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Smooth pointwise multipliers of modulation
spaces
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Abstract

Let 1 < p,q < oo and s,r € R. It is proved that any function in the
amalgam space W (H_, (RY), £oo), where p’ is the conjugate exponent to p
and H,, (Rd) is the Bessel potential space, defines a bounded pointwise
multiplication operator in the modulation space M;’q(Rd), whenever
r > |s| +d.

1 Introduction

By a pointwise multiplier from a function space A into another function space
B, we mean a function or distribution which defines a bounded linear mapping
of A into B by pointwise multiplication. Pointwise multipliers arise in many
different areas of mathematical analysis and its applications, for example coef-
ficients of differential operators and symbols of more general pseudodifferential
operators may be considered as pointwise multipliers. The theory of pointwise
multipliers acting on several function spaces like Sobolev, Besov and Triebel-
Lizorkin spaces have been developed by several mathematicians, among them
are A. Devinatz, I.I. Hirschman, R. Strichartz, J. C. Polking, J. Peetre, V.
Maz’ya, T. Shaposhnikova, and more recently by W. Sickel, T. Runst, J.
Frank, and H. Koch. For the latest developments on pointwise multipliers of
function spaces we refer to [11] which is entirely devoted to this topic.
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In this paper we will consider the pointwise multipliers of modulation
spaces M3 (RY). (See section 2 for definitions). Modulation spaces are a
family of smoothness spaces which are defined and used effectively by H. G.
Feichtinger in early 1980s. They have origins in abstract and applied harmonic
analysis. We refer to [4] and [6] for further historical and technical information
about modulation spaces. Applications of modulation spaces in vast areas of
mathematical and engineering problems, from signal analysis to the theory of
differential and pseudodifferential operators, implies the necessity for a closer
study of one of the most important operators on these spaces, namely, the
multiplication operators.

One motivation for this work comes from a theorem about pointwise multi-
pliers of Besov spaces due to H. Triebel which states that for o > max{s, %— s}
any function in the Zygmund space €? is a pointwise multiplier for the Besov
space B, . See section 2.8 in [17] for the precise statement and further re-
sults. Due to close similarity between definitions of modulation spaces and
Besov spaces by Fourier analytical methods, we expect that modulation spaces
might enjoy similar smooth multiplier property. The other motivation comes
from a corollary in [2] which states that the space of all pointwise multipliers of
the Sobolev space Hj(R?) is equal to the amalgam space W (H5(R?), (o) for
5> %. By the fact that H3(R9Y) = M3 5, the question arises whether a similar
result holds true for other modulation spaces My . We remark that afore-
mentioned result on pointwise multipliers of the Sobolev spaces was known,
before appearing in [2], and is due to Srichartz, cf. [15]. However, the idea of
using the amalgam spaces for it’s proof in [2] was inspiring to us.

In what follows we will give an answer to the questions raised above, more
precisely, we prove that any function in the amalgam space W (H,, (RY), o) is
a pointwise multiplier from the modulation space M, (R9) into itself, where
1<p,qg<oo,s€R, and r > |s|+d. Here d is the dimension of the underlying
Euclidean space R?.

We remark that we will not consider the theory of Fourier multipliers of
modulation spaces. We just mention that the theory of Fourier multipliers
of modulation spaces is considered in [5], where a characterization of Fourier
multipliers of modulation spaces, by using amalgam spaces, is given.

2 Preliminaries and Notations

In this section we fix notations and provide necessary definitions.

General definitions. If X and Y are two quantities (typically non-
negative), we use X < Y to denote the statement that X < CY for some
absolute constant C' > 0. Also we use X ~ Y to denote the statement
X <Y < X. Al function spaces in this paper are considered on the d-
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dimensional Euclidean space R%. .# and .#’ denote the Schwartz space of
rapidly decreasing smooth functions and it’s dual space of tempered distribu-
tions, respectively, with their usual topologies. For two function spaces X and
Y, X < Y means that, X is continuously embedded into Y. % denotes the
Fourier transform normalized as

Fiw)= | fae e a,

which acts isomorphically and continuously on . and .’ and is a unitary
operator on Ly. We will extensively use the weight functions

ws(y) = () = (1+y*)2, seR

The operators of translation and modulation are defined by

Tyf(x)=fle—y) and  M,f(z) =" f(a),

respectively.

Banach spaces of functions and distributions. For a Banach space A and
f € A, the norm of f in A will be denoted by ||f : Al or || f]|a. For 1 < p < oo,
L, is the Lebesgue space on R, £, is the corresponding sequence space on VAS
and /7 is the weighted sequence spaces with weight ws. For 1 < p < oo and
s € R, the Bessel potential space is defined to be the set of all tempered
distributions f such that ||f : HS| = ||#F 'ws.Z f : Lyl| < co. With this
norm H, is a Banach space. Now we define amalgam spaces which play a
central role in the whole theory of modulation spaces. Amalgam spaces have
been defined in more general settings in [1], which still preserves a lot of nice
properties and includes as a special case the spaces defined below. Let B be
a Banach space of functions or tempered distributions such that . <— B and
which is module over .7, i.e.

Voe S NfeB, o¢febB.

Let ¢ be an infinitely differentiable function with compact support such that
> peza Trp(x) =1, for all z € R%. Now letting ¢ (2) = Tro(z), the amalgam
space W (B,£;) is defined to be the set of all tempered distributions f for
which the norm defined by

1F = WB. )N = |[{llenfll5 ez :

is finite. W (B, 62) is a Banach space of tempered distributions. An example
of a amalgam space which will be used is W(H,,l«). Also we will use the
notion of amalgam space in the definition of modulation spaces. Let #L,
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denote the image of L, under the Fourier transform. Recall that the Fourier
transform maps %’ into itself and L, C /. FL, is a Banach space of
tempered distributions with the norm defined by || f : ZL,| = ||Z ' f : L,|.
Let ¢ be as above. For s € R? and 1 < p, ¢ < 0o, the modulation space M,
is the set of all tempered distributions f for which the norm defined by

q

If = My,

|=|Ff - W(FLp )] = | Do I F onZ (k)™

kezd

is finite. For s € R and 1 < p,q < oo, M is a Banach space of tempered
distributions. The family of modulation spaces contains some well-known
function spaces, more precisely M 2 = Lo, M3, = H3, the Sobolev space and
My = S,, a well-known Banach algebra in abstract and applied harmonic
analysis, called Feichtinger algebra. It is possible, and also more common in
time-frequency analysis texts (see [6]), to define modulation spaces, equiva-
lently, by using the notion of short time Fourier transform (STFT), but we
found the definition given above more appropriate for our purpose. Modula-
tion spaces are suitable spaces for many purposes in mathematical analysis
and it’s applications such as time-frequency analysis and PDE’s. We have the
following continuous embeddings between modulation spaces

p1<p2, @ <@ s1<s = M —M:? .

Also we have the following continuous embeddings between modulation ad
Lebesgue spaces
Mpy = Ly = M5,

for s1 > % and s9 < ,% and

Mpy1 — Ly = M, .

For 1 <p,q < oo and s € R, the dual space of M,  is M;,fq,.

3 Pointwise multipliers

In the rest of this paper we will be concerned with the pointwise multipliers
of modulation spaces. Let A be a function space. g € .’ is called a pointwise
multiplier for the space A, if there exists C' > 0 such that

lgf = Al < Cllf = A (3.1)

for all f € A. In other words, g is a pointwise multiplier if f — ¢f defines a
bounded mapping in A. The smallest C' satisfying 3.1 is called the multiplier



SMOOTH POINTWISE MULTIPLIERS OF MODULATION SPACES 321

norm of g and is denoted by ||g : M(A)||. Depending on the function space
A, one might make clear that what is meant by the pointwise multiplication
in 3.1, where g or f may be singular distributions. For a discussion of this
problem see [10]. Here for arbitrary f,g € ./, we define f - g as follows: For
neN,let I, = {k € Z% : |k| <n}. Then we define

frg=lim > [F'oF ] [F 0T ], (3.2)
klel,

whenever this limit exists in .
In general we will denote the space of all pointwise multipliers of a function
space A by M(A). The following result on pointwise multipliers of Bessel

potential spaces is due to Strichartz [15]. See also [11] for further results on
multipliers of Bessel potential spaces.

Theorem 3.1. Let 1 <p< oo, s€R and s > %, then
M(Hp) =W(Hp, lo).

As we mentioned in the introduction we will not deal with Fourier multi-
pliers of function spaces, however, to prove the main result we will need an
estimate for a Fourier multiplier for L,. We say that m € L. is a Fourier
multiplier for L, if

Hﬁ_lmﬁf:[/pH <C|f: Lyl (3.3)

for all f € .. The space of all Fourier multipliers of L,, is denoted by Mg (L,).
The smallest constant C, such that 3.3 holds true, is denoted by || f : Mg (L,)]|.

Lemma 3.2. Letr e R,1 <p< oo and k € Z. Then
lwrpr : M (Lp)|| < wr(k).

Proof. Since Ly * L, — L,, we have # L,-% L, — ¥ L, and hence ¥ L, —
M(Z(Ly)) = Mg (L) with || - : Mg (Ly)|| S || -« #L1]|. Consequently, we
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have
lwrpr = M (Lp)|| S llwripr = F (L1
— [ 17wl
Rd
= [ 1P e ©lva(©w-aa (€
S 1 (wrpk)wat : Loo||
SF T wagr F (wrpr) - La| (3.4)
< D 1D (weer) : L
|a|<d+1

< wr (k).

Here D is the differential operator, @ = (aq, -+ ,aq) is a multi-index, |a| =

a1 + -+ + g is it’s length, and in inequality 3.4 we have used Riemann-
Lebesgue’s lemma.

Theorem 3.3. Let s,r € R, r > |s|+d and 1 < p < oo. Then
W (H, foo) — M(M,).

Proof. We proceed the proof in 3 steps.
Step 1. We have

1= Ml = 7 e Al Lo yepa G

= {Hﬁ_lTkerkw,r@kﬁf : LpH}keZd : é;

= HIF " ThwronF F Tow T f| s Ly} cpa £

< {1 Twwrr : Mo (Ly)| HfflTkw_,nng : LPH}keZd Ay
< weg : Mg (L)l H{Hﬁ‘lw,ryM,kf LYyt
S RIM=ws = 1T} 4] (3.5)

Step 2. For j € 7% let
j* = {i € Z% : supp(s) N supp(ip;) # 0}
Since
[Moif HT|| = (|7 0w F (Mo f) : Ly
|7 (Thw—r) 7 [+ Ly
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and

F N Tew-r) 7 f Yo > F N T )eiei 7 f

jEZ iEG*

Y> F el Tvw ) FF o, F S,
jezd i€z

with convergence in ./, we have
Mot ] < S0 S e (Towos) s Mo (L) | # 7 0, 7 F L

JISARIS R

Now by Lemma 3.2
i Thw—r : Mz (Lp)|| S w—r(k — i)

and therefore

IM_wf : H' | S )Y wonk—i) [|F 0,7 f - L. (3.6)
jezd i€j*

Since i € j*, we have w_,(k —i) ~ w_,.(k — ), and therefore we may replace i
by j in 3.6. After this substitution, by using the fact |j*| ~ 1, we see that the
right hand side of 3.6 is actually a convolution of two sequences {w_,(j)};eza
and {||F_1¢;Z f : Lp|}jeza. By invoking Young’s inequality and using the
w|s-moderateness of the weight function ws, i.e.

ws(x + y) < w|s|(z)w9(y)’

we have

[ s 7Y

S [{wr ()} 4

|17 2521 - L} e

Since r > |s| + d, we have H{w_r(j)} : E‘lsl

jezd < 00, and finally we arrive at

H{HM*’ff : Hp_TH}kezd :62

SF M5l (3.7)

Step 3. Since the operator of multiplication is self-adjoint we have M(H;’") =
M (H;,), with equality of the corresponding norms. Finally, Theorem 3.1 to-
gether with 3.5 and 3.7 completes the proof.

By [5, Theorem 15] the space of pointwise multipliers of W (.# L,,, {;) can be
characterized as the amalgam space W (Mg (L,), {), with equivalent norms.
On the other hand M, ,, = W(ZFL,, {;), with equal norms . Therefore we have
the following characterization theorem for pointwise multipliers of modulation
spaces M, ,,.

202
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Theorem 3.4. Let 1 <p < oo. Then
M(Mp,p) = W(Mz(Lyp), lo),
and specifically,
M(Mi1) = M(Meo,00) = W(ZF L1, loo). (3.8)
Note that the last equality in 3.8 follows from
Mg(L1) = FM,

where M is the space of bounded regular Borel measures on R?, and the fact
that (gZM)loc = (ng)loo

In the rest we will compare Theorem 3.3 with a known result in the litera-
ture concerning the pointwise multipliers of modulation spaces. The following
theorem on convolution of amalgam spaces is due to Feichtinger. See [1] for a
general version of this theorem.

Theorem 3.5. Let 1 < p,q,p1,q1,P2,q2 < 00 such that

1 1 1 1 1 1
—=—-+— and —+1=-+4—, (3.9)
D2 P N qz q q
then
WA(F Ly, Lg) x W(F Ly, , Lg,) = W(F Lp,, Ly,) (3.10)

Since modulation spaces are, by definition, images of amalgam spaces under
inverse Fourier transform, 3.10 implies that

M, g My, g0 — My, (3.11)

1,91

which in terms of pointwise multipliers means that
MP#I — M(Mphth ? Mpz,qz)' (3'12)

Here M (Mp, ¢, Mp, q,) denotes the space of all pointwise multipliers from
M, 4, to Mp, 4,. In the special case when p; = ps and ¢; = g2 the embedding
3.12 turns to the following

Muoq = M(M,,). (3.13)

The modulation space M. 1, called Sjostrand algebra, is a Banach algebra
of continuous functions with pointwise product. It provides a symbol class
for an algebra of bounded pseudodifferential operators on Lo (and also on all
modulation spaces) which has the spectral invariance property. See [14] and
[7] for properties and applications of M ;1 in the theory of pseudodifferential
operators. To see how much W(H;,[OO) and M, 1 are closed to each other,
at least set theoretically, we prove the following embeddings.
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Proposition 3.6. For1 <p<oo and s > d,
(Z) H; — Moo,l — W(ﬂLl,goo)
(i) Hp — W(H;,éoo) — W(FL1,l)

Proof. (i) Let B, , and F;  denote the Besov and Triebel-Lizorkin space,
respectively. Then H, = Fj, (see [17]). By Proposition 2.3.2 in [17] we have
the following sequence of embeddings

s s d
Fpo = By nax (p2y = By

We need to show that
Bl — M. (3.14)

To this end, let {¢,, }nen, be the dyadic partition of unity used in the definition
of Besov spaces. Let N,, = {k € Z¢ : supp x Nsupp, # 0}. Then

If: Mool = > |7 enZ f|

kezd

>

kezd

> F T f

n€ENy

oo

SN NF e F T |

neNy, keEN,

> 2 177

neNy kEN,

> 2Nl = IIf Byl

neNy

IN

A

75,

p/

N

The second embedding follows from embeddings of amalgam spaces as in [3,
Theorem 9].

(i) For k € Z%, Ty, is an isometry on W (H}, +) and ¢ € .# is a pointwise
multiplier for H,. Therefore

HS < W(HS, lo).

(This embedding can also be deduced from the localization property of Hp,
see [15].) We prove the second embedding. By [13, Lemma 1], the modulation
space Mo 1 is locally the same as F Ly, i.e. (Moo 1)ioc = (F L1)ioe. There-
fore W(F L1,0s) = W(Mso,1,¢s). Now (i) and the embedding properties of
amalgam spaces proved in [1] will give the result.
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Remark 3.7. The embedding 3.14 used in the above proof is new and it is not
comparable with existing embeddings of modulation and Besov spaces in [16]
and [12]. Tt is stronger than the embedding of Heil, Ramanathan and Topiwala
in [9] and [8], which states that BE, ., = C¢ < My 1, whenever o > d.
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