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Approximate Cycles of the Second Kind in
Hilbert space for a GGeneralized
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Abstract
In this work we show that the Volterra integral operator defined on
the space of absolutely stable functions induces an asymptotically pseu-
docontractive operator. We, then, show that Afuwape’s [1] generaliza-
tion of the Barbashin-Ezeilo problem is solvable in a Banach space (but
not in Hilbert space L3[0,00)). However applying Osilike-Akuchu[10]
theorem and recent results (in Hilbert space) of Igbokwe and Udo-
utun[8] we formulate conditions for finding approximate cycles of the
second kind (in the Hilbert space W:2[0,00)) to this problem given in

the form "’ + ax” + g(z’) + w(x) = 0.

1 Introduction

In 2006 using the ideas of nonlocal reduction method, Afuwape[l] generalized
and modified the Barbashin-Ezeilo problem by asking: When will a general
third-order equation of the form

2" +ax” +g@)+ex) = 0 (1.1)

have a cycle of the second kind where « is an arbitrary constant g(y) a con-
tinuous bounded function and p(x) is a 2m-periodic odd function having zeros
0, zo in [0,27) and at any point x [0,27) satisfies

(@) +[¢' @) # o (1.2)
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Transforming (1.1) as

dz
& _ A
p z + byp(o)
(1.3)
do
7 = C*

wtere d= (77 Yoo (g o= () and vto) = 56) + ot
9(y) = By + g(y), with 0 < g(y) < pu, the following theorem was proved:

Theorem 1.1. (Afuwape[1])

Suppose there exists positive numbers 8 and p such that 8 < g(y) < p + B,

with o > 48 and pu < A\ (A} — aX; + B) for some constant parameter \;.
Suppose also that for some Ao > 0,

a—vaZ—48< 2\ <a++va?-4p (1.4)

and ¢'(0) > af. Then (1.1) is Bakaev-stable and has a nontrivial periodic
solution in every strip Il = {[2k7,xq + 2km); kZ}.

In this paper our objective is to transform the system (1.3) into equivalent
Volterra integral equation form and and verify that the resulting operator is
an asymptotically pseudocontractive map. This will enable us to apply the
Osilike-Akuchu Theorem in [10] and the results of Ighokwe and Udo-utun
Theorem in [8] to show that the resulting feedback problem (1.1) has a fixed
point in Banach space for all a (and in Hilbert space for o > 0).

2 Preliminaries
Definition 2.1. The solution (z(t),o(t)) of (1.1) is said to be circular if there
exists a number € > 0, and a time ?2 0 such that d‘zl—gf) > € forallt > t.

Definition 2.2. The solution (x(t),0(t)) of (1.1) is said to be cycle of the
second kind if there exists an integer j # 0, and a moment t > 0 such that for

all z(t) = 0, o(t) — o(0) = j7 where (o +7) = ¢(0).

Let Cp denote the space of absolutely stable solutions o(t) of the one-
dimensional feedback system

o(t) =nd(t) —l—/o O(t — s)g(o(s))ds

then each element o Cj satisfies lim;_, o, o(t) = 0.
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It has been shown by Corduneanu[3, 4] and Holtzman[7] that Cy C Ly[0, 00)
which is a Hilbert space.

We shall show that the operator (Au)(t) = fot O(t — s)u(s)ds is compact
by applying Arzela-Ascoli theorem for suitable functions defined on [0,7) and
that if A is self- adjoint then the operator 7' : Cy — Cj given by

(To)(t) = nd(t) + / B(t — 8)g(o(s))ds = n0(t) + (A(g0))(t)

has a fixed point if some conditions given below are satisfied. Here, g is an
odd function satisfying the sector condition

0 < g(&1) — g(&2)
<= S

for all &, & [0, 7).
Let E be an arbitrary real Banach space and let J denote normalized
duality mapping from E into 28" given by

J@)=A{f E": (w0, f) = I ll=]* = [I£1I*}

where E* denotes the dual space of E and (,) denotes the generalized duality
pairing. If E* is strictly convex, then J is single-valued. In the sequel, we
shall denote single-valued duality mappings by j. In Hilbert spaces, j is the
identity.

Let us give some basic definition and remarks that will be used in this
work.

ko (§# &), k>0 (2.1)

Definition 2.3. In Hilbert spaces H, a self-mapping T of a nonempty subset
K of H is asymptotically pseudocontractive if it satisfies

1T =Tl < anle -yl +llz—y - (T"z =T y)|*  (2:2)

forallz, y K and for some sequence {a,} C [0,00) such that lim, _,~ a, =
1.

We remark that the class of asymptotically pseudocontractive mappings
contains the important class of asymptotically nonexpansive mappings (that is
mappings T : K — K such that

[Tz =Tyl < anllz—yl[Va,y K (2.3)

for all z, y K and for some sequence {a,} C [0,00) such that lim, . a, =
1).
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Definition 2.4. T is called asymptotically quasi-nonexpansive if F(T) = {x
K :Tx =z} # 0 and (2.3) is satisfiedV © K andy F(T).

Definition 2.5. If there exists L > 0 such that |T"x —T"y|| < L|jz —y|| for
alln > 1 and for all x, y K, then T is called uniformly Lipschitzian.

Let H be a Hilbert space, p, p H be such that p = g(p) (where g is a
continuous function satisfying 0 < % <k,k>0)andT: H — H
be given by

Tot) = w0+ [ Bt s)alols)ids (2.4)

n®(t) + /0 D(t — s)p(s)ds.

3 Main Results

Our main result shall be the following theorem

Theorem 3.1. Let o > 0; and p1,p2 = —5 F ,/%2 — B; then a cycle of

second kind of the generalized Barbashin-Ezeilo problem (1.1) is the limit in
some Hilbert space of the iterative process

Ty = QpTp—1+ (1 - an)Tkyn
>

wheren = k > 1, T is L—Lipschitzian operator given by

t s
(To)(t) = -m / / P =O13(5(9) + p(o(O))deds  (3.2)
o Jo
and o, B, satisfy the conditions

(i) Yoli(l—an) =00 (i) S (1—an)?<oo
(it) ool (1=Bn) <oo (iv) (1—pn)(1—an)Ll? <L

Before proving this main result we shall, first, establish the existence and
validity of the operator T.

Proposition 3.1. Let the operator A(g(o))(t) = fg O(t —s)g(o(s))ds be self-
adjoint with eigenfunctions g(o;) Co (whenever o; Cy) corresponding to
eigenvalues \j (j > 1). The operator T' has at least one fized point if k™||A|
< (1 4 vy) for some sequence {v,}.
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PROOF

Any bounded sequence of functions {o,,} C Cj is equibounded and equicon-
tinuous on [0,7) and by Arzela-Ascoli theorem such sequences are relatively
compact. Now, A being a bounded linear operator is continuous so it maps
relatively compact sets into relatively compact sets, therefore we infer that A
is a compact operator so T' maps every closed convex set K into itself. Further,

IToi — Tosl| = / B(t - 3) (9(01(5)) — glo;(5))) ds
= Ag(or) — 9o | = Ihg(o) — Aoyl
< max{\i, kG — o)l
— Emax{|\], A low — o) (3.3)
Therefore
1T — T < K max{hl Mo — o (3.4)

verifying that T is an asymptotically nonexpansive map if there exists a se-
quence {v, } with v, — 0 such that £” max{|\;|, |A\;|} < (1 + v,,) since (3.4)
yields | T"0; — T"0j|| < anl|lo; — 04| (where a,, = (1 + v,,)).

Inequality (3.4) follows from condition (2.1) and since A is a compact
operator (3.4) becomes

[T = T"o4ll < k*[|Alllloi = o;]- (3.5)

then applying the results of [10], we conclude that the modified implicit process
Tpn = QpTp-1 + (1— cun)ﬂkacn7 n>1
as given by Sun[12] converges to the fixed point of (2.4).

Theorem 3.2. Let the operator A(g(o))(t) = fg O(t — s)g(o(s))ds be self-
adjoint with eigenfunctions g(o;) Co (whenever o; Cy) corresponding to
eigenvalues \; (j > 1). Then the averaging composite implicit iteration process
(3.1)

Ontl = Qpoyp + (]. — O[n)Tlpn+1 n> 1
Pn+1 = ﬁnan + (1 - Bn)Tiko'n—&-l -

converges to at least one fized point of (2.4) provided k™||A| < (1 + vyp) for
some sequence {v,} satisfying v, — 0 as n — oo.
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PROOF
The argument is the same as in the proof of Proposition 3.1 so we only need
to prove that T is asymptotically pseudocontractive.

(To; —Toj, j(o; —oj) = (Alglos) — g(o;),5(0i) — o)

= (Nigloi) — Ajg(0)), j(oi — o))
max{|Ai|, [\;[}{k(oi — 05),j(0i —05))
kmax{| i, [\ }Hoi — a1

IN

Therefore, iteratively, we have
(T"o; = T"0j,j(0; —oj) < K" max{|[\i|,[\j[Hloi — o5

This implies that T is asymptotically pseudocontractive, and thus we can
apply the results of [8] and [9]. This is the desired result.

4 PROOF OF THEOREM 3.1

We now give the proof of Theorem 3.1 by rewriting (1.1) as

T = —az1 — Brz — §(0) — ¢(0)
.1:2 =T
o= i)
This clearly implies that z1 = &, 22 = ¢ and —[§(6) + ¢(0)] = &1 + ax;

+ 51'2.
Observing that a fundamental matrix solution X is given by

eb1t eb2t
X0 = (o o )
it follows that that the desired cycle of the second kind is given by

o) = -m / /Osem<s-f>[g<d<§>>+w<a<§>>]d§ds (4.1)

where
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But the output &(t) is given by

o(t) = *Pl/ "7 g(o(s)) + p(o(s))lds (4.2)
0
which yields
o(t) = p[o(t)+ad(t) + Bo(t)] — pi[5(0) + ad(0) + So(0)]e""
*p%/ PG (s) + ad(s) + Bo(s)]ds
0

This gives

yloam
P1
t

/ =[5 (s) + ad(s) + fo(s)]ds
(s

o
/e
a(t

Bo(t) = —5(t) o(t) + [6(0) + a5 (0) + Bo(0)]eP!

%[&(O) +a(0) + Bo(0))ert

p1 (t,s) [

+p
5 )+ ad(s) + Bo(s)lds +

1. 1—ap;

ﬁ Bp1
. 1(t-5) —5(0) + (e — 1)6(0) Lt
= pl/oep s+ pl(p1—0l)+ﬂ —|—0(0) eP
(I-a)p+1

pi(p1 — o)+

)+ a(t)

F(t) + o(t) (4.3)

_pl(Pl - Oé) +

So analysis of the nonlinear operator (4.1) is equivalent to analysis of the
simpler nonlinear operator

- t s —5(0) + (o — 1)5(0)
TW) = p [ O Ioas |

1 (I-a)p1+1 5(0)

a1 T )+ B

+0(0)] eP?

which anchors on the behavior of the linear operator (where o is a fixed point
of T.)

1 . (1-—a)pr+1
Py Sy LA P

We observe that (3.2) implies 0(0) = 0 while (4.2) gives ¢(0) = 0 and so

(A0)(t) = ;1 /O P (=) (5)ds — & (1),
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(4.3) becomes

(To)(t) = pm /0 o (s)ds — : a(t)

pi(p1 —a)+ B
(1 — a)p1 +1

* p1(p1 —a)+ Bd(t) (4.4)

therefore the operator T is equivalent to A.

Using condition (1.4) we observe that o — 2% — \/0‘72 — B < Ag. That is
p1 < Ao

Now, for a > 0 the operator T = A is defined on the Sobolev space
WéZ’z) [0,00) which is a Hilbert space in Ls[0,00)—space. In this case we
can apply Theorem 3.2 to the operator T' choosing the iterates from C§°[0, 00)
where 0, (t) are defined by (3.1).

Clearly, since o9 = ¢(0) = 0, we have from (3.1) and (4.4) that

wo= Bl [ Do - i)
sl 0)
o1 = (1—a1)Ty:
— a-a-a | [ e ods — e 0
Wdl(t)} (4.5)
walt) = a4 ani) { B [ [ )
- mo"ﬂ(t)
b L 0]+ (1) [ [ ()i
mfml(ﬂ + mdm(w] } . (46)

So when a > 0, the equation (3.2) and (1.4) ensures that o = To is asymp-
totically stable for p; < 0. This gives the required iterates to be asymptotically
stable.

We shall complete the proof by showing that each iterate o,, is a cycle of
the second kind. This is obvious since from equation (4.5) if oy chosen as a
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cycle of the the second kind then o, in (4.4) are cycles of the second kind for
all n N. This concludes the proof of theorem 3.1.

Remark 4.1. For a < 0 we have p; > 0 then, the solutions are bounded
cycles and the iterates o, are required to be bounded only but not asymptotically
stable. This means that the problem is not solvable in Hilbert space since the
iterates are not square integrable on [0, 00). Here we apply Proposition 3.1 and
results from [10] to obtain some fized point.
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