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Abstract

In this paper, we describe a new method for constructing a tubu-
lar surface surrounding a timelike biharmonic curve in the Lorentzian
Heisenberg group Heis®. Firstly, we characterize timelike biharmonic
curves in terms of their curvature and torsion. Also, by using timelike
biharmonic curves, we give explicit parametrizations of tubular surfaces
in the Lorentzian Heisenberg group Heis®.

1 Introduction

Tubular surfaces are among the surfaces which are easier to describe both an-
alytically and “operationally”. They are still under active investigation, both
for finding best parameterizations (see, for instance, [8, 20]) or for application
in different fields (for instance in medicine, see [1])

We remind that, if C is a space curve, a tubular surface associated to this
curve is a surface swept by a family of spheres of constant radius (which will
be the radius of the tube), having the center on the given curve. Alternatively,
as we shall see in the next section, for them we can construct quite easily a
parameterization using the Frenet frame associate to the curve. The tubular
surfaces are used quite often in computer graphics, but we think they deserve
more attention for several reasons. For instance, there is the problem of rep-
resenting the curves themselves. Usually, the space curves are represented by
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using solids rather then tubes. There are, today, several very good computer
algebra system (such as Maple, or Mathematica) which allow the vizualisation
of curves and surfaces, in different kind of representations.

The aim of this paper is to study a tubular surface surrounding a timelike
biharmonic curve in the Lorentzian Heisenberg group Heis®.

Firstly, harmonic maps are given as follows:

Let (M™,g) and (N™, h) be two Riemannian manifolds, the energy func-
tional of a map ¢ € C' (M™, N™) is defined by

B0) = [ 1o du, (11)

where |d¢| is the Hilbert-Schmidt norm of the differential d¢ and dv, is the
volume element on M. A map ¢ € C?(M™,N") is called harmonic if it
is a critical point of the energy functional, that is, if it is a solution of the
Euler-Lagrange equation associated to (1.1)

7(¢) = TryVdd = 0, (1.2)

7 (@) is called the tension field of ¢. Harmonic maps are solutions of a second
order nonlinear elliptic system and they play a very important réle in many
branches of mathematics and physics where they may serve as a model for
liquid crystal. One can refer to [9] for background on harmonic maps.

Secondly, biharmonic maps are given as follows:

A natural generalization of harmonic maps is given by integrating the
square of the norm of the tension field. More precisely, the bi-energy functional
of amap ¢ € C? (M™, N™) is defined by

B2(0) =5 [ () du, (13)

amap ¢ € C*(M™,N") is called biharmonic if it is a critical point of the
bi-energy functional, that is, if it is a solution of the Euler-Lagrange equation
associated to (1.3)

7 (¢) = —Tr, (V9)" 7 (6) — Tr, RN (7 (¢) ,d) dg = 0, (1.4)
where .
Tr, (v¢)2 -y (Vivfi - V@yei) (1.5)
i=1 i

for an orthonormal frame {ej,es,.., e}, is the Laplacian on sections of the
pull-back bundle ¢~ !TN and RY is the curvature operator on N.
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Biharmonic functions are utilized in many physical situations, particu-
larly in fluid dynamics and elasticity problems. Most important applications
of the theory of functions of a complex variable were obtained in the plane
theory of elasticity and in the approximate theory of plates subject to nor-
mal loading. That is, in cases when the solutions are biharmonic functions
or functions associated with them. In linear elasticity, if the equations are
formulated in terms of displacements for two-dimensional problems then the
introduction of a stress function leads to a fourth-order equation of biharmonic
type. For instance, the stress function is proved to be biharmonic for an elasti-
cally isotropic crystal undergoing phase transition, which follows spontaneous
dilatation. Biharmonic functions also arise when dealing with transverse dis-
placements of plates and shells. They can describe the deflection of a thin
plate subjected to uniform loading over its surface with fixed edges. Bihar-
monic functions arise in fluid dynamics, particularly in Stokes flow problems
(i.e., low-Reynolds-number flows). There are many applications for Stokes
flow such as in engineering and biological transport phenomena (for details,
see [8, 13]). Fluid flow through a narrow pipe or channel, such as that used
in micro-fluidics, involves low Reynolds number. Seepage flow through cracks
and pulmonary alveolar blood flow can also be approximated by Stokes flow.
Stokes flow also arises in flow through porous media, which have been long
applied by civil engineers to groundwater movement. The industrial appli-
cations include the fabrication of microelectronic components, the effect of
surface roughness on lubrication, the design of polymer dies and the develop-
ment of peristaltic pumps for sensitive viscous materials. In natural systems,
creeping flows are important in biomedical applications and studies of animal
locomotion.

In [3] the authors completely classified the biharmonic submanifolds of
the three-dimensional sphere, while in [4] there were given new methods to
construct biharmonic submanifolds of codimension greater than one in the n-
dimensional sphere. The biharmonic submanifolds into a space of nonconstant
sectional curvature were also investigated. The proper biharmonic curves on
Riemannian surfaces were studied in [5]. Inoguchi classified the biharmonic
Legendre curves and the Hopf cylinders in three-dimensional Sasakian space
forms [9]. Then, Sasahara gave in [19] the explicit representation of the proper
biharmonic Legendre surfaces in five-dimensional Sasakian space forms.

In this paper, we describe a new method for constructing a tubular surface
surrounding a timelike biharmonic curve in the Lorentzian Heisenberg group
Heis?. Firstly, we characterize timelike biharmonic curves in terms of their
curvature and torsion. Also, by using timelike biharmonic curves, we give
explicit parametrizations of tubular surface in the Lorentzian Heisenberg group
Heis?.
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2 The Lorentzian Heisenberg Group Heis?

Heisenberg group plays an important role in many branches of mathemat-
ics such as representation theory, harmonic analysis, PDEs or even quantum
mechanics, where it was initially defined as a group of 3 x 3 matrices

1
0 z,y,z€R
0

o =8
NSO N

with the usual multiplication rule.
We will use the following complex definition of the Heisenberg group.

Heis? =C xR = {(w,2):w € C,z € R}
with
(w,2) % (W, 2) = (w+ W,z +Z+ S ((w,W))),

where (,) is the usual Hermitian product in C.
The identity of the group is (0,0,0) and the inverse of (z,y, z) is given by
(_‘T7 -Y, _Z)

Let a = (w1, 21), b = (wa, 22) and ¢ = (ws, z3). The commutator of the
elements a,b € Heis® is equal to

[a,b] = axbxa'xb!
= (w1, 21) * (wa, 29) *x (—wy, —21) * (—wa, —22)
= (w1 +ws —wy; —wg, 21+ 20— 21 — 22)
= (0,0),

where o # 0 in general. For example
[(1,0), (4,0)] = (0,2) # (0,0).

Which shows that Heis® is not abelian.
On the other hand , for any a, b, c € Heis?, their double commutator is

[[CL, b] ) C] = [(07 a) ) (w37 23)]
= (0, 0).

This implies that Heis? is a nilpotent Lie group with nilpotency 2.
The left-invariant Lorentz metric on Heis® is

g = —da?* + dy? + (xdy + dz)*.
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The following set of left-invariant vector fields forms an orthonormal basis
for the corresponding Lie algebra:

0 7] 0 0
{elaz, eg—aiy*l'&, egam}. (21)

The characterising properties of this algebra are the following commutation
relations:
[e2,e5] = 2e1, [es,e;] =0, [ez,e;] =0,

with
g(e17el) = 9(82782) = 1a g(e3ae3) =-1L (22)

Proposition 2.1. For the covariant derivatives of the Levi-Civita connec-
tion of the left-invariant metric g, defined above the following is true:

0 €3 ()
V= €3 0 (S5 5 (23)
€y —€e; 0

where the (i, j)-element in the table above equals V. e; for our basis
{ex, k=1,2,3} = {e1,eq, €5}
We adopt the following notation and sign convention for Riemannian cur-
vature operator:
R(X,Y)Z = -VxVyZ+VyVxZ + Vxy)Z.
The Riemannian curvature tensor is given by
R(X,Y,Z,W)=g(R(X,Y)Z,W).
Moreover we put
Riji. = R(e;,ej)er, Riju = R(ei,ej,ek,el),
where the indices ¢, j, k and [ take the values 1,2 and 3.
Rig1 = —ez, Rig1 = —e3, Rozr =3es

and
Riz12 = —1, Riz13 =1, Razz = —3. (2.4)
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3 Timelike Biharmonic Curves in the Lorentzian Heisen-
berg Group Heis?

An arbitrary curve v : I — Heis3 is spacelike, timelike or null, if all of
its velocity vectors 7/(s) are, respectively, spacelike, timelike or null, for each
s€ICR. Let v: I — Heis® be a unit speed timelike curve and {T,N, B}
are Frenet vector fields, then Frenet formulas are as follows

VTT = IilN,
VTN = H1T+I€2B,3.1 (1)
VB = —mN,

where k1, kg are curvature function and torsion function, respectively.
With respect to the orthonormal basis {e1, es, e3} we can write

T = Tie +Tse; + Tzes,
N = Nie; + Naez + Nzes,
B = TxN= 3191 + Bgeg + B3e3.

Theorem 3.1. v : I — Heis? is a unit speed timelike biharmonic curve
if and only if

k1 = constant # 0,
Kl — k3 = 1-—4B%3.2 (2)
/€/2 = 2NlBl.

Proof. Using (3.1), we see that v is a unit speed timelike biharmonic curve
if and only if

kiKky, = 0,
k! 4+ K} —kik2 = rkR(T,N,T,N),3.3 (3)
2koK) + Khk1 = k1 R(T,N,T,B).

Since k1 # 0 by the assumption that is non-geodesic
k1 = constant # 0,
KT — K3 R(T,N,T,N),3.4 (4)
ky = R(T,N,T,B).
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A direct computation using (2.4) yields

R(T,N,T,N) = 1-4B? 35 (5)
R(T,N,T,B) = 2N;B;.3.6 (6)

These, together with (3.4), complete the proof of the theorem.

Theorem 3.2. If v : I — Heis3 is a unit speed timelike biharmonic
curve, then 7 s a timelike heliz.

Proof. We can use (2.3) to compute the covariant derivatives of the
vector fields T, N and B as:

< VT, e >= Tl/’
< VTN,e1 >= N{ + TgNg - T3N273.7 (7)
< VrB,e; >= Bi + T5B3 — T3B5.

On the other hand, using Frenet formulas (3.1), we have

< VTT,el >= /lela
< V1N,e; >= k111 4+ k9 B1,3.8 (8)
< VrB,e; >= —raNy.

These, together with (3.7) and (3.8), give

T1/ = 1Ny,
N{ + T2N3 — T3N2 = IilTl + I<L2B1, 3.9 (9)
Bi + T2B3 - T332 = —/4,2N1.

Assume that + is biharmonic. Then using x5 = 2N1B; # 0 and (3.2), we
obtain
—2Kbhke = 8B1 By,

and
KQNlBl = QBlBi .
Then,
2B,
= —, .1
K2 Nl (3 O)

If we use To B3 — T3By = Np and (3.9), we get

Bi = (1 — K/Q)Nl.
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We substitute Bj in equation (3.10):
2
Ko = § = constant.

Therefore, also kg is constant and we have a contradiction that is k) =
N1 By # 0. This completes the proof.

Corollary 3.3. ~v: I — Heis® is a unit speed timelike biharmonic if and
only if

k1 = constant # 0,
Ke = constant,3.11 (10)
NB1 = 0,
K} — k3 = 1—4B3%.

4 Tubular Surfaces In The Lorentzian Heisenberg Group
Heis?

We shall give here the mathematical description of tubular surfaces associated
to timelike biharmonic curves in the Lorentzian Heisenberg group Heis3. Our
purpose in this section, we will obtain the tubular surface from the canal
surface in the Lorentzian Heisenberg group Heis®. If we find the canal surface
with taking variable radius r(s) as constant, then the tubular surface can be
found, since the canal surface is a general case of the tubular surface. An
envelope of a 1-parameter family of surfaces is constructed in the same way
that we constructed a 1-parameter family of curves. The family is described
by a differentiable function F'(z,y, 2z, A) = 0, where )\ is a parameter. When A
can be eliminated from the equations

F(x’ y’ Z? A) = 07
and
8F(x’y7z7)\) — O
oA o

We get the envelope,which is a surface described implicitly as G(z,y, z) =
0. For example, for a 1-parameter family of planes we get a develople surface
[7].
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Definition 4.1. The envelope of a 1-parameter family of the Lorentzian
spheres in the Lorentzian Heisenberg group Heis® is called a canal surface in
the Lorentzian Heisenberg group Heis®. The curve formed by the centers of
the Lorentzian spheres is called center curve of the canal surface. The radius of
the canal surface is the function r such that r(s) is the radius of the Lorentzian
sphere.

Definition 4.2. Let v : I — Heis? be a unit speed curve whose curvature
does not vanish. Consider a tube of radius r around . Since the normal N
and binormal B are perpendicular to v, the Lorentzian circle is perpendicular
v and y(s). As this Lorentzian circle moves along v, it traces out a surface
about v which will be the tube about ~y, provided r is not too large.

It is easy to see that when the radius function r(s) is constant ,the definition
of canal surface reduces to the definition of a tube. In fact, we can characterize
tubes among all canal surfaces.

Theorem 4.3. Let the center curve of a tubular surface C (s,t) is a

unit speed timelike biharmonic curve v : I — Heis3. Then, the parametric
equations of C (s,t) are

1
z(s,t) = - cosh psinh (ps + ¢) + /f% cosh ¢(p + 2sinh ¢)
sinh (ps + () cost + T cosh ©(p + 2sinh ) (cosh ¢
K1

1
sinh (ps + ¢) [f? sinh (ps + ¢) cosh (ps + ()
—cy1scosh (ps + ¢) — ¢ cosh (ps + ¢)] — cosh (ps + ¢) [sinh
1
— = cosh? psinh? (ps + ¢) — a; cosh psinh (ps + ¢)]) sint + ay,
&

1
y(s,t) = —coshpcosh(ps+ )+ T cosh o(p + 2sinh p)
& K1
cosh (ps + () cost + KL cosh ¢(p + 2sinh ¢)[sinh (ps + ¢) 4(1L1)
1
1
[sinh ¢ — " cosh? psinh? (ps + ¢) — ay cosh psinh (ps + ¢)]

1
— cosh ¢ cosh (ps + () [—? sinh (ps + ¢) cosh (ps + ()
—cy1scosh (ps + ¢) — ca cosh (ps + ¢)]] sint + ag,
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1 1
z(s,t) = |sinhp+ gcosh2<p s — @cosh2<psinh2(ps+§)

—% cosh? (ps + ¢) + /{L cosh p(p + 2sinh ¢)
1
1
(_E sinh (ps + ¢) cosh (ps + ¢) — ¢1scosh (ps + ¢)

—cg cosh (ps + ¢)) cost + /{L cosh ¢(p + 2 sinh ¢)(cosh
1

cosh? (ps 4 ¢) — cosh @ sinh? (ps 4 ¢)) sint + as,

K1—sinh 2¢

cosh @ and aq,as,as3,c1,co are constants of integration.

where p =

Proof. Assume that the center curve of a tubular surface C (s, ) is a unit
speed timelike biharmonic curve v and C denote a patch that parametrizes
the envelope of the Lorentzian spheres defining the tubular surface. Then we
obtain

C(s,t) =7 (s) +& (s, ) T+ (s, ) N+ p(s,) B, (4.2)

where £, n and p are differentiable on the interval on which ~y is defined.
Since 7 is timelike biharmonic, v is a timelike helix. So, without loss of
generality, we take the axis of 7 is parallel to the spacelike vector e;. Then,

g(T,e;) =T, = sinh p,

where ¢ is constant angle.
The tangent vector can be written in the following form

T = T1e1 + T262 + Tgeg. (43)

On the other hand, the tangent vector T is a unit timelike vector, so the
following condition is satisfied

T —T? = —1 —sinh? . (4.4)
Noting that cosh? ¢ — sinh? ¢ = 1, we have
T2 — T? = cosh® p. (4.5)
The general solution of (4.5) can be written in the following form

T, = coshysinhu,4.6 (12)
T3 = coshycosh p,

where p is an arbitrary function of s.
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So, substituting the components 77, T» and T3 in the equation (4.3), we
have the following equation

T = sinh pe; + cosh ¢ sinh pes + cosh ¢ cosh pes. (4.7)
Since |V1T| = k1, we obtain

k1 — sinh 2¢p

= s +C, (4.8)

cosh
where ¢ € R.
Thus (4.7) and (4.8), imply
T = sinh pe; + cosh ¢ sinh (ps + () es + cosh ¢ cosh (ps + () es, (4.9)

__ k1—sinh2¢p
where p = “oshg

Using (2.1) in (4.8), we obtain
T = (coshpcosh (ps+ (),coshpsinh (ps+(),sinhe4.10  (13)

1
—; cosh? g sinh? (ps + ¢) — ay cosh psinh (ps + ¢)),

where a7 is constant of integration.
Now, taking into account (4.10), we obtain

1
x(s) = ;coshcpsinh(@er()wLal,
1
y(s) = ;coshgocosh(ps—i—()—i—ag,ll.ll (14)
. 1 2 1 2 .
z(s) = |[sinhp+ —cosh”p|s— — cosh” psinh2 (ps + ()
) 4p

—% cosh? (ps + ¢) + as,

where a1, as,as are constants of integration.
On the other hand, using Frenet formulas (3.1) and (4.9), we have

1
N = K—[coshtpcosh (ps +¢) (p + 2sinh p)ex4.12 (15)
1

+ cosh g sinh (ps + ¢) (p + 2sinh ¢)es].
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Smilarly, using (2.1) in (4.12), we obtain

1
N = — coshy(p+ 2sinhy)(sinh (ps + (), cosh (ps + (),
K1

7? sinh (ps + ¢) cosh (ps + () 4.13 (16)
—cyscosh (ps + ) — co cosh (ps + (€)).

Hence,using (2.1), (4.9) and (4.12) then the binormal vector B is

1
B = — coshy(p+ 2sinhy)(cosh ¢ sinh (ps + ()
K1

[—é sinh (ps + ¢) cosh (ps + ¢) — c1scosh (ps + ()

—cg cosh (ps + ¢)] — cosh (ps + ¢) [sinh ¢

—% cosh? psinh? (ps + ¢) — a; cosh @ sinh (ps + ¢)], 4.14 (17)
sinh (ps + ¢) [sinh ¢ — % cosh? psinh? (ps + ¢)

—ay cosh psinh (ps + )] — cosh ¢ cosh (ps + ()

[—é sinh (ps + ¢) cosh (ps + ¢) — c1scosh (ps + ()

—¢y cosh (ps + ()], cosh g cosh? (ps + ¢) — cosh psinh? (ps + ¢)).

Using Definition 4.1 we have
g(C(s,) =7 (s5),C (s,8) =7 (s)) = r*. (4.15)
Since C' (s,t) — 7 (s) is a normal vector to the tubular surface, we get
g(C (s,t) —~v(s),Cs (s,t)) = 0. (4.16)
From (4.2) and (4.15), we get

4+ p* = r3 417 (18)
—&&s +1ms + pps 0.

When we differentiate (4.17) with respect to s and use the Frenet-Serret
formulas, we obtain

Cs = (1+& +nr1) T+ (Ex1 — pr2 +1s) N+ (ps + nr2) B. (4.18)
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Then (4.16), (4.17), (4.18) and (4.19) imply that
£=0. (4.19)
Also, from (4.17) and (4.18) we get
n? +p? =17 (4.20)

The solution of (4.20) can be written in the following form

n = rcost,4.21 (19)
p = rsint.
Thus (4.2) becomes
C (s,t) =v(s) +rN(s)cost+ rB(s)sint. (4.22)

Substuting (4.13), (4.14) and (4.11) into (4.22) we obtain the system (4.1).

This completes the proof.
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