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Abstract

In this paper we study the fractional maximal operator M., 0 < a <
Q and the Riesz potential operator Jo, 0 < @ < @ on the Heisenberg
group in the modified Morrey spaces L, (H, ), where @ = 2n + 2 is
the homogeneous dimension on H,,. We prove that the operators M,
and J, are bounded from the modified Morrey space EL)\(Hn) to the
weak modified Morrey space W Ly » (H,,) if and only if, a/Q < 1—1/¢ <
o/(Q — A) and from L, »(H,) to Ly (H,) if and only if, o/Q < 1/p —
/g <a/(Q@=A).

In the limiting case % <p< % we prove that the operator M, is
bounded from Zp,,\(Hn) t0 Loo(H,) and the modified fractional integral
operator I, is bounded from Zp,A(Hn) to BMO(H.,,).

As applications of the properties of the fundamental solution of sub-
Laplacian £ on H,,, we prove two Sobolev-Stein embedding theorems on
modified Morrey and Besov-modified Morrey spaces in the Heisenberg
group setting. As an another application, we prove the boundedness of
Ja from the Besov-modified Morrey spaces BLyg y(H,) to BL3y  (Hy).

1 Introduction

Heisenberg group appear in quantum physics and many parts of mathematics,
including Fourier analysis, several complex variables, geometry and topology.
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Analysis on the groups is also motivated by their role as the simplest and
the most important model in the general theory of vector fields satisfying
Hormander’s condition. In the present paper we will prove the boundedness
of the Riesz potential on the Heisenberg group in modified Morrey spaces.

We state some basic results about Heisenberg group. More detailed infor-
mation can be found in [9, 11, 30] and the references therein. Let H,, be the
2n + 1-dimensional Heisenberg group. That is, H,, = C™ x R, with multipli-
cation

(z,t) - (w, 8) = (z +w,t + s+ 2Im(z - w)),

where z - w = Z?:l zjw;. The inverse element of u = (2,t) is u™! = (—z, —t)
and we write the identity of H,, as 0 = (0,0). The Heisenberg group is a
connected, simply connected nilpotent Lie group. We define one-parameter
dilations on H,,, for r > 0, by d,(z,t) = (rz,r%t). These dilations are group
automorphisms and the Jacobian determinant is 7%, where Q = 2n + 2 is
the homogeneous dimension of H,. A homogeneous norm on H, is given
by |(z,t)] = (2> + [t|)*/2. With this norm, we define the Heisenberg ball
centered at u = (z,t) with radius r by B(u,r) = {v € H,, : |u~v| < r},
GB(un‘) =M, \ B(u,r), and we denote by B, = B(0,r) ={veH, : |v] <r}
the open ball centered at 0, the identity element of H,,, with radius r. The
volume of the ball B(u,r) is Cor@, where Cg is the volume of the unit ball
B;.

Using coordinates u = (z,t) = (z+1y, t) for points in H,, the left-invariant

vector fields X;, Y; and T on H,, equal to % , aiy and % at the origin are
J J
given by
0 0 0 0] 0
Xi=—+2yj—, Vi=— —-20,—, T=—
oz, TYiee T gy e T T o

respectively. These 2n + 1 vector fields form a basis for the Lie algebra of H,
with commutation relations

[Y;, X;] =4T
for j =1,...,n, and all other commutators equal to 0.

Given a function f which is integrable on any ball B(u,r) C H,, the
fractional maximal function M, f, 0 < a < Q of f is defined by

Mo f(u) = sup | B(u, r)| 1 & / F@)dV ().
r>0 B(u,r)

The fractional maximal function M, f coincides for a = 0 with the Hardy-
Littlewood maximal function M f = My f (see [9, 30]) and is intimately related



RIESZ POTENTIAL ON THE HEISENBERG GROUP AND MODIFIED MORREY SPACES 191

to the fractional integral
i@ = [ Pl Ceave),  0<a<a.
Hy,

The operators M, and I, play important role in real and harmonic analysis
(see, for example [8, 9, 30]).

The classical Riesz potential is an important technical tool in harmonic
analysis, theory of functions and partial differential equations. The classical
Riesz potential J, is defined on R™ by

Jof = (=A)"2f, 0<a<n,

where A is the Laplacian operator. It is known, that J, f(z) = y(a) ™" [5. |z —
yl* " fy)dy = Lo f(z).

The potential and related topics on the Heisenberg group we consider the
sub-Laplacian defined by

L==Y (X7+Y7).

j=1
The Riesz potential on the Heisenberg group is defined in terms of the
sub-Laplacian L£.

Definition 1.1. For 0 < a < @, the Riesz potential I, is defined, initially on
the Schwartz space S(H,,), by

Jaf(z,t) = L_%f(z,t).

In [33] the relation between Riesz potential and heat kernel on the Heisen-
berg group is studied. The following theorem give expression of J,, which
provides a bridge to discuss the boundedness of the Riesz potential (see [33],
Theorem 1).

Theorem A. Let qs(z,t) be the heat kernel on H,,. For 0 < a < Q, we
have for f € S(H,)

Jof(z,t) = /F(%)_lsg_l%(')ds*f(z,t).

The Riesz potential J, satisfies the following estimate (see [33], Theorem
2)
Jaf (2, 0)] S Laf(2,1). (1)
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Inequality (1) gives a suitable estimate for the Riesz potential on the Heisen-
berg group.

In the theory of partial differential equations, together with weighted L,, .,(R™)
spaces, Morrey spaces L, x(R™) play an important role. Morrey spaces were
introduced by C. B. Morrey in 1938 in connection with certain problems in el-
liptic partial differential equations and calculus of variations (see [22]). Later,
Morrey spaces found important applications to Navier-Stokes ([20], [32]) and
Schrédinger ([23], [24], [25], [27], [28]) equations, elliptic problems with dis-
continuous coefficients ([3], [6]), and potential theory ([1], [2]). An exposition
of the Morrey spaces can be found in the book [19].

Definition 1.2. Let 1 <p < oo, 0 < A < Q, [t]y = min{l,t}. We denote by
L, \(H,) the Morrey space, and by L, »(H,) the modified Morrey space, the
set of locally integrable functions f(u), u € H,,, with the finite norms

1/p
Il = sup (N / f(y)l”dV(v)> |
’ u€H,, t>0 B(u,t)

u€H,,t>0

1/p
Iflz,, = sup (W / ( t)lf(y)l”dV(v)>

respectively.

Note that

LP,O(Hn) = pro(Hn) = Lp(Hn)v

Lya(Hy) Cr Lyn(H)NLy(H,)  and - max{|[fl|z,,. | flz,} < Iflz,, (2)

and if A < 0 or A > @, then L, y(H,,) = L, »(H,,) = ©, where O is the set of
all functions equivalent to 0 on H,.

Definition 1.3. [15] Let 1 < p < 00, 0 < XA < Q. We denote by WL, »(H,)
the weak Morrey space and by WLy, x(H,,) the modified weak Morrey space the
set of locally integrable functions f(u), u € H,, with finite norms

_ 1/
I fllwy, , =swpr sup (£ [{ve Blu,t): [f(v)] >r})"",
’ r>0 w€eH,,t>0

_ 1/
Iflwz,, =swr sw ([ [{veBu,t): [f()]>r}) "
? r>0 weH,,t>0

respectively.
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Note that
WLy(Hyn) =WLyo(H,) = WZ%O(HH)’
Lp(Hn) C WLy x(Hp) and || fllyp, , < Ifllz,,
Lya(Hn) C WLy a(Hy) and | fllyz <]z, , -

The classical result by Hardy-Littlewood-Sobolev states that if 1 < p < ¢ <

00, then I, is bounded from L,(H,) to Ly(H,) if and only if « = Q (% — %)

and for p =1 < ¢ < 00, I, is bounded from L, (H,) to WL, (H,) if and only
ifa=Q (1 - ;).

Spanne (see [29]) and Adams [1] studied boundedness of I, on R™ in Morrey
spaces Ly, »(R™). Later on Chiarenza and Frasca [5] was reproved boundedness
of I, in these spaces L, »(R™). By more general results of Guliyev [12] (see,
also [13, 14, 15]) one can obtain the following generalization of the results in
[1, 5, 29] to the Heisenberg group case (see, also [21]).

Theorem B. Let 0 < a<Q and 0 <A< Q —a, 1 <p< %

Ifl<p< %, then condition + — % = 25 is necessary and sufficient

for the boundedness of the operator I, from L, »(H,,) to Lq x(H,).

2) If p =1, then condition 1 — % = ﬁ is necessary and sufficient for the
boundedness of the operator I from Ly x(Hy) to WLg x(H,,).

fa= % - %, then A = 0 and the statement of Theorem B reduces to the
aforementioned result by Hardy-Littlewood-Sobolev.

Recall that, for 0 < a < Q,

Mo f(u) < o8 Lo(|f])(w), (3)

hence Theorem B also implies the boundedness of the fractional maximal
operator M,, where v,, = |B(e, 1| is the volume of the unit ball in H,,.

We define BMO(H,,), the set of locally integrable functions f with finite
norms

[fll« = sup \Brlfl/ [f(v™ ) = fB, (w)]dV (v) < oo,
r>0, ueH,, B,
where fp, (u) = B[~ [z fv™u)dV (v).

In this paper we study the fractional maximal operator M, and the Riesz
potential operator J, on the Heisenberg group in the modified Morrey space.
In the case p = 1 we prove that the operators M, and J, are bounded from
L1 (Hy) to WLy (H,) if and only if, o/Q < 1—-1/¢ < o/(Q — X). In the
case 1 < p < (Q — \)/a we prove that the operators M, and J,, are bounded
from Ly x(H,) to Ly (H,) if and only if, a/Q < 1/p —1/q < a/(Q — \).
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In the limiting case % <p< % we prove that the operator M, is

bounded from Zp) A(H,) to Lo (H,,) and the modified fractional integral oper-
ator I, is bounded from ET,A(H,L) to BMO(H,,).

As an application of the properties of the fundamental solution of sub-
Laplacian £ on H,,, in Theorem 3.3 we prove the following modified Morrey
version of Sobolev inequality on H,,:

”“HZM < CHV@“”ZP,A’ for every w € C§°(H,),

Wher60§A<Q,1<p<Q—)\andi§%—%§ﬁ.
In Theorem 7 we obtain boundedness of the operator J, from the Besov-
modified Morrey spaces BLy, y(H,) to BL3, \(H,), 1 <p < g < o0, a/Q <
1/p—1/g<a/(Q@—-XN),1<f<oc0cand 0 <s <1
As an another application, in Theorem 3.5 we obtain the following Sobolev-

Stein embedding inequality in Besov-modified Morrey space on H,,.
- < ~ o0 n
Hu||BL.;M < CHVLUHBL-;M’ for every u € C§°(H")

where 0 < A < Q@ -1, 1 <p<@—-—XA1<600< 00,0< s <1 and
1/Q<1/p—1/¢<1/(Q = A).

By A < B we mean that A < C'B with some positive constant C' indepen-
dent of appropriate quantities. If A < B and B < A, we write A ~ B and say
that A and B are equivalent.

2 Main Results

The following Hardy-Littlewood-Sobolev inequality in modified Morrey spaces
on the Heisenberg group is valid.

Theorem 2.1. Let 0 < a<Q,0<A<@Q—-—aand1 <p< %
NIfl<p< %, then condition % < % — % < ﬁ s necessary and
sufficient for the boundedness of the operators Jo and I, from L, \(H,) to
qu\(Hn)-
Q- a

2) If p =1 < ===, then condition o] <1- % < ﬁ s necessary and
sufficient for the boundedness of the operators I, and I, from EL,\(Hn) to
W Lg(Hy,).

Corollary 2.1. Let 0 < a< @Q,0< A< Q —«a and

1
22 tion, 2 < 1 _ 1
1) If 1 < p < =37, then condition & < & — o <

sufficient for the boundedness of the operator M, from Zp, (H,) to Zq,,\(]HIn).

<p< L2
[0

s mecessary and
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2)Ifp=1< %, then condition % <1- %
ficient for the boundedness of the operator M, from zl,,\(Hn) to qu)\(Hn).

3) If % <p< %, then the operator M, is bounded from Epy,\(Hn) to
Loo(H,).

< ﬁ is necessary and suf-

The examples show that the operator I, are not defined for all functions
fELpAML), 0SA<Q—a,ifp> L2,
We consider the modified fractional integral

Tuf(@) = [ (ju 1770 = ol O, (0)) F0)aV o),

n

where XCpe1) is the characteristic function of the set GB(e, 1) =H, \ Ble, 1).

Note that in the limiting case % <p< % statement 1) in Theorem
B does not hold. Moreover, there exists f € f/pﬁ)\(]HIn) such that I, f(u) =
oo for all w € H,,. However, as will be proved, statement 1) holds for the
modified fractional integral I, if the space Lo (H,) is replaced by a wider
space BMO(H,,).

The following theorem we obtain conditions ensuring that the operator I,
is bounded from the space L, »(H,,) to BMO(H,,).

Theorem 2.2. Let 0 < a < @, 0 < A < Q — «, and% <p< %, then
the operator I, is bounded from Zp,,\(]HIn) to BMO(H,). Moreover, if the
L 9= < p < %, then

a =

integral I, f exists almost everywhere for f € L, x(H,,),
I.f € BMO(H,) and the following inequality is valid

Hafllzrmo < Clflz,

where C' > 0 is independent of f.

3 Some applications

It is known that (see [4], p. 247) if || is a homogeneous norm on H,,, then there
exists a positive constant Cy such that T'(x) = Cp|x|?~? is the fundamental
solution of L.

From Theorem 2.1, one easily obtains an inequality extending the classical
Sobolev embedding theorem to the Heisenberg groups.
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Theorem 3.3. (Sobolev-Stein embedding on modified Morrey spaces)
Let 0 <A< Q,1<p<@Q— A andé < %—% < ﬁ Then there exists a
positive constant C' such that

||uHZM < CHVLUHE}M’ for every u € C3°(Hy,,).

Proof. Let v € C3°(H,,). By using the integral representation formula for the
fundamental solution (see [4], p. 237), we have

u(z) = /H Iz 'y) Lu(y)dy (4)

n

Keeping in mind that £ = >0 (X? +Y?) and X = —X;, Y* = -V, by
integrating by parts at the right-hand side (4), we obtain

u(z) = /H (VeT) (@ ')V culy)dy. (5)

n

On the other hand, out of the origin, we have
Vel(z) =Co Ve (J2*79) = (2 - Q)Co |z|" @ V|,
so that, since V|| is smooth in H, \ {0} and d-homogeneous of degree zero,
VeD(z) < Ol ~9,

for a suitable constant C' > 0 depending only on £. Using this inequality in
(5), we get

u(2)] < C/H IV euy)llz'"%dy = CL(IV cul) (). (6)

Then, by Theorem 2.1,
lullz, , < CIL(Veullz, , < CIVeullz, .
O

In the following theorem we prove the boundedness of J, in the Besov-
modified Morrey spaces on H,

. If@) = FOIL s
BLyp A o) = {f : I/l 51z, = I71Ig, ,+( /H e ) <o)

(7)

where 1 < p,0 <ocoand 0 < s < 1.
Besov spaces B;e(]HIn) in the setting Lie groups were studied by many
authors (see, for example [8, 10, 16, 26, 31]).
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Theorem 3.4. Let 0 < a < Q, 0 < A< Q—-aand 1 <p < &2 If

(0%
% < %—% < Q‘i/\, 1 <60 <00 and 0 < s < 1, then the operator I, is
bounded from the spaces BEZS)Q’A(H") to Bz;g’)\(Hn» More precisely, there is

a constant C > 0 such that

”jaf”BZ;eA < C”fHBZ;S’X

holds for all f € BL3, (H,).

Proof. By the definition of the Besov-modified Morrey spaces on H,, it suffices
to show that

ImyJdaf = Iaflz, , < Cliryf = flz,

where 7, f(z) = f(yzx).
It is easy to see that 7, f commutes with Jo, i.e., T,Jof = Ja(7y f). Hence
we obtain

|Tyjaf —Jofl= |Ja(7—yf) =Jafl < Ja(|7—yf - f1)-

Taking E,,y a-norm on both sides of the last inequality, we obtain the desired
result by using the boundedness of J, from L, x(H,,) to L, x(H,).
Thus the proof of the Theorem 3.4 is completed. O

From Theorem 3.4 we obtain the following Sobolev-Stein embedding in-
equality on Besov-modified Morrey space.

Theorem 3.5. (Sobolev-Stein embedding on Besov-modified Morrey
space) Let 0 < A< Q—-1,1<p<@Q—-)\1<0<o0and 0< s < 1. Then
there exists a positive constant C such that

lullaz;, , < CIVeulpp,, . for every u e CF(E")

where 1/Q < 1/p—1/¢ < 1/(Q — \).

The Dirichlet problem for the Kohn-Laplacian on H,, belongs to Jerison
[17, 18]. In particular, our results lead to the following apriori estimate for
the sub-Laplacian equation £ f = g.

Theorem 3.6. Let0<s<1,1<0<o0,gE€
DIF0<A<Q-2,1<p< LA and 3 <
a constant C > 0 such that

1
P

~ < _ .
Hf”BLZeYA = CHQHBL-;Q,A
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,2)[f0§)\<Q—1,1<p<Q—)\andé§ — L < L then there exists

Q=

1
P

Q—X
a constant C > 0 such that
||X1fHBZ;9A S C”g”BZ;&A, 7= 1727 -eemn,
[Yiflpr,, <Clallpr,, - i=L2.n.

The proof of Theorems 3.5 and 3.6 are similar to Theorem 3.3.

4 Preliminaries

Define fi(u) =: f(0,u) and [t];,+ = max{1,t}. Then

Q
P

1/p
_ _ A-Q
il =% s ( *f f(v)lpdV(v)> =5 1l
: u€H,,, r>0 B(8yu,tr)

1/p
Hft||zZM = sup <[rh—)‘ /B( )|ft(v)|i” dV(U))

u€eH,,, r>0

1/p
_Q _
—t%  sup ([r]f/ |f(7f)|pdV(’U)>
u€H,,, r>0 B(6su,tr)

Q [tr] Alp e
=17 sup ( 1) sup [tr]f)‘/ |f(v)|PdV (v)
r>0 \ [T]1 u€H,,, r>0 B(Svu,tr)

Q. .2
=t [, £z, -

In this section we study the En a-boundedness of the maximal operator M.

Lemma 4.1. Let 1 <p<o0o, 0< A< Q. Then

Lya(Hy) = Lya(Ha) O Ly(Hy)  and |Iflz, = max{Ifl,, 71, }-

Proof. Let f € Ly A(H,). Then from (2) we have that f € Ly x(H,) N L, (H,,)
and max {11, 171, } < ISz, -
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Let now f € L, A(H,,) N L,(H,,). Then

1/p
I£lz,, = s (W / If(v)l”dV(v)>
’ u€H,,, t>0 B(u,t)
1/p
= max sup <t>‘/ |f(U)|pdV(U)> )
uw€H,,,0<t<1 B(u,t)

1/p
sup ( / If(v)l”dV(v)>
u€H,,t>1 B(u,t)

<max {1,171, }

Therefore, f € fp),\(Hn) and the embedding L, »(H,,) N L,(H,,) C Ep7,\(Hn)
is valid. B

Thus Lz (Hy) = Ly (H)OLy (Hy) and || fl17, = max {71, 1], }-

O

Analogously proved the following statement.
Lemma 4.2. Let 1 <p<o0,0< A< Q. Then
WLy (H,) = WLy (H,) N WL,(H,)

and

10wz, , = max {|fllwr, , I, } -

Theorem 4.7. [21] 1. If f € L1 x(H,), 0 < A < Q, then M f € WLy x(H,)
and

1M fllwzr, < Callfllzy s

where Cy depends only on n and A.
2. If fe L \(H,),1<p<oo, 0<A<Q, then Mf € L, \(H,) and

IMfllL, s < Cpallfliz, s

where Cp, \ depends only on n, p and \.

The following statement is valid:
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Theorem 4.8. 1. If f € L1 x(H,), 0 < A < Q, then Mf € WLy x(H,) and

1M fllyz, , <Cra

where C1 x depends only on \.
2. If fe L (H,),1<p<o00,0<A<Q, then Mf € L, \(H,,) and

IMfllz, , < Cpalfllz,

where Cp, 5 depends only on p and .

£z,

Proof. Tt is obvious that (see Lemmas 4.1 and 4.2)

1M1l , =max {IMSl,, M, |

for 1 < p < oo and

1My, , = max {IM iy, 1M, b

for p = 1.
Let 1 < p < co. By the boundedness of M on L,(H,,) and from Theorem
4.7 we have

IMfllz, , <max{Cy CpatlIflz, , -

Let p = 1. By the boundedness of M from L, (H,) to WL;(H,) and from
Theorem 4.7 we have

M fllyz, , <max{Cy,Cix}Ifllz, -

Lemma 4.3. Let 0 < a < Q. Then for 2Ju| < |v|, u,v € H,, the following
inequality is valid

e et e L 1} (8)
Proof. From the mean value theorem we get
[lo™ =@ = Jo]* 9] < o~ | — ol | - €479,
where min { v~ ul, [v]} < & < max {Jv™tul, [v]}.

We note that 1|v| < [v™ u| < 2|v[, and |[o™ u| = |v]| < |ul.
Thus the proof of the lemma is completed.
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5 Proof of the Theorems

Proof of Theorem 2.1.

1) Sufficiency. Let 0 < a < Q,0 < A< Q —«, f € zp7>\(Hn) and
1<p< % Then

u) = ) |up 2@ v) = A(u u,t).
L f(u) ( /B o /GB(u’t)) @)™ RdV (0) = A(u, 1) + Clu, )

For A(u,t) we have

Awdl < [ (@l 04 ()
B(u,t)
SR @IV )
= B(u,2-i+14)\ B(u,2-7t)
Hence

[Au, t)] S 1M f(u). (9)

In the second integral by the Holder’s inequality we have

1/p
Cu, 1)) < ( /GB( , |uv-1|-5f<v>|pdV<v>>

/v
x / |G @ gy () | =y
|:}B(u,t)

Let A < 8 < @ — ap. For J; we get
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oo

1/p
n=(%f )Pl [2dv (v))
20 B(u, 27414\ B(u,27t)

1/p
<t7# flz,, 22 )

[log o0 N\1/p
2>‘t>‘ Z 2(/\ B)Jj Z Q—ﬂj) , 0<t<%,
=75 |flz, s=los, 1+1
A L/p
_ 1
(.202 BJ) ’ tz3
j=
=L t+tﬁ , 0<t< 1
i { "2
t>1
-8

7T,O<t<
~|fllz, . { o

1
. t>1

= A7 5 1l , - (10)

For Jy we obtain

From (10) and (11) we have
A a_Q
C )l SHF % Iflg, , - (12)

Thus for all ¢t > 0 we get

(o f(u)] < (t”‘Mf(U)ch; 1o IIfL'm)
gmin{taMf(u)tha‘% Iflz, . 1M f(u) + 1275 IIfIIEN}'

Minimizing with respect to ¢, at

e=[oaray g,

and

Y e T
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we have
1— P 1— B>
) Mfw) )\ T [ Mfw)|
1, < (11 min , ~ .
| f(u)‘ <Cn <||f||f,pd> <||f||ip/\> ||fHLp,>\
Then
o f ()| S (M ()" 171717

Hence, by Theorem 4.8, we have
[ serave sy [ o)y ave
B(u,t) P2 J B(u,t)
SERIAIE,

which implies that I, is bounded from Ep A(H,) to Zq’A(Hn).
Necessity. Let 1 < p < @2 f ¢ L A(H,) and the operators I, and I,

«

are bounded from Lp,,\(Hn) to Lqﬁ)\(]HIn).
Define fi(u) =: f(du), [t]1,+ = max{1,t}. Then

1/p
Ifillz, = sup ([r]# / |ft<v>f’dv<v>>
' r>0, u€H, B(u,r)
1/p
_ -2 —A D
=t"® sup ([7']1 / |f(v)] dV(v))
uw€H,, r>0 B(u,tr)

Q [tr] AP v
=1 » sup ( 1) sup [tr];/\ / |f(’l))|p dV(U)
r>0 [7"}1 r>0,u€H, B(u,tr)

Q A
7L 1A,

=1

and

Iaft(u) = t_ajaf(étU’)v jaft(u) = t_alocf(étu)7

1/q
afillz, , =t sup ([7’]1_’\/3( )Iaf(étv)lqdv(v)>

uweH,,, r>0

' g 1/q
= t_o‘_(&) p (M) sup [tr]f)‘ / [ f(v)|?dV (v)
>0 [ ]1 r>0,ueH, B(diu,tr)

— ““H? M fllz,
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Also
Q

A
19 fillz, , =t Maflz, |

By the boundedness of J, from Zp,,\(Hn) to Lq7)\(]HIn)

Q _2A
ufllz, = % (5 Wil
a+Q -3
<% Wt Il
Q_Q A_A
< Cpant™ RIS,

where C’p a, >\ depends only on p, ¢, A and n.
If =< = —l— G then in the case ¢t — 0 we have ||Jaf||iM = 0 for all

fe pr,\(]H[n).

A~s well as if % > % + =, then at £ — oo we obtain HjafHEq,A =0 for all
f e Lpa(H,).

Therefore % < % — % < 5%+ Analogously we get the last equality for the
I,.

2) Sufficiency. Let f €

{v € B(u,t) : |I.f(v)| > 26}
< |{v e B(u,t) : |A(v,t)] > B} +|{v € B(u,t) : |C(v,t)] > B}.

1)\( n). We have

Then
C(v,t) Z/ |F(2)][ow™ |2~ QdV (w)
B(v,2i 1)\ B(v,29t)
<=9z, 22 (@i 1)}
)\)\[g2t(>\Q+) S (Q-a)j 1
PA D DR 0J 4 o2 @i 0<t< s,
=72 £z, O
S 27 (@-a)i t > %
j=0
—a—Q t)‘+cl5tQia, 0<t<%,
~ 179 flz, ! N
) =2

tAe=Q@  g<t< i, A a—
~ ||f||zm{ (o, (> 1 2=} 9 Il -
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Taking into account inequality (9) and Theorem 2.1, we have

{v € B(u,t) : |A(v,t)| > B} < Hv € B(u,t) : Mf(v) > Cia}‘
Cot®
<
- B

RSz, -

where Cy = Cy - Cy ) and thus if Cy[2¢]7 =@ Ifllz, , = B, then [C(v, )] < B
and consequently, | {v € B(u,t) : |C(v,t)] > 8}| =0.

Then

o€ Blut) + f()] > 28)] S 5 e 171, ,

Q—X
Iz, Vo
< [t 5 ifot <1

and

o€ Blut) + f()] > 28} S 5 [N 11, ,

Q
fllz, V9
gm?C'%“ ,if 2t > 1.

Finally we have

{ve Blu,t) : [Haf(v)] > 28}

T (T ! a
< [t} min <ﬁ> (5> 5[t1%(5||f||z1,k)-

Necessity. Let the operators J, and I, are bounded from ZLA(HH) to
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WLy (H,). We have

1/q
[9afellywz, , =supr sup ([T]IA/ dV(v))
@ r>0 u€H,,7>0 {veB(u,7) : |Jafe(v)|>r}

1/q
=supr sup [T]l_)‘/ dV (v)
r>0  u€H,,7>0 {veB(¢u,t) @ |Ia f(Sv)|>rte}

A a
t
= t*"“% sup ([ Th) sup rt®
>0 [T]l r>0

1/q
X sup [tT]l_)‘/ dv(v)
uw€H,, 7>0 {veB(u,tt) : |Iof(v)|>rte}

Qa2
=t 4 [t]1,+ ”jo‘f”WZq,A '

By the boundedness of J, from ZLA(HH) to qu,A(Hn)

=2t 3 g

_A
”jafnwiqbA 1,-(:- HJchtHv[/i(LA

< tot'i‘g t 7% -
ST Az,

Q_ A—2
=t g

If1< % + &> then in the case ¢ — 0 we have ||J(,tf||qu’A = 0 for all

fe Zl,/\(Hn)'
Similarly, if 1 > % + 5> then for ¢ — oo we obtain ||Joéf||wzq’A =0 for

all f e Ly \(Hy,).

Therefore & <1 —

a) < ﬁ Analogously we get the last equality for the

1
q
I

Thus Theorem 2.1 is proved.

Proof of Corollary 2.1.

Sufficiency of Corollary 2.1 follows from Theorem 2.1 and inequality (3).

Necessity. (1) Let M, be bounded from L, »(H,) to L, (H,) for 1 <p <
Q-

== Then we have

Maft(u) = tiaMaf((Stu%

and

Q2
HMaftHZqA =t [ﬂf,+ HMaf”Z(M .
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By the same argument in Theorem 2.1 we obtain & < 1 — 1 <
(2) Let M, be bounded from zl,,\(Hn) to qu,,\(Hn). Then

O
=
2

—a-8 2
Mo fellwz, , =t T W4 IMaflwz, -

1
Hence we obtain & g< 1- 7< Q 5

(3) Let % <p< % Then by the Holder’s inequality we have

IMafll, =279 sup 129 / F(@)[dV (v)
B(u,t)

ueH,,, t>0

Q A
<27% sup TPt} <

u€H,, t>0

1/p
|f()[PdV (v ))
B(u,t)

_Q 2
<277 |Ifllg, supt 2R

_Q = _Q
=277 ||f\|zpkmax{ sup t*” e supt“ }—2 » ||f||L
’ 0<t<1 t>1

Thus Corollary 2.1 is proved.

Proof of Theorem 2.2.

Let 0 < a<@Q,0<A<@Q—aq, Qf}‘gpggandfezp’,\(ﬂ-ﬂn).

(o3
given ¢ > 0 we denote

fi(u) = f(u)XBe2ty(w), fa(u) = f(u) = fi(u).

Then _ ~ _
Iaf(u) = Iafl(u) + Iaf2(u) = Fl(u) + FQ(U)a

where

A= [ (00l g, 0)) V)
e,2t

_ —1,0-Q -Q
B = [ (e el g 0) V)

Note that the function f; has compact (bounded) support and thus

w=- | ol Cav (o)
B(e,2t)\B(e,min{1,2t})

is finite.

[0
o

For

(13)
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Note also that

u) —ay = v |9 f (v v) — V|9 f(v v
Fi () /B @) /B ( 0]~ @ f(0)dV ()

e,2t)\B(e,min{1,2t})

“, o 2f V) = [ AV () = LA,
B(e,2t)\B(e,min{1,2t}) Hy,
Therefore
|F1(u) —a1| < / |v\°‘*Q |f1(v*1u)| dv(v) = / |1)|an |f(v*1u)| dV (v).
H, B(u,2t)

Further, for u € B(e,t), v € B(u, 2t) we have
lv| < Ju| + v~ | < 3t.

Consequently for u € B(e, t)

Bl -al< [ 0 e av) (1)

B(e,3t)

Then

|B(e,t)|71/ |Fi(w™ ) — ay| dV (w)
B(e,t)

<t @ /B(ei) (/B(e,st) |v|a—Qf(v—1w—1u)dV(v)> dv (w)
< 4+-Q o o
St /B o < /B o |f(v™ w u)|dV(w)> 0]°=QdV (v)

— / / | (wv)[dV () | [o]*~dV ()
B(e,3t) B(u,t)

S, [ v
e,3t

~ Nl (15)

Denote

a2 = / (0] F(0)dV (v).
B(e,max{1,2t})\B(e,2t)

and estimate |Fy(u) — az| for u € B(e, t):

|Fy(u) — ag| < / F@)] [~ ]2 = [u]*=2| dV (v).

B(e,2t)



RIESZ POTENTIAL ON THE HEISENBERG GROUP AND MODIFIED MORREY SPACES 209

Applying Lemma 4.3 we have

|[Pa(u) — ap| <297 ““IUI/ [f@)lv]*= 9 aV (v)

B(e 2t)

90 a“|u|2 / @)V (o)

(e,20+1t)\B(e,27t)

< Juf Z (20T @) T Sl
j=1

- -1
~ ™ g, (16)
Denote

af =ai+ay = / [v|*~QaV (v).
B(e,max{1,2t})

Finally, from (15) and (16) we have

1 ~
sup | |Taf 07 —ag| V) S I, (17)
wt 1BED] e !

By the Holder’s inequality we have

Il o = swp o0 /B ( t)lf(v)IdV(v)

u€eH,,, t>0

1/p
<2¥ sup o A/ F) PV (v)
u€H,,,t>0 B(u,t)
A
;

P Q
<27 | fllz, , supt™ 7 [

’-‘my

(18)
n — Q
=2 |flz max{ sup t*~ & ,supt®” }
P 0<t<1 t>1

— 27 |Ifll;, ,

Finally for % <p< % and f € ZPA(H”), from (17) and (18) we get

sup Tnf (o) = ag|av o) S 171,

BMO ~— w,t ‘B(€7t)| B(e,t)

Thus Theorem 2.2 is proved.
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