta-
tistical convergent sequences on probabilistic normed spaces. Since the study
of convergence in PN-spaces is fundamental to probabilistic functional anal-
ysis, we feel that the concept of asymptotically double lacunary statistical
convergent sequences in a PN-space would provide a more general framework
for the subject.

2 Preliminaries

Now we recall some notations and definitions used in this paper.

Definition 1. Let K C NxN be a two dimensional set of positive integers and
let K (n,m) be the numbers of (k,1) in K such that k < n,l < m. Then the two
dimensional of natural density can be defined as follows: The lower asymptotic
density of a set K C Nx N is defined as 69 (K) = liminf,, ,, K@om) 1y case the

nm
K(n,m)

nm

sequence ( ) has a limit in Pringsheim’s sense [15], then we say that K

has a double natural density and is defined as 62 (K) = lim,, ,, %

Definition 2 ([12]). A real double sequence x = (xy,;) is to be statistically
convergent to L, provided that for each € > 0

1
P—lim— [{(k,]): k<m andl <mn,|zi; —L| >c}| =0.
m,n mn

In this case we write ST —limx = L or xp; — L (SL).
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Definition 3 ([16]). The double sequence 0, s = {(k,ls)} is called double
lacunary sequence if there exist two increasing sequence of integers such that

ko=0,h, =k.—k,_1 —> 00 asr — o0 andl(,:O,h_szls—ls,l — 00 as s — Q.

Notation 4. k. ;s = k.ls, hys = hrh_S7 0,5 is determined by

Lo={(k1): ky_y <k <k, andl,_y <1<1,},

ke —
r—17q8 ls—l

qr = k and qr,s = QT§5~

Definition 5 ([4]). Let 0,5 = {(kr,ls)} be a double lacunary sequence; the
two nonnegative double sequences © = (z1;) and y = (yr1) are said to be
asymptotically double lacunary statistical equivalent of multiple L provided that
for every e > 0,

1
P —lim

8 Nyp.s

{ (k1) el,s:

1]z -0
Ykl

SL
(denoted by x A y ) and simply asymptotically double lacunary statistical

equivalent if L = 1. Furthermore, let Sé:H denote the set of all sequences
L

S s
x = (zx,1) and y = (yg,1) such that x & Y.

For the following concepts, we refer to Menger [20], Schweizer-Sklar [19]
and Alsina-Schweizer-Sklar[1].

Definition 6 ([11]). A function f: R — R} is called a distribution function if
it is non-decreasing and left continuous with infycr f (t) = 0 and sup,cp f (t) =
1. We will denote the set of all distribution functions by D.

Definition 7 ([11]). A triangular norm, briefly t—norm, is a binary operation
on [0, 1] which is continuous, commutative, associative, non-decreasing and has
1 as neutral element, that is, it is the continuous mapping % : [0,1] x [0,1] —
[0,1] such that for all a,b,c € [0,1] :

(1) a %1 = aq,

(2) a %b="b xa,

(8) ¢ %d>a xbifc>aandd>Db,

(4) (axb) xc=a x(bxc).

Example 8. The x operations a %b=max{a+b—1,0}, a %b=a.b and a
x%b = min {a,b} on [0,1] are t—norms.
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Definition 9 ([18, 19]). A triple (X, N, ) is called a probabilistic normed
space or shortly PN-space if X is a real vector space, N is a mapping from
X into D (for x € X, the distribution function N(x) is denoted by N, and
N, (t) is the value of N, at t € R) and % is a t—norm satisfying the following
conditions:

(PN-2) N, (t) =1 for all t > 0 if and only if x = 0,

(PN-3) Nay (t) = N, (ﬁ) for all a € R\ {0},

(PN-4) Nyty (s +1t) > N, (s) % N, (t) for all z,y € X and s,t € R}.

Example 10. Suppose that (X, |.]]) is a normed space p € D with (1 (0) =0

and p # h, where
0, t<o0
h(t)_{l , t>0

Define
, =0

N (0 { h (t)
x t) = t 9
7 (w) , x#0
where x € X,t € R. Then (X, N, %) is a PN-space. For example if we define
the functions p and v on R by

(z) = 0 , <0 V(@) = 0 , <0
pAT) = s » >0 “ler , >0
then we obtain the following well-known % norms:

h(t) . w=0 hy, o ==0
N$(t){t+|ta| , T#0 ’Mm(t){e(f) , T#0

We recall the concept of double convergence sequences in a probabilistic
normed space.

Definition 11 ([8]). Let (X, N, %) be a PN-space. Then a double sequence
x = (zg,) is said to be convergent to L € X with respect to the probabilistic
norm N if, for every € > 0 and 0 € (0,1), there exists a positive integer k,
such that Ny, ,—1 (€) > 1—0 whenever k,1 > k,. It is denoted by Ny—limz = L

N.
or zp; — L as k,l — oc.

3 Asymptotically Double Lacunary Convergence in PN-
spaces

The idea of statistical convergence was first introduced by Steinhaus in 1951
[21] and then studied by various authors, e.g. Fast [5], Salat [17], Fridy [6],



ON ASYMPTOTICALLY DOUBLE LACUNARY STATISTICAL EQUIVALENT SEQUENCES IN
PROBABILISTIC NORMED SPACE 93

Esi [3], Tripathy ([22], [23]), Tripathy and Mahanta ([29], [30]), Tripathy and
Dutta ([25], [26]), Tripathy and Sarma [31], Tripathy and Hazarika ([27], [28],
Tripathy and Baruah [24], and many others. In normed space by Kolk [9].
Karakus [7] has studied the concept of statistical convergence in probabilistic
normed spaces for single sequences. Recently Karakus and Demirci [8] have
studied this concept for double sequences.

Definition 12 ([8]). Let (X, N, %) be a PN-space. Then a double sequence
x = (xk,) is said to be statistically convergent to L € X with respect to the
probabilistic norm N provided that for every € > 0 and v € (0,1)

5 ({(k,)) ENXN: Ny, () <1—7}) =0,

or equivalently

. 1
Efg%Hkgn,lgm: Ngp—(e) <1—1 }|:0.

In this case we write sty, —limx = L.

Definition 13. Let (X, N, %) be a PN-space and 0, s = {(kr,l5)} be a double
lacunary sequence. The two non-negative sequences © = (zx;) and y = (Yr,1)
are said to be asymptotically double statistical equivalent of multiple L in PN-
space X if for every e >0 and vy € (0,1)

6({(k,l)eN><N:NmL(a)§1—*y}):0, (1)

Yk,

or equivalently

1
hmH(k,l)ENxN:k‘Sm andl <n, Newag () <1—7 H =0.
n,m NMm Yk,
. . SL(PN) . . .
In this case we write x = "y and simply asymptotically double statistical
equivalent if L = 1. Furthermore, let S (PN) denote the set of all sequences
L

z = (zx,1) and y = (yg,;) such that x STEN)

Definition 14. Let (X, N, %) be a PN-space and 0, s = {(k;,l5)} be a double
lacunary sequence. The two non-negative sequences © = (xx,;) and y = (Yx,1)
are said to be asymptotically double lacunary statistical equivalent of multiple
L in PN-space X if for every e >0 and v € (0,1)

59 <{(k,l) €Ly Newy (6)<1—7 }) =0

Yk,
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or equivalently
1
lim

T,

{(k,l) €lLg: News ,()<1—7 }' =0.

Yk,

T,8
, ‘ Sg (PN) , ‘
In this case we write x °~ <~ "y and simply asymptotically double lacunary

statistical equivalent if L = 1. Furthermore, let Sg (PN) denote the set of all

Sy (PN
sequences © = (zg,;) and y = (yx,) such that x ~° SRl

By using (1) and well-known density properties, we easily get the following
lemma.

Lemma 15. Let (X, N, %) be a PN-space. Then, for every e > 0 and v €
(0,1), the following statements are equivalent:

{(kal) 611”,35 N%_L(s) < 1—’y }’ =0,

(1) lim, ﬁ

()30 ({b) € 1 Vo, @ 19 ) =0

Yk,

(iii) 8 ({(m) €lLg:Nowu_, () >1—7 }) =1,

Yk,

(iv) lim, ; 77— H(k,l) €ls: Newa ; () >1 —'y}’ =1
s Yk,
Theorem 16. Let (X, N, %) be a PN-space. If two sequences x = (zy;) and
y = (yg,1) are asymptotically double lacunary statistical equivalent of multiple
L with respect to the probabilistic norm N, then L is unique.
SpL(PN sy2(PN

Proof. Assume that = ° & y and 2’ & y , (L1 # Ly). For a given
A > 0 choose v € (0,1) such that (1 —~) % (1 —+) > 1 — A. Then, for any
e > 0, define the following sets:

Ky = {(k,z) €lrs: Newa_; () <1—7 }

and

Ykl

Ky = {(k,l) €l Nmk,l_LQ (5) <1l-—7w }

Then, clearly
KiNnK
li | Ky 2]

T,8

:17

T8

sy Sy2(PN
so K1NKj is a non-empty set. Since 2 ° & )y, do (K1) =0andz ’ & )y,

dp (K2) = 0 for all ¢ > 0. Now let K = K; N Ky. Then we observe that
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dp (K) = 0 which implies dp (N x N — K) = 1. If (k,l) € N x N — K, then we
have

g g
]\7[,1_L2 (E) = N%_Ll_L2_3& (6) > Nm—k_—Ll (5) 9:GJV;CT;:—Lz (5)

Uk Uk Yk

>(A=y)x(1-y)=1-A.

Since A > 0 was arbitrary, we get Nz,_r, (¢) = 1 for all € > 0, which gives
L, = Ly. This completes the proof. O

Theorem 17. Let (X, N,x) be a PN-space and 0, s = {(kr,ls)} be a double
lacunary sequence with limsup, ¢, < oo and limsup, g, < oo then Sy (PN) C
S(PN).

Proof. Since limsup, ¢, < co and limsup, g, < oo, so there exists H > 0 such

Sk(PN
that ¢, < H and g, < H for all r and s. Let = ~* Sa y and € > 0, be given.
Then there exists r, > 0 and s, > 0 such that for every i > r, and j > s,

1
= { (k,l)EIiJ’I ka,l_L(E)Sl—’}/}

%7 e
T hig Ukl

Let M = max{B;;: 1<i<r,and 1<j<s,} and m and n be such that
k.1 <m<k,and l;_1 <n <l;.Thus we obtain the following

B <e.

1
mn'{(k‘,l) €lLij: k<mandl<n,Nes ;(g) < 1—’7}'

Vil

< {(kJ)EIZ-’j: k <k, andl<ls,NmL(£)<1—’yH
kT—lls—l Ykl
<1 Z T — 3 he.B
_kr71l871 t,ult,u kT711871 t,utu
t,u=1,1 (ro<t<r)U(so<u<s)
M Tos80 1
< hiw+ — hi o By
_krfllsfl Z b * krfllsfl Z b b
t,u=1,1 (ro<t<r)U(so<u<s)
Mk, ls o8, 1
< ° o hi o Biw
o kr—lls—l N kr—lls—l Z b b
(ro<t<r)U(s,<u<s)
Mkr ls 0So 1
Skoilors + ( sup Bt’u> . Z R
r—1ts—1 t>roUu>s, r—1ts—1 (ro<t<r)U(so<u<s)
Mk, ls r,8, e
< 0'So B
o kT,1l5,1 * krfllsfl Z b
(ro<t<r)U(so<u<s)
<Mk;rolsuroso L oH?

kr—lls—l
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Since k, and [ both approach to infinity as both m and n approach to infinity,
it follows that

1

mn

{(k,l) €lij: k<mandl<n,News () <1—'yH — 0.

Yk,
This completes the proof. O

Theorem 18. Let (X, N, x) be a PN-space and 0, s = {(k,ls)} be a double
lacunary sequence with liminf, g, > 1 and liminf,G, > 1 then S(PN) C
Syp (PN).

Proof. Suppose that liminf, ¢. > 1 and liminfs; g, > 1 then there exists § > 0
such that ¢. > 1+ d and g, > 1 + 6. This implies that % > %‘_6 and ’;— >

%.Since hrs = kpls — ky_1ls_1, we are granted the following

bl 146 keqleq 1
s < d s
T T S

st(pPN
Then for z g y, we can write for every € > 0 and for sufficiently large r
and s, we have

1
(k,)el,s:k<k.andl <l Nopya ,(6)<1—%
kol ’ i L

1
= { (k1) €I, 4 NﬁfL (e) <1 7}
> 0 YW ke, Now  ()<1-
P15 5 T | BD €t Mo € <12

This completes the proof. O

Corollary 19. Let (X, N, %) be a PN-space and 0, s = {(kr,ls)} be a double
lacunary sequence with 1<liminf, s q¢.s < limsup, ;q.s < oo , then S(PN)
= Sp (PN).

Proof. The result follows from Theorem 17 and 18. O

Conclusion 20. The idea of probabilistic norm is very useful to deal with the
convergence problems of sequences of real numbers. The main purpose of this
paper is to generalize the results on statistical convergence proved by Karakus
and Demirci [8]. We have introduced a more wider class of asymptotically
double lacunary statistically convergent sequences in a PN-space to deal with
the double sequences which are not covered in [8].



ON ASYMPTOTICALLY DOUBLE LACUNARY STATISTICAL EQUIVALENT SEQUENCES IN
PROBABILISTIC NORMED SPACE 97

References

[1]

2]

C. Alsina, B. Schweizer and A. Sklar, On the definition of a probabilistic
normed space, Aequationes Math., 46(1993), 91-98.

G. Constantin and I. Istratescu, Elements of Probabilistic Analysis with
Applications, Vol.36 of Mathematics and Its Applications (East European
Series), Kluwer Academic Publishers, Dordrecht, The Netherlands, 1989.

A. Esi, The A-statistical and strongly (A-p)-Cesaro convergence of se-
quences, Pure and Appl. Mathematica Sciences, Vol: XLIII, No:1-2(1996),
89-93.

A. Esi, On asymptotically double lacunary statistical equivalent se-
quences, Applied Mathematics Letters, 22 (2009), 1781-1785.

H. Fast, Sur la convergence statistique, Colloq. Math., 2(1995), 241-244.
J. A. Fridy, On statistical convergence, Analysis, 5(1985), 301-313.

S. Karakus, Statistical convergence on probabilistic normed space, Math-
ematical Communications, 12(2007), 11-23.

S. Karakus and K. Demirci, Statistical convergence of double sequences
on probabilistic normed spaces, Int. Jour. of Math. and Math. Sci., Vol:
2007, Article ID 14737, 11 pages, doi:10.1155/2007/14737.

E. Kolk, Statistically convergent sequences in normed spaces, Tartu,
(1988), 63-66 (in Russian).

M. Marouf, Asymptotic equivalence and summability, Internat. J. Math.
Math. Sci., 16(4)(1993), 755-762.

K. Menger, Statistical metrics, Proceedings of the National Academy of
Sciences of the United States of America, 28(12)(1942), 535-537.

M. Mursaleen and O. H. Edely, Statistical convergence of double se-
quences, J. Math. Anal. Appl., 288(1)(2003), 223-231.

R. F. Patterson, On asymptotically statistically equivalent sequences,
Demonstratio Math., 36(1)(2003), 149-153.

R. F. Patterson and E. Savag, On asymptotically lacunary statistical
equivalent sequences, Thai Journal of Mathematics, 4(2)(2006), 267-272.

A. Pringsheim, Zur theorie der zweifach unendlichen Zahlenfolgen, Math-
ematische Annalen, 53 (1900), 289-321.



98

AvYHAN EsI

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[25]

[26]

[27]

E. Savag and R. F. Patterson, Some double lacunary sequence spaces
defined by Orlicz functions, (preprint).

T. Salat, On statistically convergent sequences of real numbers, Math.
Slovaca, 30(1980), 139-150.

B. Schweizer and A. Sklar, Statistical metric spaces, Pasific Journal of
Mathematics, 10(1960), 313-334.

B. Schweizer and A. Sklar, Probabilistic Metric Spaces, North-Holland Se-
ries in Probability and Applied Mathematics, North-Holland, New York,
NY,USA, 1983.

A. N. Serstnev, On the notion of a random normed space, Dokl. Akad.
Nauk SSSR, 149(1963), 280-283.

H. Steinhaus, Sur la convergence ordinaire et la convergence asympto-
tique, Colloq. Math., 2(1951), 73-74.

B. C. Tripathy, Statistically convergent double sequences, Tamkang Jour-
nal of Mathematics, 34(3)(2003), 231-237.

B. C. Tripathy, On generalized difference paranormed statistically con-
vergent sequences, Indian J. Pure Appl. Math., 35(5)(2004), 655-663.

B. C. Tripathy and A. Baruah, Lacunary statistically convergent and la-
cunary strongly convergent generalized difference sequences of fuzzy num-
bers, Kyungpook Mathematical Journal, 50(2010), 565-574.

B. C. Tripathy and A. J. Dutta, On fuzzy real-valued double sequence
spaces o7, Mathematical and Computer Modelling, 46(9-10)(2007),
1294-1299.

B. C. Tripathy and A. J. Dutta, Bounded variation double sequence
space of fuzzy real numbers, Computers & Mathematics with Applica-
tions, 59(2)(2010), 1031-1037.

B. C. Tripathy and B. Hazarika, I-convergent sequence spaces associated
with multiplier sequence spaces, Mathematical Inequalities and Applica-
tions, 11(3)(2008), 543-548.

B. C. Tripathy and B. Hazarika, I-convergent sequence spaces defined
by Orlicz function, Acta Mathematica Applicatae Sinica, 27(1)(2011),
149-154.



ON ASYMPTOTICALLY DOUBLE LACUNARY STATISTICAL EQUIVALENT SEQUENCES IN
PROBABILISTIC NORMED SPACE 99

[29] B. C. Tripathy and S. Mahanta, On a class of generalized lacunary dif-
ference sequence spaces defined by Orlicz function, Acta Mathematica
Applicata Sinica, 20(2)(2004), 231-238.

[30] B. C. Tripathy and S. Mahanta, On I-acceleration convergence of se-
quences, Journal of the Franklin Institute, 347(2010), 591-598.

[31] B. C. Tripathy and B. Sarma, Statistically convergent difference double
sequence spaces, Acta Mathematica Sinica, 24(5)(2008), 737-742.

[32] B. C. Tripathy and B. Sarma, Double sequence spaces of fuzzy numbers
defined by Orlicz function, Acta Mathematica Scientia, 31B(1)(2011),
134-140.

[33] B. C. Tripathy and M. Sen, On generalized statistically convergent se-
quences, Indian Journal of Pure and Applied Mathematics, 32(11)(2001),
1689-1694.

Ayhan Esi,

Department of Mathematics,

Adiyaman University, Science and Art Faculty,

02040, Adiyaman, Turkey Email: aesi23@hotmail.com



100 AvYHAN EsI






