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SPHERICAL PRODUCT SURFACES IN E*

Betiil Bulca, Kadri Arslan, Bengii (Kili¢) Bayram, Giinay Oztiirk

Abstract

In the present study we calculate the coefficients of the second fun-
damental form and curvature ellipse of spherical product surfaces in E*.
Otsuki rotational surfaces and Ganchev-Milousheva rotational surfaces
are the special type of spherical product surfaces in E*. Further, we
give necessary and sufficient condition for the origin of N,M to lie on
the curvature ellipse of such surfaces. Finally we get the necessary con-
dition for Ganchev-Milousheva rotational surfaces in E* to become flat
or Chen type. We also give some examples of the projections of these
surfaces in E®.

1 Introduction

Let M be a smooth surface embedded by X (u,v) in E*. Given p € M consider
the unit circle in 7, M parametrized by the angle 6 € [0, 27] . Denote by +,, the
curve obtained by intersecting M with the hyperplane (3-space) at p composed
by the direct sum of the normal plane N,M and the straight line in tangent
direction represented by 6. Such a curve is called normal section of M in the
direction of #. The curvature vector 7, of v, in M lies in N,M. Varying ¢
from 0 to 2w, this vector describes an ellipse in N,M, called the curvature
ellipse of M at p. A point p in M is said to be hyperbolic, parabolic or elliptic
according to whether p lies outside or inside the curvature ellipse of M at p.
This ellipse may degenerate on a radial segment of straight line, in which case
p is known as an inflection point of the surface. The inflection point is of real
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type when p belongs to the curvature ellipse, and of imaginary type when it
does not. An inflection point is flat when p is an end point of the curvature
ellipse [14].

In [3] B.Y. Chen defined the allied vector field a(v) of a normal vector field
v. In particular, the allied mean curvature vector field is orthogonal to H.
Further, B.Y. Chen defined the A-surface to be the surfaces for which a(H)
vanishes identically. Such surfaces are also called Chen surfaces [7]. The class
of Chen surfaces contains all minimal and pseudo-umbilical surfaces, and also
all surfaces for which dimN; < 1, where N; is the first normal space of M,
in particular it includes all hypersurfaces. These Chen surfaces are said to be
Trivial A-surfaces [8]. For more details, see also [4], [9], [12] and [16].

Rotational embeddings are special products which are introduced first by
N.H. Kuiper in 1970 [11]. Recently the second and third authors studied with
these type of embeddings [1]. Spherical products X = a® 8 of two 2D curves
are the special type of rotational embeddings [10]. Surface of revolution is a
simple example of spherical product which is also a rotational embedding. All
quadratics and superquadrics can be considered as spherical products of two
2D curves. Actually, superquadrics are solid models that can fairly simple
parametrization of representing a large variety of standard geometric solids,
as well as smooth shapes in between. This makes them much more convenient
for representing rounded, blob-like shape parts, typical for object formed by
natural process [10].

In the present study we define spherical product X = a® S of a 3D (space)
curve a(u) = (f1(u), f2(u), f3(u)) with a 2D curve S(v) = (g1(v), g2(v)) in
E*. For the case fi(u) = 0 or fo(u) = 0, the patch X = a® 3 : E?2 — E?
becomes a spherical product of two 2D curves [2]. In [15], T. Otsuki considered
the special case a(u) = (f1(u), fa(u),sinu) and B(v) = (cosv,sinv) such that
X =a®p:S? — E*is a surface patch in E*. Recently, G. Ganchev and
V. Milousheva considered the special case a(u) = (fi(u), fa(u), f3(u)) and
B(v) = (cosw,sinv) which is a rotational embedding in E* [6]. We calculate the
coefficient of the second fundamental form and curvature ellipse of Ganchev-
Milousheva surface. Further, we give necessary and sufficient condition for the
origin of N, M to lie on the curvature ellipse of such surfaces. We give necessary
condition for the Ganchev-Milousheva surface to become flat or nontrivial
Chen surface. Finally, we give some examples of the projections of these
surfaces in E3.

2 Basic Concepts

Let M be a smooth surface immersed in E* with the Riemannian metric in-
duced by the standard Riemannian metric of E4. For each p € M, consider
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the decomposition T,E* = T,M & N,M where N,M is the orthogonal com-

plement of T,M in E*. Let V be the Riemannian connection of E*. Given
local vector fields e;,es on M . The induced connection on M is defined by

Veleg = (Vel 62)
Let x(M) and N (M) be the space of the smooth vector fields tangent to M

and the space of the smooth vector fields normal to M, respectively. Consider
the second fundamental map:

h:x(M) x x(M) — N(M), h(61762):661627v6162- (1)

This map is well defined, symmetric and bilinear. Recall the shape operator
~ T
Ay T,M — TyM, Ayey = — (veleQ) 2)

where v is the normal vector field at p € M and T means the tangent compo-
nent. This operator is bilinear, self-adjoint and for any e;,es € T),M satisfies
(Ayer,e2) = (h(e1,e2),v) . We choose a local field of orthonormal frame ey, e,
es, e4 on M such that, restricted to e, ey are tangent and es, e4 are normal
to M. It is well-known that the coefficients of the second fundamental form h
satisfy

hi; = (h(ei,ej),er), 4,5 =12, r=3,4. (3)

Recall that a submanifold of a Riemannian manifold is said to be minimal
if its mean curvature vector H =%(h(ey,e1) + h(ez, e2)) vanishes identically
(see, for instance, [3]). In the case under consideration, X (u,v) is minimal if
and only if h(eq,e1) + h(es,ea) = 0, where h denotes the second fundamental
form of M, or equivalently < h(ej,e1) + h(es,e2),e, >=0,r = 3,4.

For a smooth surface M in E*, let 79 be the normal section of M in the
direction of . Given an orthonormal basis {e1, ez} of the tangent space T, M
at p € M denote 75 = X = cosfe; + sinfey the unit vector of the normal
section. The subset of the normal space defined as

{h(X,X): X € TpM, || X| =1}

is called the curvature ellipse of M and denoted by E(p), where h is the second
fundamental form of the surface patch X (u,v). To see that this is an ellipse,
we just have to look at the following formula for:

X = cosfe; + sin e,y
the unit vector that

WX, X) = H + cos20B + sin 26C, (4)



44 BETUL BuLca, KADRI ARSLAN, BENGU (KILIg) BAYRAM, GUNAY OzTURK

where H = $(h(e1,e1) + h(ez, ez)) is the mean curvature vector of M at p and

B = %(h(el,ﬁ) — h(ez, €2)),C = her, e2), (5)

are the normal vectors. This shows that when X goes once around the unit
tangent circle, the vector h(X, X) goes twice around an ellipse centered at
H, the curvature ellipse E(p) of X(u,v) at p. Clearly E(p) can degenerate
into a line segment or a point. It follows from (4) that E(p) is a circle if and
only if for some (and hence for any) orthonormal basis of T, M it holds that
< B,C >=0and ||B]| = ||C|| [5]. General aspects of the curvature ellipse of
surfaces in E* studied by Wong [17]. For more details see also [13], [14], and
[16].

We have the following functions associated to the coefficients of the second
fundamental form :

) hil 2h;§;2 h;;ig 0

h 2h h 0
Alp) = ~det | 1 7512 023 6
(p) 4 0 h?l thb h%z (p) ( )

0 Wiy 2hy h,

1
K(p) = Z(h:ﬂhgz — (h13)? + hiyhay — (h12)*)(p)- (7)
(Gaussian curvature of M) and the matrix

h:%l h’:i)Q th
(% = . 8

By identifying p with the origin of N,M it can be shown that:
a) A(p) < 0 = p lies outside of the curvature ellipse (such a point is said
to be a hyperbolic point of M),
b) A(p) > 0 = p lies inside the curvature ellipse (elliptic point),
c) A(p) = 0 = p lies on the curvature ellipse (parabolic point).
More detailed study of this case allows us to distinguish among the follow-
ing possibilities:
d) A(p) =0, K(p) > 0= p is an inflection point of imaginary type,
ranka(p) = 2 = ellipse is non-degenerate
e) A(p) =0, K(p) <0and ¢ ranka(p) =1 = p is an inflection point
of real type,
f) A(p) =0, K(p) = 0= p is an inflection point of flat type [14].
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3 Spherical Product Surfaces in E*

Let f: M — E™t¢ be an embedding of an m-dimensional manifold M into
(m + d)-dimensional Euclidean space E™*% and g : S — E"*! be standard
embedding on n-sphere . We define an embedding = : M x S" — Em+n+d
by

X(u,v) = (fi(u), fa(u), -, fnra-1(w), frmra(w)g(v)) (9)
(f1(u) # 0 for all w € M), v € S™. We call it rotational embedding. Here X
is obtained from f by rotating E® about E™+4=1 in Em+n+d [11].

Definition 3.1. Let a, 3: R — E? be Euclidean plane curves. Put a(u) =
(f1(w), fa(w)) and B(v) = (g1(v), g2(v)). Then their spherical product patch is
given by

X=a®pB:E —E% X(u,v) = (fi(u), f2(u)g1(v), f2(u)g2(v));  (10)
u € I = (ug,u1),v € J = (vg,v1), which is a surface in E3.

Superquadrics are a family of shapes that includes not only superellipsoids,
but also superhyperboloids of one piece and superhyperboloids of two pieces,
as well as supertoroids [10]. In computer vision literature, it is common to refer
to superellipsoids by the more generic terms of superquadrics. The following
position vector X defines a superquadric surface (see, [2]):

ay sin®* u Qo COS2 v
cos®! u assin®® v

X(wo) = alu)@50) = |

a1 sint u - -
= a9 COS! U cos®? v ymy <u<g, —rm<v<m (11)
a3 cos®t usin® v

where ay, as and agz are scaling factors along the three coordinate axes.
€1 and €9 are derived from the exponents of the two original superellipses. €
determines the shape of the superellipsoid cross section parallel to the (z,y)
plane, while ¢; determines the shape of the superellipsoid cross section in a
plane perpendicular to the (x,y) plane and containing z axis. Similarly, we
define the spherical product patch of E* as follows;

Definition 3.2. Let o : R — E3 be an Euclidean space curve and 5 : R
— E? Buclidean plane curve. Put o(u) = (f1(u), f2(u), f3(u)) and B(v) =
(91(v), g2(v)). Then their spherical product patch is given by

X =a0B:E — EY X(u,v) = (fi(u), f2(u), f3(w)g1(v), f3(u)g2(v)); (12)

u € I = (ug,u1),v € J = (vg,v1), which is a surface in E*. For the case
fi(u) =0 or fa(u) = 0, the patch X = a ® B : E?> — E3 becomes a spherical
product of two 2D curves.
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Example 3.3. In 1966, T. Otsuki considered the special case a(u) = (f1(u),
fa(u), sinu) and B(v) = (cosv,sinv) such that

X=a®p:S* —EY X(u,v) = (fi(u), f2(u),sinucosv,sinusinv); (13)

(ue€l,0<wv<2n) is asurface patch in B, where (fi")? + (f2')? = sin®u.
In the same paper T. Otsuki consider the following cases;

W hw) = eost(3), flu) = 5s’(), filu) = sinu, (1)
b) filu) = %sinzucos@u), fa(u) = %sinzusin(Qu), f3(u) = sinu(15)

For the case a) the patch X is called Otsuki (non-round) sphere in E* which
does not lie in a 3-dimensional subspace of E*. It has been shown that these
surfaces have constant Gaussian curvature [15].

Example 3.4. Recently, G. Ganchev and V. Milousheva considered the gen-
eral product of the space curve a(u) = (fi(u), fa(u), f3(u)) with the circle
B(v) = (cosv,sinv) such that

X(u,v) = a(u) @ B(v) = (f1(u), f2(u), f3(u) cosv, f3(u)sinv); (16)
u€l,0<wv< 2w where a(u) is parametrized with respect to the arc-length,
ie. (f1)2+(f2)2+ (f3")? =1 and f3(u) >0, [6].

We give an extension of the superquadrics in E*.

Example 3.5. The following position vector X defines a superquadric surface

in E*.
aj cos1 y .
€ e a3 Ccos? v
X(u,v) = oau)®pBv)=| azcos*usin®u | ® e
e a4 sin® v
sint u
a; cos?
ag cost usin! u T
= e . e <u< -, —r<v<wm (17)
aszsin~t ucos? v 2

a4 sin®t usin® v

By eliminating parameter u and v using equality cos®>a + sina = 1, the
following implicit equation can be obtained

<2
2 2\ @ 2 2
T3 |2 Tq |2 x|t €1

ay

T2

+ =1 (18)

as a4 ag

where a4 1s a positive real number.
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Consequently we have the following result.

Theorem 3.6. Let M Ganchev-Milousheva rotation surface given by the
parametrization (16).

i) If k1 # 0 then p lies outside of the curvature ellipse (such a point is said
to be a hyperbolic point of M),

ii) If k1 = 0 then p lies on the curvature ellipse (parabolic point), which is
an inflection point of real type ,

iii) If k1 = 0 and f3"(u) =0 then p is an inflection point of flat type,

where p is the origin of N,M and k1 = fi'f2"(u) — fi”"fo'(u) is the
curvature of the projection of the curve o on the Oeyes- plane .

Proof. The tangent space of Im(X) = M is spanned by the vector fields

0
8)5 = (fi'(uw), f5 (w), f5'(u) cos v, f5'(u) sinv),
%;( = (0,0,—f3(u)sinv, f3(u)cosv).

We choose a moving frame eq, e, e3, €4 such that e;, e; are tangent to M
and es, e4 are normal to M as given the following:

9X X
S
e = %fll/(u)7f2//(’u)7fSH(U)COS’U,fBH(u)Sin'U)
€ = l(f2/fi’)//(“) — f" f3'(w), 1" f5' (w) — fi' f3" (),

K

(£ 2" (u) = fi" 2! (w)) cos v, (1 2" (u) — f1" f2' (u)) sinw

where £ = /(f1")2 + (f2)% + (f3”)? is the curvature of the space curve a(u).
Hence, the coefficients of the first fundamental form of the surface are

E = <Xu(u,v),Xy(u,v)> =1,
F = < Xu(u,v),Xy(u,v) > =0,
G = < X’U(u7 U)’Xv(u7 ,U) > = f32(u)7

where (,) is the standard scalar product in E*. Since EG — F? = f;?(u) does
not vanishes then the surface patch X (u,v) is regular.
The second partial derivatives of X (u,v) are expressed as follows

XUU(“? U) (fll/(u)7 fQN(u)a f3/,(u) Cos v, f3”(u) sin ’U),

X (u,v) (0,0, — f3'(u) sinwv, f3'(u) cosv),
Xow(u,v) = (0,0, —f3(u) cosv, — f3(u) sinv).
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Using (1) and (3) we can get that the coeflicients of the second fundamental
form h are as follows:

< Xyu(u,v),e3 > _ < Xuw(u,v),e3 >

hip = 5 K, hiy= JEG =0,
"
g - e g "
h, = < Xy (u,v),eq4 > _0, b, = < Xuw(u,v),e4 > —0
E ’ VEG ’
n = < Xy (u,v),eq > _ —m,
G Kf3

where k is the curvature of the curve o and k1 = f1' fo" (u) — f1” fo' (u) is the
curvature of the projection of the curve o on the Oe;es- plane.
Thus, by the use of equations (6)-(8), we have

2 ey
AG) =~ 5 K@) == f) £0. (20)
and g
a(p)zl” s ]@). (21)
0 0 Y

So, k1 = 0 implies A(p) = 0, ( and rank (a(p)) = 1), and f3” = 0 implies
K = 0. Hence, by identifying p with the origin of N,M and using (20) with
(21) we get the result. O

Definition 3.7. Let M be an n-dimensional smooth submanifold of m-dimensional
Riemannian manifold N and ¢ be a normal vector field of M. Let &, be m —n
mutually orthogonal unit normal vector fields of M such that ¢ = ||C|| &1 In [3]
B.Y. Chen defined the allied vector field a(¢) of a normal vector field { by the
formula

a(w) = VS (ir(a, a0 &,
=2

where A, = Ag, is the shape operator. In particular, the allied mean curvature
vector field of the mean curvature vector H is a well-defined normal vector field
orthogonal to H. If the allied mean vector a(H) vanishes identically, then the
submanifold M 1is called A-submanifold of N. Furthermore, A-submanifolds
are also called Chen submanifolds [7]

For the case M is a smooth surface of E* the allied vector a(H) becomes

a(H) = @ {tr(AESAm)} e4 (22)
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where {es, eq} is an orthonormal basis of N, M.

Theorem 3.8. [9] Let M be a non-trivial A-surface in E* with e in the
direction of H and ey, ez are principal directions of Ae, .

i) If the coefficients h3, and h3y are the same sign (resp. different sign)
then the origin of N, M lies outside (resp. inside) of the curvature ellipse of
M.

ii) If one of the coefficients h$, or h3, is identically zero then the origin of
NpM lies on the curvature ellipse of M.

We prove the following result.

Theorem 3.9. Let M be Ganchev-Milousheva surface given by the parametriza-
tion (16). If M is a nontrivial Chen surface then the following equation fulfilled

ri(k*fs? = w7 — (f5")?) = 0. (23)

Proof. Suppose M is a Ganchev-Milousheva rotational surface given by the
parametrization (16). The mean curvature vector of M becomes

H- %(h(ehel) + h(eg,ez)) = % {(K — /J:?}/;)es — Kle4} . (24)

Since H is not parallel e3, we can define another orthogonal frame field {ny,ns}
of M such that

f3l/ K1 K1 f3//
— €3 — ——e4, N =—e3+ (k— —)eq.
nf3)3 rfs 4, N2 /<;f33 ( )ea

Kf3

ny = (k

For simplicity let us denote,

. e ) (25)
Kf3’ Kf3’

So, we can get the orthonormal frame field {€3, €4} of M

5. ny ez — ey 5, — n2  pes+ Aey
Tl w0 T e W

Using (1) and (3) we can get that the coeflicients of the second fundamental
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form h are as following;:

~ < Xuu(u,v),e3 > Ak

; _ _ AR 3 — =0
11 E W’ 12 VEG ’
N < Xuulu,v), 64> pr 5 < Xuy(u,0), € >
- ) =" hi,= = - 2
11 E w’ 12 VEG O 20
- < Xoo(u,v),8> =M p?
h3 _ yU), _ 3 [A—
22 G Wkfs T b
w1 < Xe(uwo) @G> —pfy' M
2 = G - Wekfs W

By the use of (26) the shape operator matrices with respect to {€s3,¢é4}

become \ ;
a0 EE 0
L = | W U B 7 7%
A63 [O ﬂ}’Ae‘l_{O 7}.

Further, the trace of the product matrix becomes

Auk?

t'r‘(Ag3 Ag4) = 0By + W

(27)

Suppose, M is a nontrivial Chen surface then tr(Ag3 Ag4) = 0. So, using
the equations (26) with (22) we get

—pufs" Ay Aus?
— =0 28
Al Wkfs W) w2 (28)
Hence, substituting (25) and (26) into (28) we obtain (23). O

Consequently, by the use of (23) we get the following result.

Corollary 3.10. Let M be Ganchev-Milousheva (rotational) surface given by
the parametrization (16).

i) If k1 = 0 and K* = % then M s a trivial Chen surface (i.e. M is
minimal),

i) If k1 = 0 and K* # f;—! then M is a non-trivial Chen surface,

iii) If k1 # 0 and K? = $k—; then M is a non-trivial Chen surface of flat

type (i.e. K(p) =0). !

4 Visualization

The geometric modeling of the 3D-surfaces are very important in surface mod-
eling systems such as; CAD/CAM systems and NC-processing. In this paper,



SPHERICAL PRODUCT SURFACES IN E* 51

a method of spherical product surface in E* of a 3D curve with a 2D curve is
investigated. For demonstrating the performance of the proposed method, the
projection of Otsuki surfaces were constructed in E2. In fact, these projections
can be considered as the spherical product surface in E® which are the simple
parametrization of representing a large variety of standard geometric solids as
well as smooth shapes in between. This makes them much more convenient
for representing rounded, blob-like shape parts, typical for object formed by
natural process.

In the sequel we construct some 3D geometric shape models by using spher-

ical product surfaces given in the Equation (13). First, we construct the geo-
metric model of the Otsuki surfaces defined in Example 3.3 as follows;

Q) filu) = gcos?*(g), fg(u)zgsing(g), Fo(u) = sinu,
b) filu) = %sin2ucos(2u), fg(u):%siHQusin@u), fa(u) = sinwu.

We plot the graph of the projection of these surfaces in E? by the use of
following plotting command respectively (see Figure 1) ;

plot3d([f1(x) + fa(x), fs(x) cos(y), fs(z)sin(y)], x = a..by = c..d]);  (29)

Further, we construct a geometric model of the following Ganchev-Milousheva

Figure 1: The projections of Otsuki surfaces in E?
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rotation surfaces in E*;

c) fil) = exp(x), falr) =cosz, fs(r)=3w+1,
d) fi(z) = sin(x), fo(z) =3sin(z) +5, f3(x) =3z +5,
e) filz) = 3sin(z), fa(x) =z +5, f3(x) =3z +5.

By Theorem 3.6, the above surfaces satisfy the conditions x; = 0 and
K #0 (case a), k1 =0 and K =0 (case b), or k1 # 0 and K = 0 (case ¢). So
by Corollary 3.10 all of them are non-trivial Chen surfaces.

We plot the graph of the projection of these surfaces in E? by the use of
plotting command (29) respectively, (see Figure 2);

Figure 2: The projections of Ganchev-Milousheva rotation surfaces in E?
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