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Fixed point and common fixed point results in
ordered cone metric spaces

Binayak S. Choudhury, N. Metiya

Abstract

In this paper we establish some fixed point results for functions which
satisfy certain weak contractive inequalities in partially ordered cone
metric spaces. We have also given some illustrative examples. Our
results are extension of some existing results.

1. Introduction

Cone metric space is a recently introduced generalization of metric space where
every pair of elements is assigned to an element of a Banach space equipped
with a cone which induces a natural partial order [16]. Fixed point studies
were initiated in such spaces in the same work. Other fixed point theorems
in cone metric spaces were deduced in several other recently published works,
some of which are noted in [10, 14, 17, 19, 20, 24].

In recent times, fixed point theory has developed rapidly in partially or-
dered metric spaces; that is, metric spaces endowed with a partial ordering.
An early result in this direction was established by Turinici in ordered metriz-
able uniform spaces [28]. Later Ran and Reurings established a fixed point
result in partially ordered metric spaces and applied it to solve certain matrix
equations [25]. The fixed point result of Ran and Reurings [25] can be ob-
tained by an application of the result due to Turinici [28]. Several other more
recent works in this area are noted in [1, 15, 18, 23]. Fixed point problems
have also been considered in partially ordered cone metric spaces [3].

Weak contraction principle is a generalization of Banach’s contraction prin-
ciple which was first given by Alber et al. in Hilbert spaces [2] and subsequently
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extended to metric spaces by Rhoades [26]. Fixed point problems involving
weak contractions and mappings satisfying weak contraction type inequalities
have been considered in several works like [4, 12, 13, 29]. Particularly, in cone
metric spaces the weak contraction principle was extended by the present au-
thors [9].

The use of control function in fixed point theory was initiated by Khan et
al. [21] which they called Altering distance function. This function has been
used in obtaining fixed point results in metric spaces [5, 22, 27] and proba-
bilistic metric spaces [7, 8]. It has also been used in multivalued and fuzzy
fixed point problems [6].

In this paper we have proved some fixed point results in cone metric spaces
having a partial order by using a control function. Precisely, we show that
certain functions will have fixed points if they satisfy certain weak contractive
inequalities. In [3], Altun et al. had obtained Ciric type fixed point results
in partially ordered cone metric spaces. Our results extend the results of [3]
in the special ordered cone metric spaces where the cone metric d(z, y) for
x # y, is constrained to the interior of the cone. We have given some examples
to illustrate our results.

2. Mathematical Preliminaries
Definition 2.1([16]) Let E always be a real Banach space and P a subset of
E. P is called a cone if and only if:

(i) P is nonempty, closed, and P # {0},
(ii) a,b €R, a,b>0, 2,y € P=—ax+by € P,
(i) r€e Pand —o € P= 2 =0.

Given a cone P C E, a partial ordering < with respect to P is naturally de-
fined by « <y if and only if y —z € P, for x,y € E. We shall write x < y to
indicate that <y but « # y, while z <« y will stand for y — x € intP, where
int P denotes the interior of P.

The cone P is said to be normal if there exists a real number K > 0 such
that for all z,y € F,

0<z<y= ol < Kllyll.
The least positive number K satisfying the above statement is called the nor-
mal constant of P.

The cone P is called regular if every increasing sequence which is bounded
from above is convergent; that is, if {z,} is a sequence such that

xlgxgggxnggy,
for some y € E, then there is © € E such that ||z, — z|| — 0 as n — oc.
Equivalently, the cone P is regular if and only if every decreasing sequence
which is bounded from below is convergent. It is well known that a regular
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cone is a normal cone.

In the following we always suppose that E is a real Banach space with cone
P in E with intP # () and < is the partial ordering with respect to P.
Definition 2.2 Let ¢y : P — P be a function.

(i) We say v is strongly monotone increasing if for z, y € P, x <y <=

Y(x) < Y(y).

(ii) ¢ is said to be continuous at zy € P if for any sequence {z,} in P,
Tn — xo = P(zn) — P(0).

The following is the definition of Altering distance function in cone metric
space.

Definition 2.3 A function ¢ : P — P is called an Altering distance function
if the following properties are satisfied:

(i) ® is strongly monotone increasing and continuous,
(ii) ¥(t) =0 if and only if ¢t = 0.

Definition 2.4 ([16]) Let X be a nonempty set. Let the mapping d : X X
X — F satisfies

(i) 0 <d(zx,y), for all z,y € X and d(z,y) =0 if and only if z =y,
(i) d(z,y) =d(y,x), for all z,y € X,
(iii) d(z,y) < d(z,z)+d(z,y), for all z,y,z € X.

Then d is called a cone metric on X and (X, d) is called a cone metric space.
Definition 2.5 ([16]) Let (X, d) be a cone metric space and {z,} a sequence
in X.

(i) {zn} converges to x € X if for every ¢ € E with 0 < ¢ there exists
ng € N such that for all n > ng, d(z,,z) < c¢. We denote this by
lim,z,, = x or x,, — x as n — 0.

(ii) If for every ¢ € E with 0 < ¢ there exists ng € N such that for all
n,m > ng, d(Zn, y,) < ¢, then {z,} is called a Cauchy sequence.

A cone metric space X is said to be complete if every Cauchy sequence in X
is convergent in X [16].

Definition 2.6 ([17]) Let (X, d) be a cone metric space, f : X — X and
x9 € X. Then the function f is continuous at xzg if for any sequence {z,} in
X, ©, — x¢ implies fx, — fxo.

Definition 2.7 ([3]) Let (X, <) be a partially ordered set. Two mappings
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f, g: X — X are said to be weakly increasing if fx < gfx and gz <X fgz
hold for all z € X.

Definition 2.8 ([15]) Let (X, <) be a partially ordered set and T': X — X
be a self map. We say that 7' is monotone nondecreasing if z, y € X, x =<
y =Tz X Ty.

Lemma 2.1 ([16]) Let (X,d) be a cone metric space, P be a normal cone
and {z,} be a sequence in X. Then:

(i) {zn} converges to x if and only if d(z,,x) — 0 as n — oo,

(ii) {zn} is a Cauchy sequence if and only if d(x,,, ;) — 0 as n,m — oo.
Lemma 2.2 Let E be a real Banach space with cone P in E. Then

(i

(ii

) if a <band b < ¢, then a < ¢ [19],
)

(iii) if 0 <z <y and a > 0, where a is real number, then 0 < azx < ay [19],
)

if a < band b < ¢, then a < ¢ [19],

if 0 <z, < yn, forn e N and lim, x,, =z, lim, y, =y, then 0 <z <y
[19],

(iv
(v) P is normal if and only if z, < y, < z, and lim, z, = lim, z, = =
imply lim, v, = z [11].

Lemma 2.3 ([10]) Let (X,d) be a cone metric space with regular cone P
such that d(z, y) € intP, for z, y € X with  # y. Let ¢ : intP U {0} —
intP U {0} be a function with the following properties:

(i) ¢(t) =0 if and only if ¢ = 0,
(ii) ¢(t) < t, for ¢t € intP and
(ili) either ¢(t) < d(x, y) or d(z, y) < ¢(¢), for t € intPU{0} and z, y € X.

Let {x,} be a sequence in X for which {d(z,, x,+1)} is monotonic decreasing.
Then {d(x,, ®ny1)} is convergent to either r =0 or r € int P.

3. Main Results
Lemma 3.1. Let (X,d) be a cone metric space. Let ¢ : intP U {0} —
intP U {0} be a function such that

(i) ¢(t) =0 if and only if ¢ = 0 and

(i) ¢(t) < t, for ¢ € intP.
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Then a sequence {x,} in X is a Cauchy sequence if and only if for every c € F
with 0 < ¢ there exists ng € N such that d(z,, zm) < ¢(c), for all n,m > ng.
Proof. Let {x,} be a sequence in X.
Suppose that {z,} is a Cauchy sequence. Then for every ¢ € F with 0 < ¢
there exists ng € N such that d(z,,z,) < ¢, for all n,m > ng. Let ¢ € E
with 0 < ¢ be arbitrary. By condition (i) of the lemma ¢(c) € int P; that is,
0 < ¢(c). Therefore, there exists ng € N such that d(z,,2m,) < ¢(c), for all
n,m > ng.
Conversely suppose that for every ¢ € E with 0 < ¢ there exists ng € N such
that

d(xp, m) < ¢(c), for all n,m > ng.
Since ¢ € intP, by condition (ii) of the lemma, we have

P(c) < c.
Combining the above two inequalities by using the property (ii) of lemma 2.2,
we obtain

d(xp, zm) < ¢, for all n,m > ng.
Therefore, for every ¢ € E with 0 < ¢ there exists ng € N such that
d(xp, xm) < ¢, for all n,m > ng. Hence {z,} is a Cauchy sequence. O
Theorem 3.1 Let (X, <) be a partially ordered set and suppose that there
exists a cone metric d in X for which the cone metric space (X, d) is complete
with regular cone P such that d(z, y) € intP, for z, y € X with  # y. Let
f: X — X be a continuous and nondecreasing mapping with respect to =<
satisfying

v(d(fz, fy) < Mz, y)) — od(z, y)), for all z, y € X with y < =,
(3.1)
where

Mz, y) =p dz, y)+q [dz, fr)+dy, fy)]+rd, fy)+dy fo)],
with p,g,r >0, p+2¢+2r <1,and ¢ : P — P and ¢ : intP U {0} —
intP U {0} are continuous functions with the following properties:

(i) ¢
(ii) ¥(t) = 0= ¢(t) if and only if t = 0,
) ¢

is strongly monotonic increasing,

(iil) ¢(t) < t, for t € intP and

(iv) either ¢(t) < d(z, y) or d(z, y) < ¢(t), for t € intPU{0} and =, y € X.

If there exists xg € X such that o < fzg, then f has a fixed point in X.
Proof. If fxg = xg, then the proof is completed. Suppose that fxg # xo.
Since zg = fxg and f is nondecreasing w.r.t. =<, we construct the sequence
{z,} such that x,, = fr, 1 = f"xo and 19 < frg < f2x9 < ... < flag =
frtlazg <. thatis, op < 2; R w0 < .. 22y X Tpyy < .



60 BINAYAK S. CHOUDHURY, N. METIYA

Clearly, x,, < ®,41, for each n > 1. Putting ¢ = z,,+1 and y = z,, in (3.1), we
have

V(d(@nt2, Tny1)) = PA(f2nt1, frn))
S ¢(M(l‘n+1, xn)) - d)(d(xn—l-h 177,))
=P d@nt1, Tn) +q [d(Tpy1, Tote) +d(Tn, Togr)]
+7 [d(@ng1, Tog1) +d(@n, Tng2)]) — O(d(Tny1, Tn)).

Since d(Zn, Tni2) < d
tonic increasing,
it follows that
V(d(Tni2, Tny1)) PP d(@ns1, To) +q [d(@nr1, Tug2) + d(Tn, Tny1)]
+r [d(xna Tpi1) + d(Tpy1, xn+2)]) — ¢(d(Tnt1, Tn))- (3.2)
Using a property of ¢, we have
Y(d(Tnt2, Tni1)) S Y d(@ny1, T0) +q [d(@ny1, Tni2) +d(@Tn, Togr)]
+ 7 [d(@n, Tni1) +d(@ng1, Toia)]).
Using the strongly monotone property of 1, we have
d(Tnt2, Tni1) <p d(@py1, Tn) +q [d(@nr1, Topo) +d(Tn, Togr)]
+ 7 [d(Tn, Toy1) + d(Tnt1, Toy2)l,

—

Tny Tpt1) + d(@pi1, Tni2), and 9 is strongly mono-

that is,
(1 —q—r)d(Tni2, Tni1) < (P+q+7) d@nis, o),
that is,
d(ZTny2, Tni1) < Effgf:; d(Tnt1, Tn),
which implies that
d(Tnt2, Tny1) < d(Tpg1, T,), (since gfjf:i <1).
Therefore, {d(zy+1, ©n)} is a monotone decreasing sequence. Hence by lemma
2.3, there exists u € P with either v = 0 or v € int P such that
d(Xpt1, Tp) — u aS N — 0. (3.3)
Taking n — oo in (3.2), using (3.3) and the continuities of 1) and ¢, we have
P(u) < P((p 4 2q + 2r)u) — d(u),
which implies that
Y(u) < ¥(u) — ¢(u), (since p 4+ 2g 4+ 2r < 1 and 9 is strongly monotonic
increasing),
which is a contradiction unless u = 0. Hence,
d(Tpt1, Tn) — 0 as n — o0. (3.4)
Next we show that {z,} is a Cauchy sequence. If {z,} is not a Cauchy se-
quence, then by lemma 3.1, there exists a ¢ € E with 0 < ¢, such that V
ng € N, I3n, m € N with n > m > ng such that d(x,, z,) <£ ¢(c). Hence
by a property of ¢ in (iv) of the theorem, ¢(c) < d(z, ). Therefore, there
exist sequences {m(k)} and {n(k)} in N such that for all positive integers k,
n(k) >m(k) >k and d(@p(x), Tmk)) > ¢(c).
Assuming that n(k) is the smallest such positive integer, we get
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and

d(xn(k)flv xm(k)) < ¢<C)
Now,

P(c) < d(@nk)s Tmr)) < ATnk)s Tnk)—1) + ATnk)-15 Tmk)),
that is,

P(c) < d(@nr), Tmr)) < d(Tnk)s Tnr)—1) + ¢(c).
Letting & — oo in the above inequality, using (3.4) and the property (v) of
Lemma 2.2, we have

i d(zn ), Tme) = ¢(c)- (3.5)
Again,

d(Zn(k)ys Tmk) < ATnk)s Tom)+1) FATng)+1, Tm)+1) T Tm)+1, Tmk))
and

A(Zn(k)+1) Tmk)+1) < ATrn)+15 Tne)) FATnm)s Tor)) FATmk)s Tmk)+1)-
Letting k — oo in above inequalities, using (3.4) and (3.5), we have

klggo d(zn(k)—i-lv xm(k)-i-l) = (;5(0) (36)
Again,
d(Znk)s Tmm)+1) < A @nk)s Tmk)) T ATmk)s Tmk)+1)
and
d(Znk)s Tmk) < ATpgy, Tm)+1) T ATm)+15 Tmk))-
Further,
A(Tn)+1, Tmk)) < d(@n)+1, Tnk)) + A @Tnk)s Tmk))
and

d(Znk)s Tmk) < ATpy, Tog)+1) T ATp)y+15 Tmk))-
Letting k — oo in the above four inequalities, using (3.4) and (3.5), we have

Jim A(Tn(kys Tmk)+1) = (C), (3.7)
klil{)lo d(mn(k)+17 xm(k)) = ¢(C) (3.8)

Using (3.4), (3.5), (3.7) and (3.8), we have
Jim M (Znk)s Tmr)) = Jim [P d(@nk)s Tmk)) + ¢ (A(Tn@), Tnmw)+1) +
d(xm(k)a xm(k)Jrl))
+ 7 (d(@nr)s Tmk)+1) T ATm)s Tnk)+1))]
Z oo e (3.9)
Clearly, 2, (k) = Zp(k). Putting 2 = x4y, ¥ = 24 in (3.1), we have
w(d(xn(k)+l7 mm(k)+l)) = 1l)(d(fxn(k)a fxm(k)))
< PM (Tnr)ys Tmk))) = H(A(Tnk)y, Tmr)))-
Letting k — oo in the above inequality, using (3.5), (3.6), (3.9) and the conti-
nuities of ¢ and ¢, we have
H(6(0) < B((p 1 2r) 3()) — ().
that is,
P(o(e)) < (d(c)) —d(d(c)), (since p+2r < 1 and ¢ is strongly monotonic

increasing),
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which is a contradiction by virtue of a property of ¢. Hence {z,} is a Cauchy
sequence. From the completeness of X, there exists z € X such that

Ty —> Z 8S M — OO, (3.10)
Since f is continuous and z,, — z as n —» o0,

nhHH;O fx, = fz, that is, nl;rrgo Tpy1 = fz, that is, z = fz.
Hence z is a fixed point of f and the proof is completed. [
Theorem 3.2 Let (X, <) be a partially ordered set and suppose that there
exists a cone metric d in X for which the cone metric space (X, d) is complete
with regular cone P such that d(z, y) € intP, for z, y € X with  # y. As-
sume that if {x, } is a nondecreasing sequence in X such that x,, — x then
xp Xz, for all n € N. Let f : X — X be a nondecreasing mapping with
respect to <. Suppose that (3.1) holds, where M (x, y) and the conditions
upon (¢, 1) are the same as in Theorem 3.1. If there exists o € X such that
o = fxg, then f has a fixed point in X.
Proof. We take the same sequence {x,,} as in the proof of Theorem 3.1. Then
we have zp 21 R 29 2 ... 2, R Tpg1 X .o that is, {z,} is a nondecreasing
sequence. Also, this sequence converges to z. Then z, =< z, for all n € N.
Therefore, we can use the condition (3.1) and so we have

< H((z, 20)) — Bd(z, 7))
—(p d(z, wa) + a [z, f2) + d(zn, Tas)
£ 1 [d(z Tns1) + d@n, [2)]) — 6(d(z ).

Taking n — oo in the above inequality and using properties of ¥ and ¢, we
have

P(d(fz, 2)) <¢((g+r) dz, fz2)).
Since p+2g+2r < 1 implies g+r < %, and 1) is strongly monotonic increasing,
it follows that

d(fz, 2) < § d(z f2),
which is a contradiction unless fz = z. Hence z is a fixed point of f and the
proof is completed. [J
Remark 3.1 From the contractive condition (3.1), we have (by the property
of ¥ and ¢)

d(fz, fy) < M(zx, y), for all z, y € X with y < z,
where

M(.’B, y) =D d(aj, y) +4q [d(l‘, f.%') + d(y7 fy>] +r [d(.’L‘, fy> + d(y, fﬂ?)}
with p,q,r > 0 and p+2¢+2r < 1.
So, if p 4+ 2q + 2r < 1, Theorem 3.1 is directly reducible to the statement in
[24]. On the other hand, if F = R, P = R, Theorem 3.1 is reducible to the
result in [1]. The last statement follows by a result of [18].
Theorem 3.3 Let (X, =) be a partially ordered set and suppose that there
exists a cone metric d in X for which the cone metric space (X, d) is complete
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with regular cone P such that d(z, y) € intP, for x, y € X with « # y.
Let f, g : X — X be two weakly increasing mappings with respect to =
satisfying
Y(d(fz, gy)) < Y(M(z, y)) — ¢(d(z, y)), for all comparative z, y € X,
(3.11)
where
M(z, y) =pd(z, y) +q ld(z, fz)+d(y, gy)l+r ld(z, gy)+dy, fz)],
with p,q,r > 0, p+2¢+ 2r < 1, and the conditions upon (¢, 1) are the same
as in Theorem 3.1. If f or g is continuous, then f and g have a common fixed
point in X.
Proof. Let 29 € X be arbitrary. We construct the sequence {z,} such that
Topt1 = fxon and Topyo = gTont1, for all n > 0. Since f and g are weakly
increasing, we have z1 = frg X gfxrg = gr1 = 22, and x2 = g1 = fgr; =
fra = x3. Continuing this process we have z1 X z2 223 2 ... 2T, 2 Tpy1 =
.... Therefore, sequence {z,} is nondecreasing. Since x3,_1 and xg, are com-
parative, for all n > 1 we have from (3.11)
Y(d(fron, gron-1)) < (M (220, T2n-1)) — ¢(d(T2n, T2n-1))
= Y(p d(x2n, Tan—1)+q [d(T2n, fron)+d(T2n—1, gT2n—1)]
+r [d('rQny 9$2n—1)+d($2n—17 fon)])_¢(d(x2n7 x?n—l))v
that is,
Y(d(z2n11, T2n)) < (P d(@2n, Tan—1)+q [d(T20, Tont1) +d(T20-1, T2n)]
+ 71 [d(z2n, T2) +d(T2n—1, Tont1)]) — A(d(z2n, Ton—1)).
Since d(zan—1, Tant1) < d(Tap—1, Ton) + d(x2n, Tani1), and ¢ is strongly
monotonic increasing, it follows that
Y(d(T2n11, T2n)) < (P d(T2n, Tan—1)+q [d(T2n, Tont1) +d(T20—1, T2n)]
+r [d(w2n—1, Ton) +d(T2n, T2ny1)]) — A(d(22n, T2n-1))-
(3.12)
Using a property of ¢, we have
Y(d(Tont1, Ton)) < PP d(X2n, Tan—1)+q [d(T2n, Tony1) +d(X2n—1, T2p)]
+ 7 [d(z2n—1, T2n) + d(x2n, Toni1)])-
Using the strongly monotone property of i, we have
d(xant1, Ton) <P d(Ton, Ton—1) + ¢ [d(@2n, Tont1) + d(@2n—1, T2n)]
+ 71 [d(x2n—1, ®2n) + d(@2n, Tont1)]s
that is,
(1 —q— T)d($2n+1a x2n) S (p + q + T) d(xan x2n—1)7
that is,
d(xQn-‘,—ly xQn) S % d(xQny x?n—l);
which implies that
d(Tony1, T2n) < d(T2,, T2n-1), (since Efigt:g <.
Similarly, we can show that
d(z2nt2, Tont1) < d(Tant1, Ton)-
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In view of above facts, {d(z,+1, 2,)} is a monotone decreasing sequence.
Hence by lemma 2.3, there exists u € P with either u = 0 or u € int P such
that

d(xp+1, Tn) —> u as n — oo. (3.13)
Taking n — oo in (3.12), using (3.13) and the continuities of ¢ and ¢, we
have

P(u) < Y((p+2q + 2r)u) — (u),
which implies that

P(u) < P(u) — ¢(u), (since p+ 2¢ + 2r < 1 and ¢ is strongly monotonic
increasing),
which is a contradiction unless u = 0. Hence

d(xp, Tpy1) — 0 as n — o0. (3.14)
Now we show that {x,} is a Cauchy sequence. By virtue of (3.14), it is suf-
ficient to prove that {xs,} is a Cauchy sequence. If {za,} is not a Cauchy
sequence, then by lemma 3.1 there exists a ¢ € F with 0 < ¢ such that V
ng € N, I n, m € N with 2n > 2m > ng such that d(zam,, z2,) <£ ¢(c).
Hence by a property of ¢ in (iv) of the theorem, ¢(c) < d(x2m, Z2,). There-
fore, there exist sequences {2m(k)} and {2n(k)} in N such that for all positive
integers k,

2n(k) > 2m(k) > k and d(2am k), Tan(k)) = ¢(c)-

Assuming that 2n(k) is the smallest such positive integer, we get

d(Tom(k), Tan(k)) = ¢(c)
and

d(Zam k), Tan(k)—2) < ¢(c).

Now,

P(c) < d(Tamys Tank)) < d(@amk)s Tank)—2) T AToank)—2, Toank)-1) +
d(Ton(k)—15 Ton(k))s
that is,

d(c) < d(Tam(i) Tank)) < A(C)Fd(Tank)—25 Tonk)—1) T Tank)—15 Tan(k))-
Letting k — oo in the above inequality, using (3.14) and the property (v) of
lemma 2.2, we have

M d(2m ), Tanm)) = $(c)- (3.15)
Again,

d(Zam(k)> Tan(k)) < A Zamk)s Tamk)+1) + ATomk)+1, Tan(k)+1)+

+d(x2n(k)+17 'r2n(k))
and

d(Tomk) 115 Tank)+1) < AT2mk)+15 Tamk)) T ATamk), Tank))+

+d(Tonk), Tan(k)+1)-

Letting k — oo in the above inequalities and using (3.14) and (3.15), we have

lim d(x2m(k)+1a l‘zn(k)ﬂ) = ¢(c). (3.16)

k— o0
Again,
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d(Zamk)+15 Ton()+2) < AT2m)+1> Tank)+1) + A Tonk)+1, Tan(k)+2)
and
A(Tomk)+1, Tan(k)+1) < ATamk)+1> Tonk)+2) T A Tank)+25 Tank)+1)-
Again,
d(Zomk), Tank)+2) < A(Tom@k), Tonk)) + A Tank), Tonk)+1)+
+d(Ton(k)y+15 Tan(k)+2)
and
d(Zamk)> Tanik)) < A @amk)s Tank)+2) + ATonk)+2, Tan(k)+1)+
+d(Ton(k)+15 T2n(k))-
Further,
d(Zoamk)s Tank)+1) < A(Tom@k), Tonk)) + A Tank)s Ton(k)+1)
and
d(Zamk)> Tan(k)) < A @amk), Tank)+1) + ATon)+1, Tank))-
Letting ¥ — oo in the above six inequalities and using (3.14), (3.15) and
(3.16), we have respectively

klggo (me(k)—Ha 352n(1c)+2) = ¢(c), (3.17)
lim d(l‘gm(k), xgn(ng) = ¢(C) (318)
k—oo

and
kli_{go (T2 k), Tan(k)+1) = ¢(c). (3.19)

Using (3.14), (3.16), (3.18) and (3.19), we have
Jm M (Zom(k), Tan(k)+1) = Jim [P d(Tam k) Tan(k)+1)Fa (A Z2mk)s Tamk)+1)+

d(Ton(k)+1, Tan(k)+2))

+ 7 (d(T2mk)s Tank)+2) + ATank)+1, Tamk)+1))
= (p+2r) ¢(c). (3.2
Clearly, @opk) and Zo,k)41 are comparative. So, for & = Zopk), ¥
Ton(k)+1, We have from (3.11),
Y(A(@2m(k) 110 Tank)r2)) = V(A fT2mk)s 9Tan(k)+1))
<YM (Tam(k)s Tank)+1)) = (A T2mk), Tan(k)+1))-
Letting & — oo in the above inequality, using (3.17), (3.19), (3.20) and the
continuities of ¢ and ¢, we have
Y(d(c)) < ((p+2r) () — d(é(c)),
that is,
() <v(p(c)) —d(d(c)), (since p+2r < 1 and 7 is strongly monotonic
increasing),
which is a contradiction by virtue of a property of ¢. Therefore, {z3,} is a
Cauchy sequence. Hence in view of (3.14), {x,} is a Cauchy sequence. From
the completeness of X, there exists z € X such that
Ty — Z S N — 0. (3.21)
Suppose that f is continuous.
In view of (3.21), {zant2} = {9ran+1} — 2z and {xon43} = {froni2} — 2,

<
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as n — oo.
Since f is continuous and {Zon,42} = {gTant1} — z as n — oo,

nh_}ngo f9ront1 = fz, that is, nh—>Holo fronto = fz, that is, z = fz.
Hence z is a fixed point of f.
We must show that z is also a fixed point of g. Since z < z, we can use the
inequality (3.11) for = z and y = z; then we have

Bd(f2, 62)) < BM(z, 2)) — 6(d(z, 2))

=¢(pd(z, 2) +qld(z, fz) +d(z, g2)]
Frld(z, g2) +d(z f2)]) - 6d(z 2)),

which implies that

(d(z, 92)) < Bl(g+7) d(z, g2).
Since p+2q+2r < 1 implies g+1r < %, and 1 is strongly monotonic increasing,
it follows that

d(z, gz) < 5 d(z, g2),
which is a contradiction unless z = gz. Hence z is a common fixed point of f
and g.
Similarly, if g is continuous, then z is a common fixed point of f and g.
Therefore, f and g have a common fixed point. [J

The following theorem is a variant of Theorem 3.3.
Theorem 3.4 Let (X, =) be a partially ordered set and suppose that there
exists a cone metric d in X for which the cone metric space (X, d) is complete
with regular cone P such that d(z, y) € intP, for z, y € X with  # y. As-
sume that if {z,} is a nondecreasing sequence in X such that x,, — x then
Tn 2z, for allm € N. Let f, g : X — X be two weakly increasing mappings
with respect to =< satisfying (3.11), where M(z, y) and the conditions upon
(¢, ) are the same as in Theorem 3.3. Then f and g have a common fixed
point in X.
Example 3.1 Let X = {«, 8, 7, 0} with the partial order < for which
v =d X a =< p. Then (X, <) be a partially ordered set. Let F = R2, with
usual norm, be a real Banach space. We define P = {(z,y) € E : z,y > 0}.
The partial ordering < with respect to the cone P be the partial ordering in
E. Then P is a regular cone. Let d: X x X — E be given as follows:
d(a, B) = d(B, a) = (0.5, 0.5), d(a, 7) = d(v, a) = (2, 3), d(a, §) =
d(d, o) = (2, 2.5), d(B, v) = d(v, B) = (2, 3), d(B, 9) = d(6, B) =
(27 2'5>7 d(, 6) = d(67 v) = (2, 2.6) and d<a7 a) = d(8, 6) = d(’Ya 7) =
d(o, 0) = (0, 0).
Then (X,d) is a complete cone metric space with the required properties of
Theorems 3.1 and 3.2.
Let ¢ : P — P and ¢ : intP U {0} — intP U {0} be defined respectively as
follows:
For t = (z, y) € P,
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(z, y), if z<land y<I,
w(t) — (SUQ, y)a if x>1and Yy S 1,

(z, ¥?), if z<land y>1,

(22, y?), if z>1land y>1,
and
for s = (s1, s2) € int P U {0} with v = min {s1, s>},

'U2 v :
o ={ (g rst

2
2
(3, 5), if v>1

Then ¢ and ¢ have the properties mentioned in Theorems 3.1 and 3.2.
Let f: X — X be defined as follows:

fa:ﬂ7 fﬂzﬁa f’Y:aand f(s:ﬂ
Then f has the required properties mentioned in Theorems 3.1 and 3.2.
Letp:%,q:%andr:é.
It can be verified that

(d(fz, fy)) < p(M(z, y)) — ¢(d(z, y)), for all z, y € X with y =< z.
The conditions of Theorems 3.1 and 3.2 are satisfied. Here it is seen that [ is
a fixed point of f.
Example 3.2 Let X = [0, 1] with usual order =< be a partially ordered
set. Let £ = R2?, with usual norm, be a real Banach space. We define
P ={(z,y) € E: z,y > 0}. The partial ordering < with respect to the cone
P be the partial ordering in E. Then P is a regular cone. Let d: X x X — F
be given as follows:

dz, y)=(lz-yl, [z-y]), forz, yeX.
Then (X,d) is a complete cone metric space with the required properties of
Theorem 3.2.
Let ¢ : P — P and ¢ : intP U {0} — intP U {0} be defined respectively as
follows:
For t = (z, y) € P,

(z, y), if z<land y<I,
w(t) = (22, y), if >1land y<1,
) (z,9?), if x<land y>1,
(2, y?), if x>1land y>1,

and
for s = (s1, s2) € int P U {0} with v = min {s1, 2},

<
—
V)
S~—
Il
—N
—
w‘ew
)%
N
.
=
4
IN
—

(i, b, if v>1.
Then ¢ and ¢ have the properties mentioned in Theorem 3.2.
Let f: X — X be defined as follows:
{ 0, if 0<z<i,
fa= :

1 1
E’lf §<ZL'§1
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Then f has the required properties mentioned in Theorem 3.2.
Letp:%,q:%andrzé.
It can be verified that

bld(fa, fy)) < O(M(z, y) - dld(z, v)), for all 2, y € X with y < a.
The conditions of Theorem 3.2 are satisfied. Here it is seen that 0 is a fixed
point of f.
Example 3.3 Let X = [0, 1] with usual order < be a partially ordered
set. Let £ = R2?, with usual norm, be a real Banach space. We define
P ={(z,y) € E: z,y > 0}. The partial ordering < with respect to the cone
P be the partial ordering in E. Then P is a regular cone. Let d: X x X — F
be given as follows:

d@, y)=(lz -yl |[z-y]l), forz, yeX.
Then (X,d) is a complete cone metric space with the required properties of
Theorems 3.3 and 3.4.
Let ¢ : P — P and ¢ : intP U {0} — intP U {0} be defined respectively as
follows:
For t = (z, y) € P,

(z, y), f z<land y<l1,

w(t) = (22, y), 1f z>1land y <1,
) (z, 9?), if z<land y>1,
(22, y?), if >1and y>1,

and
for s = (s1, s2) € int P U {0} with v = min {s1, 2},
2 2 .
wr={ 50 T e

(5, 3 if v>1

Then ¥ and ¢ have the properties mentioned in Theorems 3.3 and 3.4.
Let f, g: X — X be defined respectively as follows:

fr= Tlﬁ’ if O<$_2’ and g(z) =

10 if J<a<l g\ =

Then f and g have the required properties mentioned in Theorems 3.3 and
34.
Letp:%,q:%andr:%.
It can be verified that for all comparative z, y € X

(d(fz, gy)) < (M (z, y)) - old(, v)).
The conditions of Theorems 3.3 and 3.4 are satisfied. Here it is seen that iﬁ
is a common fixed point of f and g.
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