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On some lacunary difference sequence spaces
defined by a sequence of Orlicz functions and
g-lacunary A” -statistical convergence

Binod Chandra Tripathy and Hemen Dutta

Abstract

In this article, we introduce the lacunary difference sequence spaces
wo(M,0,A%,p,q), wi(M,0,A%,,p,q) and we(M,0, A}, p,q) using a
sequence M = (M) of Orlicz functions and investigate some relevant
properties of these spaces. Then, we define and study the notion of g¢-
lacunary A}, -statistical convergent sequences. Further, we study the re-
lationship between g-lacunary A7, -statistical convergent sequences and
the spaces wo(M, 0, A7, p,q) and w1 (M, 0, A%, p,q).

1 Introduction

The notion of difference sequence space was introduced by Kizmaz [10], who
studied the difference sequence spaces £ (A), ¢c(A) and ¢o(A). The notion
was further generalized by Et and Colak [4] by introducing the spaces £, (A™),
c¢(A™) and ¢o(A™). Another type of generalization of the difference sequence
spaces is due to Tripathy and Esi [23], who studied the spaces £o (Ar,), ¢(Ap)
and ¢o(An).

Tripathy, Esi and Tripathy [24] generalized the above notions and unified
these as follows:
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Let m, n be non-negative integers, then for Z a given sequence space we
have
Z(A%) ={x = (zx) € w: (Ajxk) € Z},

where Az = (A% xr) = (A% oy — A% log,,,) and AY 2, = xy, for all
k € N, which is equivalent to the following binomial representation:

Ay =Y (1) (Z) Thpmo-

v=0

The notion of difference sequences was investigated from different aspects
by Tripathy [16], Tripathy, Altin and Et [17], Tripathy and Baruah [18], Tri-
pathy and Borgogain [20], Tripathy, Choudhary and Sarma [21], Tripathy and
Dutta [22], Tripathy and Mahanta [27] are a few to be named.

The notion of statistical convergence was studied at the initial stage by Fast
[5] and Schoenberg [13] independently. Later on, it was further investigated
by Fridy [6], Rath and Tripathy [12], Salat [14], Tripathy ([15], [16]), Tripathy
and Baruah [19], Tripathy and Sarma [28], Tripathy and Sen [32] and many
others.

A subset E of N is said to have density §(F) if §(F) = lim + > xg(k)
k=1

n—oo
exists, where y g is the characteristic function of F.
A sequence (z) is said to be statistically convergent to L if for every € > 0,
0({k €N :|zy — L] >¢e})=0. For L =0, we say () is statistically null.

By a lacunary sequence 6 = (k,.); r = 1,2,3,..., where ky = 0, we mean
an increasing sequence of non-negative integers with h, = (k. — kr—1) — o0
as r — 0o. We denote I, = (ky_1,k.] and 7, = ﬁ, forr=1,2,3,.... The

space of lacunary strongly convergent sequence Ny was defined by Freedman,
Sember and Raphael [7] as follows:

.1
No = {x = (1) : Tlggo = kz; |xx — L| =0, for some L}.
€l

The space Ny is a BK-space with the norm

1
lzlle = sup -~ > |zl
T kel

N denotes the subset of those sequences in Ny for which L = 0. (N, |.|lo)
is also a BK-space. Freedman, Sember and Raphael [7] also defined the space
|o1| of strongly Cesaro summable sequences as follows:

1
lo1] = {z = (=) : nh_{rgo - ,; |xx — L| = 0, for some L}.
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In the special case when 6 = (27), Ny = |o1].

The notion of lacunary convergence has been investigated by Colak, Tri-
pathy and Et [2], Tripathy and Baruah [19], Tripathy and Mahanta [27] and
many others.

An Orlicz function is a function M : [0,00) — [0, 00), which is continuous,
non-decreasing and convex with M (0) =0, M (z) > 0, for > 0 and M (z) —
00, as T — 00.

Lindenstrauss and Tzafriri [11] used the Orlicz function and introduced
the sequence space £, as follows:

EM:{(xk)Ew:ZM(MZ> < 00, forsomep>0}.

k=1

They proved that 5, is a Banach space normed by

[[(xg)|| = inf {p> 0: ZM ('xpk|) < 1}.

k=1

In the recent past the notion of Orlicz function was investigated from differ-
ent aspects and sequence spaces have been studied by Altin, Et and Tripathy
[1], Et, Altin, Choudhary and Tripathy [3], Hudzik, Kaminiska and Mastylo
[8], Isik, Et and Tripathy [9], Tripathy, Altin and Et [17], Tripathy and Bor-
gogain [20], Tripathy and Dutta [22], Tripathy and Hazarika [26], Tripathy
and Mahanta [27], Tripathy and Sarma (]29], [30], [31]) and many others.

Remark 1.1. An Orlicz function M satisfies the inequality M (Az) < AM (x),
for all A with 0 < A < 1.

The following inequality will be used throughout the article. Let p = (pi
be a positive sequence of real numbers with 0 < pr < suppr = G, D =
max(1,2¢71). Then for all ay, by, € C for all k € N, we have

\ak +bk|pk’ < D{|ak|pk + |bk|pk}.

The notion of paranormed sequences has been investigated from sequence
space point of view and linked with summability theory by Rath and Tripa-
thy [12], Tripathy [16], Tripathy and Dutta [22], Tripathy and Hazarika [25],
Tripathy and Sen ([32], [33]) and many others.

Definition 1.1. Two non-negative functions f, g are called equivalent, when-
ever C1f < g < Cyf, for some C; > 0, j = 1,2 and in this case we write

f=g.
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2 Definition and Preliminaries

Lemma 2.1. (Isik, Et and Tripathy [9], Lemmal.l) Let p and q be semi-
norms on a linear space X. Then p is stronger than q if and only if there
exists a constant M such that q(x) < Mp(z) for all z € X.

Let M =(Mj) be a sequence of Orlicz functions, p = (pi) be a bounded
sequence of positive real numbers and X be a seminormed space over the field
C of complex numbers with the seminorm ¢. w(X) denotes the space of all
sequences x = (), where z € X, for all £ € N. We define the following
sequence spaces:

wo(M,0,A% p,q) = {x € w(X): lim L 3 [Mk <q (Am—ﬂ”))rk —0,

for some p > 0},

wi(M,8,A™ p.q) = {z € w(X) : lim hik; [Mk (q (%))}m

r—oo T

=0, for some p >0 and L € X},

080,00 = €0 5 [ (o5 <
for some p > 0}. h

If Mg(xz) = z, for all z € [0,00), for all k € N, pp = 1, for all k € N,
X =C, q(x) = |z|, for all z € X and n = 0 so that A%z, = 2y, for all k € N,
then wy (M, 0, A", p,q) = Ny and wo(M,0,A”, p,q) = Ng. If in addition,
we take 6 = (27), then wi(M,0,A?  p,q) = |o1].
3 Main Results

In this section, we investigate the results of this paper involving the spaces
U)O(M, 9, A:anpa q)) 'LUl(M, 9, A;pra Q) and wOC(Ma 9, A:anpa q)

Theorem 3.1. Let M = (My,) be a sequence of Orlicz functions. Then
wO(Ma 97 A:Lnapa q) - ’LU]_(M, 97 A:qu,7p7 q) C wOO<M7 97 A?ymp) Q)

Proof. Tt is obvious that wo(M,0,A” p,q) C wi(M,0,A” p,q). We shall
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Let (z) € wi(M,0,A”, p,q). Then there exist some p > 0 and L € X
such that
1 Az — L P
lim — Z My { q SmPk = 2 =0.
r=voe hy kel, P

On taking p1 = 2p, we have

3 o)
<2 %[5 (o(B550))]" 4 2 5[50 (a (%)

kel, kel,

< 5 (19 (o (25572 e (1 130 (o (£))] )

kel
where suppy = G, H = max(1,G) and D = max(1,2¢71).
k

N———
[E—
il
B

Thus we get (zx) € woo (M, 0, A, p,q).
The inclusions are strict follows from the following examples.

Example 3.1. Let m =n=2,0 = (3"), p = 1, for all k € N, X = C?,
q(z) = max(|z!],|2?|), for x = (z!,22) € C? and My(x) = 22, for all = €
[0,00) and k € N. Consider the sequence (zy) defined by x;, = (k?, k?) for each
fixed k € N. Then (x) € w1 (M, 0,AY p,q), but (zx) ¢ wo(M, 0, A", . p,q).

Example 3.2. Let m =n =2, 0 = (2"), p = 2, for all k£ odd and p;, = 3, for
all k even, X = C3, q(z) = max(|z|,|2?|,|23|), for z = (2!, 2%, 2%) € C3 and
My (z) = 2%, for all x € [0,00) and k € N. Consider the sequence () defined
by zr = (k, k, k) for each fixed k € N. Then (x}) € woo(M, 8, AT, p,q), but
(zr) € wi(M, 0, AL, p, q).

Corollary 3.2. wo(M,0,A”,p,q) and wi(M,0, A, . p,q) are nowhere dense
subsets of woo (M, 0, AT p,q).

Proof. Proof is a consequence of Theorem 3.1.
Proof of the following theorem is easy, so omitted.

Theorem 3.3. The spaces wo(M, 0, A" . p,q), wi(M,0,A” p,q) and
Woo (M, 0, AT | p,q) are linear.

Theorem 3.4. The spaces wo(M, 0, A" . p,q), wi(M,0,A” p,q) and
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Woo (M, 0, AT /D, q) are paranormed spaces paranormed by
g(z) = fqm) +inf{pPHT sup [Mk (q <Anm;k>>] <1l,p>0,r¢ N},
i=1
where H = max(1, sup p,.).
Proof. Clearly g(x) = g(—x). Since My(0) = 0, for all k € N, we get

inf {p%} = 0for x = 0. Now let z,y € wo(M, 0, A" ,p,q) and choose p1, pa >
0 such that

Al Al
o o (352))] 2 (352
k P1 k P2
Let p = p1 + p2. Then we have
o o (252
AT xp Aly
= (mﬁ:pz) Sub {M’“ (q( P k)ﬂ + (PITm) Sup [M’“ (q( P k))}
< (58) + (725) =

Hence g(xz +y) < g(z) + 9(v).

Finally let A be a given non-zero scalar, then the continuity of the scalar
multiplication follows from the following equality

mn o A7 (A
g(Ae) = 3 q(e) + inf {pH sup [ M (g (202))] < 1}
= k
mn =t . AR
= I\ g(a;) +inf { (M) F : sup | My (g (2ml=x) <13, where s =
| .
B i=1 k
[Al"
This completes the proof.
Proof of the following result is easy, so omitted.

Theorem 3.5. Let M = (My) and T = (T}) be sequences of Orlicz functions
and Z = wg, wy and we. Then for any two sequences p = (px) and t = (t)
of bounded positive real numbers and for any two seminorms q1 and gz, we
have

(Z) If q1 is stronger than q2, then Z(Mv 91 A:anp7 Q1) C Z(Mv 97 A’Z«npv q2);
(”) Z(M7 07 Agza}% (I1) m Z(M7 07 A’pr7 (I2) - Z(Ma 97 A%apa Q1+ CI2)7
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(Z”) Z(M797A7nlwp7(h) m Z(Taea Arnrmpa QI) C Z(M+ T797AZUP7QI);

(ZU) Z<M797A:Ln’p7q1) ﬂ Z<M797A:Ln)t7q2) 7é ¢7

(v) The inclusions Z(M,0, A" p.q1) C Z(M,0,A" p,q1) are strict. In
geneml Z(MaaaA;Lerpa Q1) C Z(M707A?nap7 ql) fOTi = 1727' ) n-1 and the
inclusion is strict.

Theorem 3.6. Let Z = wqy, w1 and ws. Then we have the followings.
(1) Let 0 < infpy < pp < 1. Then Z(M,0,A p,q) C Z(M,0,A"  q),
(74) Let 1 < pysuppy < oo. Then Z(M,0,AY q) C Z(M,0,A” p,q),

(#it) Let 0 < pr, < ty and (p:) be bounded. Then Z(M,0,A" t,q) C
Z(M797Amapv )

Proof. Proof of the parts (i) and (ii) is easy and so omitted. We prove the
part (ii1) for Z = w;y and for Z = wyp, wee, it will follow on applying similar
technique.

n t
We write Sj, = [Mk (q (#))L and pg = B= sothat 0 < p < pg < 1.

Define S, = Sy if Sy > 1 S, =0if S >1
=0if Sk < 1, =S5,if Sy <1

Then Sy = Sy, + Sy, Si* = S + 5, ™.
Now it follows that 5,"* < S < Sy, S,** < S~
We have the following inequality

X S < 25k+h St

kel, I, kel,
Therefore if (x) € w1 (M, 0, A t,q), then (zx) € wi (M, 0, A", . p,q).

The following Theorem is a direct consequence of Definition 1.1.

Theorem 3.7. Let M = (M) and T = (T}) be two sequences of Orlicz func-
tions such that My, ~ Ty, for each k € N. Then for Z = wgy, wy and we, we
have Z(M,0, A" . p,q)=Z(T,0,A" p,q).

Theorem 3.8. Let M = (My) be a sequence of Orlicz functions and Z =
wo, w1 and Ws. Then Z(M,0, AT p,q)=2Z(0,A",p,q), if the following con-
ditions hold
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likat%(t) >0 and limM’“t%(t) < o0, for each k € N.
t—0 t—0
Proof. If the given conditions are satisfied, we have My (t) = ¢, for each k € N.

Then the proof from using Theorem 3.7.

4 g¢-Lacunary A} -Statistical Convergence

In this section, we define the notion of g-lacunary A -statistical convergence
and investigate some of its properties. Further, we establish some relations be-
tween g-lacunary AT -statistical convergence and the spaces wo(M , 0, A", p, q)
and wy (M, 0,Al,.p,q).

Definition 4.1. Let 6 be a lacunary sequence, then the sequence z = ()
is said to be g-lacunary A7 -statistical convergent to the number L provided
that for every ¢ > 0,
rhﬁn;(} hl—r.card {kel :q(Alx, — L) >e} =0.
In this case, we write z, — L (Sg(A7,)) or S(AZ)-limz, = L and we
define
Sg(ATL) ={z € w(X) : S§(AlL) — limay, = L, for some L}.

In the case 6 = (2"), we write S9(Al) instead of SJ(A}).

If X =C, q(x) = |z|, we write Sp(Al,) instead of SJ(AT,) and if § = (27)
we write S(AT) instead of Sp(A}).

In the special case L = 0, we denote it by Sg,(AZ).

Theorem 4.1. Let 0 be a lacunary sequence and 0 < p < 0.
(1) If wx — L(wg(AR,)), then x), — L(Sg(AL)),
(it) If x € loo(q, AL,) and x, — L(S§(AL)), then x, — L(wg (A7),
where Loo(q, Al) =z € w(X) : sup ¢(A" xr) < 0o and
k

wg(A%):{x e w(X): li;n % kz; (q (AT zp — L))’ = 0, for some L}.
el

(i) £oo(g, AZ) N SHAL)=Coo(q, AL) O wh(AL).

Proof. (i) Let x, — L(wj(A”,)) and € > 0. Then we have

ST (q(ATzy, — L))P > ePcard{k € I, : q (A x) — L) > &}
kel
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Hence z, — L(S§(AL)).

(i4) Suppose x € (g, AT,) and x, — L(SF(A},)). Let € > 0 be given and
ng(e) € N such that

h%card{k €l :q(Alx, — L) > (%)%} < 575 for all r > ng(e), where K =
sup (¢ (A% x, — L)) and we set L {k: el :q(Ax, — L) > (%)%}
k

Now for all r > ng, we have

=Y @@pa—L) =7+ > (¢(Akap— L)

kel, kel ,keL,
> (q(Apap L))
kel k&L,
< (GE) KP4+ e (5) =<

Hence xj, — L(wg(AL)).

(i73) The proof follows from (7) and (7).

Theorem 4.2. Let 0 be a lacunary sequence.

(i) If iminf, n, > 1, then S9(A?,) C Sg(AL),

(i) If limsup, n, < 0o, then S(AIL) C SIU(AL),

(éit) If 1 < liminf, n, < limsup,n, < oo, then Sg(AL) = SI(ATL,).

Proof. (i) If liminf, n, > 1, then there exists a § > 0 such that 1 + 46 < 7,
for sufficiently large r. Since h, = k, — k,._1, we have % < 1%5. Let
(zx) € L(S?(AL)). Then for every € > 0, we have

k—lrcard{k <k, :q(Alxy — —card{k € I : ¢ (AT, xx — L) > €}

L)ze}z g
> (— h%card{k €l :q(Alxr — L) > e},
Thus 2, — L (Sg(AL)). Hence S7(A7,) C Sg(AL).

(#4) Suppose limsup, 7, < co. Then there exists M > 0 such that n, < M
for all » > 1.

Let 2, — L (S§(A))ande > 0. Suppose E, =card{k € I, : ¢ (Al x, — L) > €},

then there exists ng € N such that 1 E < egforallr >ng. Let K = 1an}x E,
r<ng

and choose n such that k,._1 <n § KT, then we have
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%card{k <n:q(Alxz,—L)>e} < ﬁcard{k <k :q(A%z,— L) > ¢}
< krl—l {E1++Eno++ET}
%noﬁ- krtl {E"0+1hﬂo+1+"'+%hr}

Rpng+1

IN

—kfilno + krl—l (Sup I,?::) {hngs1 + -+ hy}

T>n0

IN

K kr_kno
kr_1 no +¢€ kr_1
K
51 ng + €Ny

kK ng +eM.
r—1

INIAIA

Since k,._1 — o0 as n — oo, it follows that xz — L (S%(AT)). Hence
SI(AL) C SI(AL).

m
(#i1) The proof follows from (i) and (ii).

Theorem 4.3. (i) wi(M,0,A”,p,q) C SE(AL),

Proof. (i) Let (z1) € wi(M,0,A7,,p,q). Then there exist some p > 0 and
L € X such that

1 Anl'k—L P
lim — M e =0.
i 3 [ ((5457)

Let & > 0 be given and ) denote the sum over k € I,. such that ¢(A?, —L) > ¢
1
and Y denote the sum over k € I, such the ¢(A, — L) < e. Then

m
2

P> [M’“ (q (ALJ_L))T) = %; [Mk (Q(%mp
+ [ (o (55=2)) )

vV
-
g
=
—~
™

—
Pt
el
QF
g
=
]
=
]
™
Il
™
-

> ﬁ lemin {[Mj;(e1)]mEPx | [My,(£1)]¢ }
> sLcard{k € I, : q(Afz, — L) > e} min {[My(e1)] "%, [My (1)) }.

Hence (z) € S§(AL).

(7i) Proof is similar to that of part ().
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Theorem 4.4. (i) loo(q, A7) N SG(AT) = loo(q, AT,) Nwi (M, 0, A7, p,q),
(i1) Loo(q, AT,) N SG(AR,) = loo(q, AT,) N wo(M,0,A%,p,q).

Proof. (i) Using Theorem 4.3, it is enough to show that £o, (g, A%,) N Sg(AZ)
C loo(q, A%,) Nwi(M,0,A7,,p,q). Let (z1) € los(q, A7) N SG(AT,) and ¢
= (Al xp — L) — 0(S7(AL)). Let Z and Z be the same as in the proof of

the previous Theorem. Since (xy) € K (q, A” n ), there exists K > 0 such that
My, ( ( )) < K for all k € N. Then given € > 0, we have

e (o) = a e (0(5)) + i 2 (0 (5))

< fcard{k € I, : q(t) > ep} + 1= Z M, (;)
Hence () € £oo(q, A%) N wi(M,0,A",p,q )

(#4) Proof is similar to that of part (7).
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