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The nearest symmetric fuzzy solution for a
symmetric fuzzy linear system
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Abstract

In this paper, the nearest symmetric fuzzy solution for a symmetric
L-L fuzzy linear system (S-L-FLS) is obtained by a new metric. To this
end, the S-L-FLS is transformed to the non-linear programming problem
(NLP). The solution of the obtained NLP is our favorite fuzzy number
vector solution. Also, it is shown that if an S-L-FLS has unique fuzzy
solution, then its solution is symmetric. Two constructive algorithms
are presented in details and the method is illustrated by solving several
numerical examples.

1 Introduction

One field of applied mathematics that play a major role in various areas
of sciences is solving systems of linear equations where some of the system’s
parameters are proposed as fuzzy numbers. Therefore, it is natural that we
want to develop numerical procedures to solve such systems.

A general model for solving an n x n fuzzy linear system (FLS) which
coefficient matrix is crisp and the right hand side column is arbitrary fuzzy
number vector were proposed by Friedman et al. [16]. Based on Friedman et
al.’s method, Allahviranloo [2, 3, 5, 8] used the various numerical methods to
solve fuzzy linear systems. Recently, he and Salahshour [10] have proposed a
simple and practical method to obtain symmetric fuzzy solutions of fuzzy linear
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systems. Also, Ghanbari and his colleague [17] have proposed an approach for
computing the general compromised solution of an L-R fuzzy linear system by
use of a ranking function when the coefficient matrix is a crisp m x n matrix.
In continuation to these works, Dehghan et al. [12, 13] have discussed the case
in which all parameters in a fuzzy linear system are fuzzy numbers, which they
called it a fully fuzzy linear system, and extend some iterative methods on the
this system. Recently, Allahviranloo and Salahshour [11] have proposed a new
method to obtain symmetric solution of fully fuzzy linear system based on
1-cut expansion. For more research papers see [1, 6, 7, 15].

In this paper, we extend Diamond’s idea [14] to define a new metric distance
for L-R fuzzy numbers with the fixed shape functions L(-) and R(-). Then,
we use the proposed metric distance to introduce a method for obtaining the
nearest symmetric fuzzy solution for symmetric L-L fuzzy linear system (.S-
L-FLS), where the coefficient matrix is a crisp n X n matrix and the right
hand side column is a symmetric L-L fuzzy number vector with the fixed L(+)
and R(-). Also, it is shown that if an S-L-FLS has unique fuzzy solution,
then its solution is symmetric. According to our method, for solving S-L-
FLS, we construct a minimization problem based on the proposed metric and
then solve it. If the optimal value is zero, then we obtain a symmetric exact
solution. Otherwise, S-L-FLS has not any exact solution and thus we compute
a symmetric approximate solution for it.

The structure of this paper is organized as follows. In Section 2 we present
some basic definitions and results on L-R fuzzy numbers. In Section 3 we
introduce a metric distance and verify some its properties. In Section 4 we
define an S-L-FLS and present two algorithms for solving it. In Section 5 we
give some numerical examples. Conclusion is drawn in Section 6.

2 Preliminaries

The basic definition of fuzzy numbers is given in [18].

Definition 2.1. A fuzzy subset A of the real line R with membership func-

tion pz : R —[0,1] is called a fuzzy number if
(1) 3z is upper semi-continuous,
(2) pz(xz) = 0 outside some interval [c,d],
(8) There are real numbers a and b such that ¢ < a < b < d and

i. puz(x) is monotonic increasing on [c, al,

ii. pz(w) is monotonic decreasing on [b, d],

i, py(r) =1, a <z <D

The support and core of A are defined by the sets S(A) = {z € R : pi(x) >0}

and C(A) = {z € R: pz(x) = 1}, respectively. Then, based on the Definition
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2.1, we have B B
S(A) = [e,d], C(A) = [a,b].

Definition 2.2. An L-R fuzzy number A= (a1,a9;,8) LR, a1 < ag,
a, >0, is defined as follows:

L(HZ%), z<a,
pilr)=4¢ 1, a1 <z < ag,
R(E=53), 0y <1,

where a1 and as are the left and right points of core, respectively; a and 3 are
the left and right spreads, respectively; and the functions L(-) and R(-), which
are called left and right shape functions, satisfying:

(1) L(-) and R(-) are non-increasing from Rt to [0,1],

(2) L(0) = R(0) =1, L(1) = R(1) =0.

Remark 2.3. If for fuzzy number Z, at least one of left or right spreads be
zero, then we extend the Definition 2.2 as follows:

_ 0 T <ai,
if A=(a1,a2;0,8)Lr then pilz) =4 1 a1 <z < ao,
R(%)a a2 gma

L(%% z < ay,

if A= (a1,a2;0,0)Lr then pi(x) = 1, a1 <z < ao,
0, az < x,
_ 0, z<a,
if A=(a1,a2;0,0)pr then pi(z) = 1, a1 <z <as,
0, ax <.

Thus, by Remark 2.3, the crisp numbers and the crisp intervals can be
considered as L-R fuzzy numbers. In particular, when L(-) and R(-) are lin-
ear functions (L(z) = R(z) = max{0,1 — z}) and a; < ay, fuzzy number A
denotes trapezoidal fuzzy number. Also, when L(:) and R(-) are linear func-
tions (L(z) = R(z) = max{0,1 — z}) and a; = ay, fuzzy number A denotes
triangular fuzzy number. Clearly, for A= (a1,a9; @, B)LRr, we have

S(A) = a1 — a,az + f], C(A) = [a1, az)-

Definition 2.4. An L-R fuzzy number A = (a1,a2;, B)Lr is called a
symmetric fuzzy number if o« = B and L(z) = R(x) for all x € RY. In this
case, we say A is a symmetric L-L fuzzy number.
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Definition 2.5. Two L-R fuzzy numbers B
A= (a1,a2;0,B)Lr and B = (b1,b2;7,m)LR
are said to be equal, if and only if a1 = b1, as =ba, a = and B =1.

Definition 2.6. For L-R fuzzy numbers, addition and scalar multiplication
are defined as follows:

A+ B = (a1,a0;0, B)rr + (b1, b2;7,n) Lk = (a1 + b, a2 + bosa +, 8+ 1) L,

DA Y. . _ ()\alv)‘GQ;)‘av)‘ﬁ)LFM )\207
A-A=) (a1,a2,a7B)LR{ (as, Nav <A B, ~Aa)rr, A <0,

Note that we use a fixed function L(-) and a fixed function R(-) for all fuzzy
numbers in each problem. Then, through the end of this paper, we eliminate
the subscript “LR” in representation of L-R fuzzy numbers.

3 A metric distance for L-R fuzzy numbers

Now, we are going to define a distance between two L-R fuzzy numbers by
modification of the Euclidean distance.

Definition 3.1. For two interval numbers A = [ay, az] and B = [by, by] we
define the modified Fuclidean distance between them as

dye(A,B) = \/(al —by1)? —2k (ag — b2)2’ "

or

CRINERCRIA B

Theorem 3.2. The function dyg is a metric for the family of all interval
numbers.

d?vIE(AaB) =

Proof. Since dyp(A,B) = g dg(A, B), where

dE(A, B) = \/(al — b1)2 + (ag — b2)2,

is Euclidean metric for interval numbers, it is clear that dy; g is a metric too. [J

Obviously, when a1 = a3 = a and b; = by = b, we conclude
dME(A,B) = \a — b‘7

but,
dE(Aa B) 7& |a - b|
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Therefore, the function dy;p preserve the traditional distance in real space,
while the function dg has not such property, that is why we call it “modified
Fuclidean distance”. We now use djsg to introduce a metric distance for the
set of L-R fuzzy numbers.

Definition 3.3. Let the shape functions L(-) and R(-) are fized. Consider
two L-R fuzzy numbers as A = (a1, a92;«, ) and B = (b1, ba;7,n). We define
the distance between A and B as follows:

d(A, B) = ¢ d3;5(S(4), S(B)) +d3;5(C(4), C(B)) )

9 ’
or

Byp(S(A), S(B)) + i, 5(C(A), C(B)

24 BY —
d*(A, B) = 5

(4)
Then, by Eqs. (2) and (4) we have

24 B) = (a1 = b1) — (@ = )])* + [(a2 — bo) Z (B =) + (a1 = b1) + (a2 = b2)*
(5)

Remark 3.4. Ifg and B are two crisp numbers, i.e., A= (a,a;0,0) and
B = (b,b;0,0), then the our melric is equivalent to the traditional metric in
real space, namely

d(A,B) = |a —b|.

Remark 3.5. Ifg and B are two crisp interval numbers, i.e., A= (a1,a2;0,0)

and B = (b1,b2;0,0), then the proposed metric is equivalent to the modified
Euclidean metric, namely

d(A, B) = durp([as, az], [b1, ba)).

We will show that the function d defined in Eq. (3) is a metric for the set
of L-R fuzzy numbers with the fixed L(-) and R(-). To this end, we have

Lemma 3.6. If a,b,c,d € R, then (ab+cd) < Va2 +c2-vb2 + d2.
Proof. Since
(a® + ) - (b + d*) — (ab + cd)? = a*d® + ¢*b* — 2ad cb = (ad — cb)* > 0,

the proof is completed. O

Lemma 3.7. If a,b,c,d € R, then (a+b)*+(c+d)* < (Va? + + V% + d2)2.
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Proof. Since )
(Va2 + 2 + Vb2 + )" = (a+b)*—(c+d)?* = 2(Va?® + Vb + d®— (ab+cd)),
by Lemma 3.6, the proof is completed. O

Theorem 3.8. The function d defined in Eq. (3) is a metric for the family
of all L-R fuzzy numbers with fived L(-) and R(-) .

Proof. According to Theorem 3.2, since the function dy;g is a metric for
the family of all interval numbers, then it is easy to verify that the function d
satisfies the following properties:

1) d(A,B) >0,

2) d(A,B)=0« A=B,

3) d(A,B) = d(B,A).
Note that since the functions L(-) and R(-) are fixed, property 2 is holds. It
is only remained to show that the triangle inequality property is holds. By
virtue of Theorem 3.2 and Lemma 3.7, for three L-R fuzzy numbers A, B and
C we have

d3,5(S(A),8(C)) | d3;p(C(A),C(C))

P(A,C) = 5 + 5
_ (awss(S(0). S(B) + duss(S(B). S(C)
= 2
(dME(C(,Z), C(B)) + dur(C(B), 0(5)))2
+
~ ~ ~ o~ 22
< (d(A,B)+d(B,O)) . 0

Remark 3.9. It is clear that there emist distinct fuzzy numbers A and B
such that d(A, B) = 0, and so the function d defined in Eq. (3) is not a metric
for the family of all fuzzy numbers. For example, consider the fuzzy numbers
A and B indicated in Fig. 1. Since L(-) and R(-) are not fized, then A # B
while d(ﬁ, E) = 0. In fact, the function d is a pseudo-metric for family of
all fuzzy numbers. Therefore, in Theorem 3.8, it is necessary that two shape
functions L(-) and R(-) are fized.

Theorem 3.10. For the fized shape functions L(-) and R(-), the metric d
satisfies the following properties:

1) if L(z) = R(z), Vz Ejlgt, then d(A—C,B—C)=d(A,B),
2) d(A+C,B+C)=d(4,B),
3) dAANB) = [Nd(A,B), VAER,
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0.81

0.6-

0.4

0.2

Fig. 1. The fuzzy numbers Aand B .

where g, B and C are L-R fuzzy numbers and A-C=A+ (-1) C.

Proof. 1) Let A= (a1,a9; a, B), B = (b1,b2;7v,m) and C = (c1,¢2;6,0).
Then we have

S(/T—é) =lay—ca—a—0,as—c1+ 549, C(g—é) =la1—ca, az—cy),

S(B=C)=[by—ca—y—0,ba—c1+n+0d], C(B-C)=[b1—ca, by—ci].
It can be easily verified that

dup(S(A=C), S(B-C)) =dup(S(4), S(B)),

and

dup(C(A—-C), C(B - C)) = dur(C(A), C(B)).

Thus L o
d(A-C,B-C)=d(A, B).

Note that if L(z) # R(z), then by Definition 2.5, (—1) C is a R-L fuzzy num-
ber and thus we can not use the addition formula presented in Definition 2.5.

2) The proof is similar to the first part.
3) At first, let A < 0. Therefore, we will have

SAA) =[Naz+ A3, Aay —Aa],  C\A)=[Naz, Aay],
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S(AB) = [Aby+An, Aby —Aq],  C(AB) = [Aby, Aby].

Hence

Brn(SOA), SO B) = azllez=b) + (-0l : (a1 —b1) — (@ =)
= N d};p(S(A), S(B)).

Thus

dup(S(NA), S(AB)) = [\ dup(S(A), S(B)),

and similarly

dye(C(AA), C(AB)) = |\ dye(C(A), C(B)).

Therefore o o
dyep(MNA, AB) = |\ dur(A, B).
The proof for A > 0 is easy and omitted. (]
Definition 3.11. A vector X = (21, %1,...,2n)T, where T;, 1 <i < n are

L-R fuzzy numbers, is called an L-R fuzzy vector.

Definition 3.12. For two L-R fuzzy vectors X = (21, 72,...,2,)T and

Y = (§1, Y2, Yn) ", we define

p

Dy(X.Y) = (Z dp<m7>> : (6)
=1

as distance between them, where p > 1.

In this paper, for obtaining the distance between two L-R fuzzy vectors we
consider p = 2 in Definition 3.12. In the next section, we define a symmetric
L-L FLS and use the our metric to find either the symmetric exact solution
or the symmetric approximate solution for the such system.

4 Solving symmetric L-L fuzzy linear system

Definition 4.1. Let the shape function L(-) is fived. The n X n linear
system
a1 1+ a2 s+ -+ a1y Ty, = (11,
a1 T1 + Q22 Ty + -+ + Gon Ty = b,

(7)

an1x1+an2m2+"'+ann$n:bna
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where the coefficient matriz A = (ai;), 1 <4, j < n is a crisp n X n matric

and l;i, 1 < i < n are symmetric L-L fuzzy numbers, is called a symmetric
L-L fuzzy linear system (S-L-FLS).

The matrix form of the above equations is

AX = B, (8)

where X = (71,72, zn) T, B= (b~1, l;é, cee an)T and 7; and b; are L-L fuzzy
numbers as follows:

T; = (xi,xé;a;,ﬂi), b; = (bi,bg;ai,aé), 1=1,2,...,n.

Definition 4.2. We say X = (r1,22,...,2,)7 is a solution for S-L-FLS
(7) if and only if

Za”{f‘;:a7 22172,,717 (9)
j=1

where T, 1 < j < n are fuzzy numbers.

Theorem 4.3. If X = (71,2, ..., 2n)T be unique solution of S-L-FLS
(7), then X is a symmetric L-L fuzzy number vector, i.e., £;, 1 < j < n are
symmetric L-L fuzzy numbers.

Proof. 1t is sufficient to show that ol = 8%, for all i = 1,2,...,n. Since
X is a solution for S-L-FLS (7), then

n
Yayd;=b, i=12..n (10)
j=1
Consequently
> aijed = Y ai; B =aj, (11)
jery jery
Z aij B + Z aij ol = o, (12)
jery JEry
forall i =1,2,...,n, where
I ={j:1<j<na; >0}, (13)

Iy ={j:1<j<n,a; <0} (14)
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From Egs. (11) and (12) we have

S ay (el =B+ S aylal—B)=0, i=12..n  (15)

jery jer;y
Setting
V:(vhvg,...,vn)T, vj:agj— ;, i=1,2...,n,
we have

AV =0.

Since system (7) has unique solution, then the matrix A is nonsingular [16]
and therefore V' =10, ie., v; =0, forall j =1,2,...,n.
Thus, the proof is completed. O

Now, suppose that the X = (r1,732,...,2,)7T is unique solution of S-L-FLS

(7), then we have
Z a;j a:jl + Z @i a:% =, (16)

i —
JET; JET;
J J o 1
E Qi Ty + E ai; &1 = b, (17)
jery JET;
E a;j o — E aij o, = ay, (18)
jert jery

where the sets I'j and I'; are defined in Egs. (13) and (14), respectively.

Also, note that according to Theorem 4.3, X is a symmetric L-L fuzzy number
vector. We set

n\T o 1 2 n\T
Aﬂ?_(amvam 7az) ) Ab_(abﬂab""aab) 3
and
T T
W = (w1, wa,...,wy)", C=(c1,co,-.-,¢n)",
where
w; = Ty + T4, ci = b] + b5, 1=1,2,...,n.

Therefore, from Eqs. (16)-(18) we have

AW =C,  |A|A, = Ay (19)
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Since S-L-FLS (7) has unique solution, then the matrices A and |A| are non-
singular [16]. Therefore, by solving the systems (19) we obtain the vectors W
and A, and consequently we will have

b = w; — i, i=1,2,....n (20)

On the other hand, It is clear that if X be an exact solution of S-L-FLS (7),
then o
d((AX)Z, bl) :0, 1= 1,2,...,’(1. (21)

Therefore, a logical way to find a symmetric L-L fuzzy vector solution is to
minimization distance between the vectors AX and B. To this end, we set

(AX); = i = (v, yb; o), ol (22)
Hence

_ § ' J E : J i 2 : J § : J
= Q5 T + Qij T, Yoy = Q5 $2+ Q5 T,

. + . — . + . -
JET] Jer; jer] JET;
g ai; o E ai; o (24)

i
Jjer; Jer;

By Definition 3.12 and using the above notations we define the following min-
imization problem to find a symmetric L-L fuzzy vector solution,

min Z = Ez 1 (yl7 7,)

s.t.
2 < i, (25)
af, > max{0, a}'},
xi,ab : free, 1=1,2,...,n,
where
. . . .12 . . . . 192
_ ) — (af — ot + Z*b7'+0427011
dz(ffi,bi) _ [(Yh 1) —( y b)] [(92 5) + ( y b)]

1
(yi —b1)* + (y5 — by)?
4 b

+

and yi, y4 and o, are defined in Eqs. (23) and (24) and also

AL = (o["1 a’? ...,a*”)T,

x Y ) x

is unique solution of system AA, = A,.
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On the other hand, from Eqgs. (20), (23) and (24), we conclude

Z aij 331 Z aij 331 + Z a;; wj, (26)

jery jery jer;y
E , iy wj + E aij ] — E aij @1, (27)
jery JEr; jery
a = E a; o g aj o (28)
jerf jery

Note that in the above equations (26)-(28) we omitted the parameter z%. Now,
in the minimization problem (2.24), we let

Q) = (y1 — b)) — (o — o), Q) = (y3 — b3) + (o, — o),
L= (i — b, b= (yy — bh).
From Egs. (2.26)-(2.28) we obtain

0 = Z a; (95]1 —al) - Z aij (@ _aj Z Gqj Wi — bi —ap),

jery JET; jery
(29)
Q= ay(a]—al)= Y ay (@ —ad)+ Y ayw;— (b +ap),
jery jert jery
(30)
= Z a;j x| — Z a;j xl + Z a;jwj — by,
jert jery jery
(31)
= Z aijx]l — Z aij:vjl—i— Z Q45 W —b2
jery jery jery
(32)
Therefore, the minimization problem (24) is changed to:
min  Z = 3350, [(Q1)7 + (25) + (94)% + (24)°],
s.t.
zi < %wi, (33)
af, > max{0, a}'},
xy : free, 1=1,2,....n

By the following theorem, we simplify the minimization problem (33).

Theorem 4.4. For any 1 <i<n, Q= -0 and QF = —Q.
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Proof. We have
AW =C,

then

n
D aijw; = (b +b5),
=1

or

Q5 Wy _bl = b2 — Aj5 Wy

Jer; JET;

Now we have

0 = Z Qi (le —aj) - Z a; (x Z aijwj — (by — ap)

jer* JET; JET;
_ j j i i
= — |- g aij (v] —ad) + E a;j (x] — o) — E a;; wj +b] — oy,
L jerf jery jery
= - |- E a;; (x1 — oﬂ )+ E a;; (z1 — oﬂ E @ij wj — bz +ay)
L jerf jer; jery
_ i
= -0
Similarly, since AW = C, then Q} = —Qj. [

According to Theorem 4.3, we can simplify the minimization problem (33)

as follows: ) 1 —n i\2 i \2
min 2 = 5 Eizl [(Qll) + (23) ] )

s.t.
:El g %w’u (34)
ol > max{0,a’'},
xi: free, 2—1,27...,n

The minimization problem (25) has 2n free variables, while the minimiza-
tion problem (34) has n free variables. Thus, solving (34) is more convenient
than (25). Solving (34) and using the Eq. (20) we can obtain the symmetric L-
L fuzzy vector solution. If the optimal value of the the minimization problem,
i.e. Z, was zero, then we get the exact solution of the S-L-FLS (7). Otherwise,
If Z was nonzero, then we get the approximate solution of the S-L-FLS (7).
Note that, in the second case, the S-L-FLS (7) has not exact solution. In the
following, we propose the first algorithm of our method to solve the S-L-FLS
(7). Since the necessary condition for that an FLS has unique solution is that
the matrices A and |A| are nonsingular [16], thus in this algorithm, we suppose
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that the matrices A and |A| are nonsingular.

Algorithm 1

Step 1: Construct and solve the crisp linear systems (19) and get the
vectors W and AJ.

Step 2: Construct the Eqs. (29) and (31) where o, is replaced by o, and
solve the minimization problem (34) and get Z, x% and of fori=1,2,... n.

Step 3: By Eq. (20) construct the symmetric L-L fuzzy vector X =
GREARG : i

Step 3: If Z =0 then X is an exact solution, otherwise X is an approzi-
mate solution.

4.1 The second algorithm

In this section, we suppose that the symmetric L-L fuzzy vector X = (1,3, ...
7,)7 is the exact solution of S-L-FLS (7). Then, in the non-linear program-
ming problem (34), we have

thus

and consequently

|A|R = K, |A| X1 = M, (35)
respectively, where
(R); =z} — ag, (K)i = (0 —ap) — > aijwj, (36)
jery
(X1)i = af, (M); =0 — Y aiw;, (37)
Jjery

fori=1,2,...,n.
Finally, we set A, = X3 — R and Ay = M — K. Then, from (35)—(37),
we have
A, = Ay, AlX) = M, (39)

where
(Ag)i = o (Ap)i =

T
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and

(X1)i = af, (M); =0 = Y ayw;,
Jery

for i=1,2,...,n.

Based on the systems (19) and (38) and the minimization problem (34) and
also Eq. (20), we propose the our second algorithm. Similarly to Algorithm
1, we suppose that the matrices A and |A| are nonsingular.

Algorithm 2

Step 1: Construct and solve the crisp linear systems (19) and (38) and
get the vectors W, A, X;.

Step 2: By Eq. (20) get the vector Xo = (x3,23,...,2%)T and then
construct the vector X = (r1,T2,...,20)7T.

Step 3: If X s the symmetric L-L fuzzy number , ie. ol > 0 and
xy < b, then X is an exzact solution, otherwise the problem has not evact

solution.

Step 4: To obtain the symmetric approximate solution, construct the Egs.
(29) and (31) and solve the minimization problem (34) and get x% and o’ for
i=1,2,...n.

Step 5: By Eq. (20) get the vector Xo = (w3, 23,...,28)T and then con-

struct the symmetric L-L fuzzy number vector X = (T1,%a,...,Tn)" as a fuzzy
symmetric approximate solution.

It should be noted that based on the Algorithm 2, if the S-L-FLS (7) has
an exact solution, then we don’t need to solve the minimization problem (34)
for obtaining the solution.
5 Numerical examples
In this section, we fix the shape function L(-) as:

L(z) = R(x) = max{0,1 — z}, Vo € RT.

Therefore, in the following examples, the considered fuzzy numbers are either
triangular fuzzy numbers or trapezoidal fuzzy numbers.
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Example 5.1. Consider the 3 x 3 S-L-FLS
—r1 — 22 + a3 = (2,7;6,6),
2x] + x5 — 2w3 = (—7,1;11,11), (39)
—377 4 273 — 73 = (—12,—3;11,11).

According to Algorithm 2, by solving systems AW = C, |A|AX = Ay and
|A| X1 = M we obtain

W =(3,0,6)T, A =(2,1,3)7, X, =(1, -1,2)".
Also, from Eq. (20) we have
Xo = (I’%, x%v x%)T - (27 1, 4)T'

Obviously o' > 0 and 2% < b, for i = 1,2, 3. Therefore, the symmetric
L-L fuzzy vector

(x%,x%;ai,a;) (172;232)
X = (22,23;02,02) | = | (=1,1;1,1)
(21,235 03, 03) (2,4;3,3)

is obtained as the fuzzy exact solution for S-L- FLS (39).
Example 5.2. Consider the 3 x 3 S-L- FLS
r1 — 233 + 23 = (—4,1;5,5),
—w1 — @ a3 = (-5,-2;4,4), (40)
—2T1 + T3 + 73 = (—2, —1;6,6).

According to Algorithm 2, by solving systems AW = C, |A|AL = Ay and
|A| X1 = M we obtain

W= (4,4, 1), A =(2,1,1)7, X, =(3,1,-1)T.
Also, from Eq. (20) we have

Xy = (:10%7 :vg, x%)T = (1, 3, 2)T.
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Obviously, since 1 £ z} then 77 is not a fuzzy number. Consequently,

the vector X is not a fuzzy vector and therefore the problem has not exact
solution. To find the symmetric approximate solution, we must construct
and Qf, for i = 1,2,3, and solve the minimization problem (4.34). From Egs.
(29) and (31), we have

Qf =2(z} —al) +2(zf —a2) + (2 —ad) +1,
02 = (a} —al) + (22 — a2) + (2} —a3) + 1,
0 =2(zt — al) + (a2 — a2) + (23 — ad),
Q3 =} + 227 + a3 — 4,
02 =i + 22 +223 -3,
Qf = 22] + 27 + 2§ — 6.
Now, we must solve the problem

min Z = 1 [(Q1)2 +(02)2 + ()% + (21)2 + (92)% + (23)?] ,

We solved the above minimization problem using GAMS software and obtain
the optimal solution as follows:

r7 =2, 27=08333, 2}=05 al=2 ai=1 a’=1

with the optimal value
Z = 0.5833.

On the other hand, by Eq. (20), we have
Ty =2, x2=3.1667, z3=0.5.
Obviously ai >0 and 2} < ¥, for i = 1,2, 3. Therefore, the symmetric L-L
fuzzy vector
(2,2;2,2)
X = | (0.8333,3.1667;1,1)
(0.5,0.5;1,1)

is a symmetric fuzzy approximate solution for S-L- FLS (40) where

d(AX,B) = VZ = 0.7637.
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Moreover, we put obtained solution of S-L-FLS into the original S-L-FLS (40)
to investigate the difference between value of row ¢ ((AX);) and ith element
of right hand side B (b;). For more detail see Fig 2-4.

12

0.81

0.6

0.4r

0.2r

Fig. 2. Compare by (—) and value of first row , i.e. (AX)1, (— o).
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0 . . .
-10 -8 -6 -4 -2 0 2

Fig. 3. Compare by (—) and value of second row , i.e. (AX)a, (—o).

6 Conclusion

A new method for solving S-L-FLS was introduced based on a metric distance
on L-R fuzzy numbers. It is important that functions L(-) and R(-) are fixed
functions. Finally, using the proposed distance a non-linear programming
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12
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Fig. 4. Compare bs (—) and value of third row , i.e. (AX)s, (— o).

problem (NLP) was presented and solved. The constrains of NLP guarantees
that the solution of S-L-FLS is always an L-L fuzzy number vector.
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