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ABSTRACT. The main purposes of this research are to obtain Lagrange function for the
relativistic rotation of the rigid body, which is generated by metric properties of Riemann
space of general relativity and to derive the differential equations, determining the rigid body
rotation in the terms of the Rodrigues — Hamilton parameters. The Lagrange function for the
relativistic rotation of the rigid body is derived from the Lagrange function of the non-
rotation point of masses system in the relativistic approximation.
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1. BASIC EQUATIONS

The construction of the Lagrange function for the case when a certain set of point masses
m, =dm, from the whole system of point masses m, forms an 'absolutely rigid body' m,
(presented in Figures 1 — 2) in such a way that the condition Anpnq = const (Suslov, 1946)
(Figure 1) holds for any point masses m, and m, from the set m, . In this case, the body m,

can rotate around its own center of mass with angular Velocity|a_)| >0, the remaining point
bodies m; from the set m; do not rotate. Here m; is the mass of the j-th point; O, is the
center of masses rigid body m,; B is barycentre of a masses point system; BI LI, is
barycentric coordinate system; O,1,1,1, is a coordinate system of the rigid body, whose axes
are parallel to the axes of the barycentric coordinate system; O,ii i, is a coordinate system of
the rigid body m, , whose axes are principal axes of inertia of this body; dm, (Figure 2) 1is
the element of a set of point of masses of the rigid body m, ; p is radius vector of the mass
element dm ; R, sz are barycentric and m; body vectors of the mass elements dm,
respectively; En, an are barycentric and m, body vectors of the center of masses rigid body

m, , respectively; Ej is barycentric vector of the point bodies m;. The coordinate system

0, ii,i, of the rigid body m, rotates relatively to barycentric coordinate system with angular
velocity @ .
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Fig. 1.

Fig. 2.
The radius vectors of the center of masses O, of the rigid body m, in coordinate system

BI, 1,1, and in the projections on the axes system O,jii have forms: R, = X, [, +Y,I, + Z I,
and R, =x,i +y i, +z,i, respectively. The radius vectors of the mass element dm, of the
rigid body m, in barycentric coordinate system BI_II_J3 and in the projections on the axes
system O,iii have forms: R, =X I,+Y I,+Z I, and R =x i+ y.i, + 2,5, respectively.
The radius vector of the mass element dm, of the rigid body m, in the coordinate system
O,iii; has a form: p=¢&j +ni,+¢{i, where £,7;7,{ are constants. Relation of these three

radius vectors has a form: R =R, + p.
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After termwise differentiation with respect to time, the ratio of the velocity vectors was
obtained: R =R +p. Velocity of vector of the mass element dm, of the rigid body m, in
coordinate system O,1,1,I, has a form (Euler formula): p=@xp= R, =R, +®x p. Here
and further sign x stands for the vector product; @ = w/i + w,i, + w,i; @, ,, @, are the

prOJectlons of angular Ve10c1ty vector on the principal axes of the inertias of the rigid body
s H = A i+ B,wi+C ol is the angular momentum vector of the rotational motion

of the rigid body m,; 4,, B,, C, are the principal moments of inertia of the second order of

the rigid body m,.

4,= j (7 + ¢ )dm,; B, = J(g” +&Ym,; C, = [(& +n)dm,; dm, = p(&n.¢)dédnd¢;
p(¢&, 77,4” ) is mass d1str1bution function of the body m, .

In the particular case when the body m, is a homogeneous triaxial ellipsoid with semiaxes

a,b,c, its moments of inertia are determined by the following expressions
(MacMillan,1936):

An:%(b2+c2), B =%(c2+a2), C

n n

m 2 2
=—"(a " +b").
(@ +0?)
It is easy to see that when a,b,¢c — 0,then 4,B.,C — 0.

The velocity vector of the mass element dm, in the projections on the axes of the rotating

coordinate system O,iii has a form:

Y

a, a, a,|l X, a, a, ay|l X, 0 -0 o)<
ay 4y Ay Yn* =l ay ay ay || Y, |+ o 0 -ao|n
a; 4y 4y Z: a, ay, ayz )\ Z, W, o 0 N\¢
or
) (X, 0 -o, o \&
)/’: = j}n +| @ 0 —o || 77
z z -0, o 0 g
Here and further (al]) is transformation matrix. Besides
X ay 4y 0 -o o )¢
Yn Y T dn Gy Ay || @ 0 -o|n
Z a, aj)\—o, o 0 N\&
or equivalent formula
X : X, a, a, a5\ 0 =& 7 \f¢
Y, |= Y |[+lay, ay, ay, || & 0 S|l o

Zn Z a3 Ay Ay -n 5 0 2

n

In celestial mechanics the rotation of a celestial body about its center of mass is
described as the rotation of its principal axes of inertia with respect to the non-rotating body-
centric coordinate system. As the variables of this problem, usually used four Rodrigues-
Hamilton parameters:
y+eo y-—¢

2

A, = cosgcos s A= singcos , A, = singsinw_¢, A= cosgsinv/—w,
2 2 2 2 2 2
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which are the functions of the Euler angles y, 6 and ¢. These parameters are bounded
variables. It is very important for the numerical solution of the problem.

The transformation matrix and the angular velocity vector of the rigid body m,_  can be
expressed in terms of the Rodrigues-Hamilton parameters:
_/10 _21 _/12 _23 _/10 _/11 _/12 _23
| A A A k| A A A k|
b Ak A A A A A4 A
SN N N N | (S N N S )
0 0 0 1 0 0 O
ﬂ'oz"'jf_;tzz_ﬂ?z 2(2013"'21/12) Z(Aﬂs_ﬂoﬂz) _ 0 a, 4, 4a;
2(&22_/1023) ﬁ'oz_ﬂ'lz‘i'izz_ﬂ?z 2(/1011"']2/13) 0 a, a, ay '
2(/10/12 + ﬂ'lﬂs) 2(1213 _/10%) ﬁ'oz _112 _ﬂ'z2 +ﬂ'32 0 a, a, a;

S o o =

The transformation inverse matrix in terms of the Rodrigues-Hamilton parameters has a form:

A N
| A A A A| A A A A

-4 A4 A A4 A A A4

_23 _/12 j’l /10 _/13 _22 ﬂl /10

1 0 0 0 1 0 0 0

_ 0 A +A4 -4 -4 Z(Aﬂ’z_ioﬂ’s) 2(/1()]2+/?,1/13) 10 a, a a,
|0 2(%%"‘&%) /102_1124']"22_]32 2(1213_2011) |0 4, 4y 4y .
0 2(&%_/10/12) 2(/1011‘%/12]3) 102_&2_122_'_/132 0 a; ay ay

The angular velocity vector of the rigid body m, in terms of the Rodrigues-Hamilton

parameters has a form:

0 _ﬂo _/11 _/12 _is jbo 0 _ﬂo _/11 _/12 _/13 j“o

Q| _ 2 A A A A4 /11 Oy | _ ) -4 AHh -4 4, /11 (1.1)
0, _ﬂz _23 /10 ﬂ'l ﬂ'2 Wy _ﬂz /13 ﬁ“o - ﬂ'l /iz . .
w, -4 A A4 A 23 w, -4 -4 4 A /13

Herew,,,,®, are the components of the vector @ in the coordinate system O, ii i, ;

w w, are the projections of this vector on the axes of the non-rotating O 11,1,

x> @,

Y »
reference system.

Relation between these projections in the different coordinate systems is:
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0) (1 0 0 0 0

o | |0 A+ -A=4  2hh+AL) 244 -Ak) | o

o | |0 2(A4h-4A) A-A+h-% 244h+44) || o

o) \0 2(Ah+4k)  2LA-Ah) - -L+k e,
0y (1 0 0 0)O0

w 0 a, a a w
’e o G A ’e
— KK _
@y 0 a, a, ay| o
Wy 0 a, a, ay)\o,

The velocity vector in terms of the Rodrigues-Hamilton parameters is:

0 0 0 0 0)1 O 0 0 0
X X, 0 a, a, a,||0 0 -0 o |
Kq Y; 0 a, a, a,|0 o 0 ~ao |7 )
Z Z, 0 a; ay a;)\0 -0, o 0 \¢&
0 I 0 0 0 )0
_ Xjn L KK 0 0 o, 0, 5
Yn 0 W, 0 IR
Z, 0 -0, o 0 )¢

The coordinate system O,iii rotates relative to the coordinate system O,I,1,I, with an
angular velocity @, which can be equal to zero. The coordinate system 0}11_]721_3 rotates

relative to the coordinate system O, ji,i; with angular velocity —@.

2. CALCULATION OF LAGRANGE FUNCTION

Lagrange function for the relativistic rotation of the rigid body is derived from Lagrange
function of the non-rotating point of masses system in the relativistic approximation, which
has a form (Landau, Lifshitz, 1967):

-1 szz _Zszmk {zszmkRz Zmi§i4_

i k=i i k#i

Gmm, R-R = R-R, Gm}
—— RR R R, - +2

s

2.1)

Here m,,m,,m  are the mass of the i-th, k-th and s-th points, respectively;

Al.j:\/(Xl.—Xj)z+(Yi—Yj)2+(Zl.—Zj)2: , where j=k ors; R,R,Rk,Rk are

barycentric positions and velocities of these points of mass; ¢ is velocity of light in vacuum;
G is the gravitational constant.

In the following decompositions of the sums, only in body terms for the single sum and
perturbing terms between masses of the rigid body and others point of masses in the second
sums are retained:
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WS WE DN N WAL NN H IS
i n Jj i I#i J K#E]
a3 | -ITASEL TS
n J noj #J J o n
in body out body pertubations out body pertubations
terms  terms mixed terms terms mixed terms
RO DEDORDDDNRIEIN IS
Here f, f,,g, are some functlons of point bodles under sums of the expression (2.1).
L= TR T Ty SR —zzG’” SR
n j J k#j
dem ;* Gmm Gmdm -
R P I R VR
J k#J
+§denﬁn*4 +§ijﬁj4 -
1 dem ;*.; _*.EZ—IE_ : ’ Gm, ~
ey ey Bl BBy O

L Gmdm ;.;* ;.Ej—ﬁz;*.ﬁj—ﬁz den _
zz [ R +R——R +2)° o }}_

1 Gmdm ;';* ;.Ej—E:;*'Ej—E: den
R e

After the reduction of similar terms Lagrange function for the relativistic rotation of the rigid
body m, has the form:
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:%den +ZZde m,
" J
de m; 3 Gdmm, -, 1 -,
IR TR R 2y 3 S RS -
n J nj n
. - . R'-R - R-R (2.2)
——zz&mm{‘f@+z‘gf@9&a&}
nj n

2
1 Gm, 1 Gdm,
3on (2] 53m[ 2%

J

After the easy replacement of the summation signs with respect to the index » by the
integration signs over the range m, these terms take the form:

=_IR

1 Gm 3 t3ndm, 3=, cdm,
+— [Rfdm, +Y { jR2—+5R?mj -

j#n

8¢c* ) oo 12,0 A, A,
Y 5 vTE o
2
1 Gm; 1 Gdm,
B f[z A:f] " 2"”“ )

Here and further A; = ‘En - Ej + ,5‘. Usually in celestial mechanics p << an. The integrands

]
example, in view of the fact that the dimensions of the large bodies of the solar system are
small in comparison with the distances between them. By the definition of the coordinate
system O, i i, all integrals of the form

_[ Edm, Indm Ig“ dm,, Ifﬂdm I nédm,, Ig”fdm are identically equal to zero (2.4)

are expanded in Taylor series in powers of the parameter , which is a small quantity, for

(Machllan 1936)
In order to calculate certain integrals in Lagrange function (2.3), it is convenient to have some
formulas and expressions, while using the identical transformations of the mixed product of

vectors E-(b_xE)zg-(Exa_):E-(a_xb_):
R} =R +2R, (5% ) +(@x p) =R +25-(R, x @)+ (5% p)'

R-R =R -R+R,-(@xp)=R -l?#—ﬁ-(l;{.xcﬁ);

n J

=82 +25(R,-R)+7* =
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) 1 3 _
L[ L pR-R) 7] 1 AR-R) 5 3[p(R-R)]
A, A, A2 AL A, A} 203, 2 A} ’
_ S _ _ .\
1 1[, AR-R) 7| 1] p&R-R) 7  [P(R-R]]
A_;Z- A_i, 1+2 Aij A_i, __f,,- 1 Ai,- 2_3,“2 :/ +...
- _ -3 _ = 2
1*3:% 1+2M+ﬁ_j 2:%_3P(R"—5_Rj)_iﬁ_:+EM +...3
Ay Ay Al Ay A A 20 2 Al

Analytical calculations of auxiliary formulas, expressions and integrals necessary for
calculating the Lagrange function (2.3) for the relativistic rotation of the rigid body m, are

given in Appendix A.
2.1 Calculation of the Newtonian part of the Lagrange function

The first line of the expression (2.3) turned out to be the Newtonian part of Lagrange function
for the relativistic rotation of the rigid body:

o 1o
L =2 [Rdm,+> Gm, | (2.5)

Jj#n

dm,
A,
The first certain integral, which is dependent from En, is computed by using integral (A.1):

1 ¢ 1= 1 _ _\ 1= 1 - _ . .
—|\R*dm =—R’m +— |(@wx dm ==—R’m +—H -@ is the kinetic energy of the
me n n 2 n'"'n 2,nj( p) n 2 n""'n 2 n gy

body m, (the sum of the kinetic energy of the translational motion and of the rotational motion).

The second certain integral, which is independent from E: , 1s computed by using integrals
(A.2) and (A.3):

3
J#n Jj#n nj nom, nom,

:Zij<Z1" + (2.6)
1 3
o {An +B,+C, _A_Z[An(xn —xj)Z +B,(», _yf)2 +G, (2, _Zj)z}}>;

n

It is the force function of gravitational interaction of the body m, with other bodies.

2. 2 Calculation of the relativistic part of the Lagrange function

The relativistic part of the Lagrange function for the relativistic rotation of the rigid body,
taking into account the interaction of the body m, with other bodies, can be represented as

follows:
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R - M; |3 rzmdm, 355 ¢dm, T = 5 dm,
AL”_sczm”R” dm”; ¢’ {2”{1{" A, 2 !A:j 207 A,
.. (R-R)- (R -R
_l IR:( n _ I)R/( n _ J)ann _ (27)
2., A, ‘ A, A,

2
1 Gm, de
-— = | dm,—— .
2¢° m(; A ] ; [ }

n

2. 2.1 Calculation of definite integrals dependent on E:

The geodesic rotation of the set of point masses forming the body m, is generated by the
relativistic terms of the Lagrange function AL , which contain the angular velocity of

rotation of the body m, around its own center of mass @, that is depending on the

barycentric velocity vector E: of the element dm, :

ALS = [Rdm, { j_*zdl——j

n =
8C m, j¢}7

(2.8)

ljﬁ:,(ﬁj: j)§ (Ef:_ﬁj)dmn}
2, A

it * *
’ Ani AV’/

As a result of combining integrals (A.4) and (A.1), the integral % I§:4dmn is computed:

. - 2 -
%mjﬁ:“dmn . m, +%mjn.[,5~(Rn xa_)):| dm, +% 2 I(@xﬁ)z dm, =

8
1= 1= . i B +C, —A4
=§R:mn+ZR2(A ! +B a)2+Ca)3) (yna)3—zna)2)z%+
. . 2C +4 —B . . 24, +B,—-C
T (Zna)l _xna)3) M_‘_ (xna)z _ynwl) - - - >

4 4

n

o . R>
As a result of combining integrals (A.1), (A.5), (A.2) and (A.3), the integral % J.ALdm 1s

1

computed:
R2 3;2 3 _ _ 3 =\ = =
_J' E ’;j mn+Imm'!(a)xp)2dmn—A—zim{p.(Rnxa))p.(Rn—Rj)dmn_
3R - OR? (r— /= =\ 3R’ 3R
_4Aijmj de"+ZAf,,,,£[p (R,-R,)] d SV n+4Aij{An+Bn+Cn_
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+4,%, [“’z(zn ‘Zf)‘a’s(yn ‘yj)]} *

Z (Ana)l2 + Bna)z2 + Cna)f);

nj

z'e
As a result of combining integrals (A.6), (A.2) and (A.3), the integral —— J Ldm, is

computed:

7 E R 7EE 7 - o 7§n-R _

_Em A:j - = _5 A - + 2A3] m'!:p (RJ X a))p (R?l _Rl)dm + 4A3j : mJ-pzdm -
21§n R _ .\ 71?,,1;{ 7§n~_
AR oo P R e

+an'n[a)1(yn —yj)—a)z(xn —xj)]+Bnyn[a)3(xn —xj)—a)l(zn —zj)]+
+A"x"[a)2(zn —zj)—a)3(yn —yj) };

As a result of combining integrals (A.2), (A.3), (A.7), (A.8), (A.9), (A.10) and (A.12), next
integral is computed:

| c= (R-R)= (R,-R) 1 o = o
_Em!R”' Iy ZR, - Ny ’ A—;dmnz—R (R,-R,)R,-(R —Rj)ZAij!.dmn+
A N C R
+R (R R )R (R~ R) o [7dm, - B (R -R)R (R, R ) [[7-(R,~R,)| dm,+
n m nj m,
3R,-(R,—R.) . - _ 3R.-(R,-R.) . - ,_ _
+ (2Aij )fp Rp-(R,~R,)dm, + gAi, )Ip R5-(R,~R,)dm, -
1 e = = 3R, (R -R)) . - _ _. _~+_ ,_
_2A2/mﬂ R,p - Rdm, + gAS/ )m'!‘p'[(Rn_ /)Xa)}p (R _R/)dm a
1 _ s = _ = 1= = == = =1
By p-|(R,~R,)x@|p-Rdm =- R (R,-R)R,-(R —Rj)—ijm +
= = 15
+R .(Rn_Rj)Rj.(Rn_Rj)A‘A;[A (x _x/)2+Bn(yn_y1) +C (z —z )2}_
3R,-(R, - R,
- gAn5 j)[x (x -Xx )A +yj(yn y])B +z (z -z )C]—

R R ) A (a3, ) By 222, )G

R
—(4,+B,+C,)

nj /

[xxA +3,7,B, +ZZCj|
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—An(xn—xj)(a)zz'n—a)3j/n)—Cz[ (y y) (xn—xj)}—
_Bnyn[a)3(xn—xj)—a)l(zn—Zj)}—Anxn[a)z(zn—zj)—a)3(yn—yj)]};

2. 2.2 Calculation of definite integrals independent of E:

2
vo _xOM; 35, cdm, 1 Gm, 1 Gdm,
L= "SR, jA* Zszn[;A ]dmn — Z (j N ] (2.9)

J
jzn € 2 m, —nj nj m, nj

As aresult of combining integrals (A.2) and (A.3), the integral %E jz J.cinf” is computed:

n

As a result of combining integrals (A.11), (A.2) and (A.3), computing the integral

2

1 .
27 | 2] A

2
_L ij _ 1 ij Gmk 3
20 2 A | A= J (Z A, j(z A ]dm" )

m, \ J#"n “nj jEn Sy k# nk
:—Z;;Gm Gm, J——dm =
Gm Gmk — — N\ =
= R R R -
20 ;; m, A2 Az jp ,0 )dm

1o 3 (- (s
22 m!pde"jLzAf J[7-(R-R, ] dm,

nj m,
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Gm, Gmk 1 (ﬁn—ﬁ) (E —I?k) 1 1
;; { n+2{ AA 2 Aij+Aik (4,+B,+C,)-

1
T AZA?

nj— nk

|:An(xn _xj)(xn _xk)+Bn(yn _yj)(yn _yk)+cn(zn _Zj)(zn _Zk):|_

S (n-x) B ) +C(a -2 ) ]

n

3
205,

[An(xn—xkfwn(yn—yk)z+cn<zn—zk>2}};

As it was obtained earlier

d ! 3
An;l,, :Zln- +2A3 {Aﬂ+Bn+Cn_A_ij[An(xn_xj)2+B”(y”_y) +C (Z _Z‘])z}}'

m, nj nj nj

2
Accordingly the integral —%z m, ( J' GZ,:”n } is computed:
c

Jj#n
2
I
200 A

n

2
1 1 3
:_?Ii¢nij2<Zq_n+2A3 {An+3n+cnA—Z[An(xnxj)2+B,,(ynyj)2+C,,(z,,zj)2}}> =

m, nj

1 i nj
1 2 3
:_2_02#”ij2<27—§] % {A 1B +C, A—W[An(x,,xj)zﬂn(yny,)2+Cn(ZnZ,)2}}+~-.>;

after omitted small terms < o(A;f) :

2
_L m den =
2C2 Jj#En ! m, AZ]

_ Gy <mn%z{An+Bn+c,7—%[An(xn—x,>2+Bn<yn—yf>2+Cn<zn-zﬂ}>'
nj

Jj#n nj nj

2. 2.3 Results

Thus, the relativistic part of the Lagrange function associated with the body m, can be

represented in the form:
AL, = AL(nO) (a),? ) + AL(nl) (a),lc ) + AL(WZ) (a),f ),

where AL(nO) (a),?) independent from the components of the angular velocity o, , has the form:

n

AL () = Sizfe;mn "
C



Gm, [3R’ 3R} 3
Z :;’<EA’; m"+4A3 {A +B +C ——ij[An(xn—x) +B (y y) +C (z —zj)z}}+
3= R’
+5R’2Z_;+4 ’3] {A +B +C ——ij[An(xn—xj) +B (y y) +C (z —z )2}}_
7R -R. 7R 3
SRR, {A LB 4C __ij[An(xn_x) VB (v, -y, ) +C,(z _2)2}}_
1= = = 1
-k (R,-R)R,-(R,-R,)—m, +

3R,-(R,-R,

_ gAfy )[X (x —-x, )A +yj(y yJ)B +Z. (z -z )C]
3R,-(R,-R)), . | |
_%[xn(xn—x‘,)/lﬁyn(yn—y(,)Bn+zn(Zn_Zj)Cn]_

_ﬁ(An +B, + Cn) + 2A° ['xn'xjAn + ynijn +ZanCn:|>_

nj nj
Gm,Gm, |  1[(R-R)(R-R) 11 1
,Z:kz A, A, { "+2{ AjjAjk +2 Aj +A2k (4,+8,+C,)-
1

A A2, [An(xn —x,)(x, =)+ B, (v, -3, ) (0~ 2)+C, (2, -2 )z, _Zk)]_

3
24}

An(xn —xj)2 +Bn(yn —yj)2 +Cn(zn _Zj)z}_

3
_2A4 [An(xn —xk)2 +Bn(yn —yk)2 +Cn(zn —zk)z}}_

B el 2l ep (o) v s ).
J#n n

nj nj

After the reduction of similar terms the relativistic part of the Lagrange function, which relate
to the force function of gravitational interaction the body m, with other bodies has form:

T 3R® 3R’ 7R K
P
nj

c c i 2Anj 2 Anj

<m" " 222 {An +B, +C, _A%[An(xn —x) +B,(y,-y,) +C.(=, Z’)Z]}>

nj




_ﬁn-(ﬁn—ﬁj)ﬁ,-@—@){mn— S {alsn) 2 o s -

2A;, 24,
_3’1'gﬁéj‘kf)[xj(xn_xj)/lﬁ 5, (57 )B 42 (2 -2 )C.]-
N a8 2 )
_; E(A+B+C [xxA+yyB+zzC]>
, A,
LSy Gmk{mn+l[<R"Rf3'(f"Ekﬁl(%%ﬂunwﬁcn)
2SN, A 2 ALAY, 2 A2 T A
AIA (4,3, -x) (5, = %)+ B, (3, - 2,) (0, -9+ C, (2, -2, )(z, - 2) |-
Ty R R A L) R R
224 (4,06, -5) 4B, (7, - ») +Cn(zn—zk)2}}_(2;’;n;(itf<r—;+

+AL3{A” +Bn +Cn _A%[An(xn _xj)2 +Bn(yn _yj)2 +C"(Z" _Z])2:|}>'

nj nj

If the body m, is spherically symmetric, thatis 4 =B =C, =1 ,then AL(nO) (a),iJ ) becomes:

1 = Gm,[3R> 7R R
—lﬁ (E —E)_(E —E)Lm +R (E _E)E(E —E) 15 3R i
2 7] j Azj i)Y n J 4Aij AN

st of) - L A R R )

2
Jj#n c
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+(4,-C,)o [(z —z )x.+(x —x) ] (B,—4,)o [(n_xj)yj_'-(yn_yj)xj]}_'-
L YRR S i PP

+(yn —yj)(zn -z,)o(C, _Bn)}r

! {FI~E—R <R -
2 (R, ~R)xR,

~(C,=B)a | y,(z,-2,)+2, (3, -,) |- (4,-C) | 2,(x, —x,) +5,(z, - 2,) |-
_(Bn—An)a){xj(yn—yj)Jrj/j(xn—xj)}}>.
After the reduction of similar terms an additional part ALS) (a)}c) has the form:
wwkgigﬁmmﬁwﬁﬁ@+

)& =2)+ (52 (0= 9)) |+
2(A -C,) [( Z/)( )+( xf)(zn_zj)}+
;(B -4,) [( x/)( )+( y/)(xn_xj)]_

_3E (R,-R,)

24, [(x =) (3=, (B, = 4,)+ (2, - 2, )(x, - x, )@, (4, - C,) +
+(y” _y-i)(zn _Zf)“’l(cn _Bn)]}.

It 1s Lagrange function for the geodetic rotation of the rigid body, which was received in the
previous investigations (Eroshkin, Pashkevich, 1997), (Pashkevich, 2000).

The first line turned out to be the relativistic components of the Lagrange function, which
relate to the body m, as a point mass or as spherically symmetric:

ALY (0]) =Y 2-"—1?"-(En—ﬁj)x[%ﬁn—zfejj.

3
Jj#n c An

+
4

(2.10)

An additional part AL(nz) (a),f) that depends square on the components @, has the form:

| 2A

n

AL (a),f) = %ﬁj (Ana)f +Bw; + an§)+ > an’ { 3 (Ana)f +B,w; + anf)+
¢

. . w4, +B -C, . . vwC +A4 -B,
+(xna)2 —yna),) —+(xna)3 —zna)l) —nTm gy
4 4
2B+C -4 1= _1(R Gm,
+(yo,—z0) Lt—t—2 |=—H -0—| —++3 L+
(yn 3 n 2) 4 :| 2 n 02£ 2 ; A]]
24, +B, —-C, 2C +4 —-B

{05

Gm
J
D
Jj#n
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2B +C, — A,
e
If the body m, is spherically symmetric, then AL(HZ) (a),f) becomes:

st (o)« L of B p S o o) |

+(.)>na)3 - Z'na)Z)

j#n

3. DERIVATION OF THE DIFFERENTIAL EQUATIONS

The differential equations of the rigid body rotation are derived in the terms of the Rodrigues
— Hamilton parameters.

Lagrange differential equations of the second kind have the form:
d oL oL

4oL _OL o, i=01,2,3 3.
dtoj oA

where L=T+U +AL, T = %P_]n W= E(Ana)l2 +B,w; +C,w}), T is the kinetic energy of the

rotational motion of the rigid body; U is the force function of the gravitational interaction of
the rigid body with the disturbing bodies; AL is the additional part of the Lagrange function,
which generating geodetic perturbations (2.10). This expression in other form is:

AL=HW(EW+0'R) HG

Gm. ,— — 3 - -
where &, = —; csz; (Rn _R,)X(ERn —ZRJ ;
— _ 3« Gm,
H, G, =—5;czzgl {(Cﬂ—Bn)a),[(yn—yj)(z -z )+(z -z )(yn—yj)]+
+(An—Cn @, zn—zj)(xn—xj)Jr(xn—x )(z —Z) +

+(4,-C )(02( .)(xn —xj)+(Bn —An)a)3(xn —xj)(yn —yj)}}.

Thus relations for relativistic angular velocity vectors have forms:

3. . 3. .7
:——Z A3 {{ n](azn—2zjj—znj[5yn—Zyjj}l+
Jj#n
+ {an Gx —2x_].j—xnj Gz —22'_1.)}72 +
3 _
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kA,
a yn]Zn/ +Zn/yn1 A yn] nj ll_

nj

2< 2A3

. . Ej . an . . Rj an e

=B, | 2%y + X2 — A [ AR A2 B
nj nj

Here o, =(C,-B,)/4,, ,=(C,—4)/B,, y,=(B,—4,)/C;x,=x,—X,,y, =V, = V),

Zy=2, =2k, =X, — %, =3, ~ V2, =%,-2:A, =R, ~R;A, =[R, - R

The first derivatives of the relativistic angular velocity vectors are given by the following

expressions:

Anj 3 - - - 3 = -
:__Z 3 A X| =R, —2R, |+ A, x| =R —2R, |+
Jj#n A Anj 2 2
—+ Anj X ER" — 2Rj .

- 3 «0m, Ay, : . . .
=—— a,| -3 (yannj + anynj) + 2yannj + YV Y2V —

2 VuiZw T ynjznj + ynjz‘nj} + (Ej 'Anj + Ej 'an)ynjznj]:lz

n

njnj

nj
_'B"l:_3 (z Xyt X2, )+2zn]xn] +z,X,+x,Z, —

J nj
nj

__[R A _SA_Z X +z, X +memJ (R/.'A R ‘A, ) mmei2+

nj . . S . .
+ }/n |:_3 (xnjynj + ynj'xnj ) + 2xnjynj + xnjynj + ynjxnj -

A
_A_z R A SA_xnjynj + xnjynj +xn]ynj (Rj 'Anj +Rj ’ Arlj)‘xnjynj lj °
n

(Do=Al b+ Al AL LA L
Cr=Atfo- Al At LAl s 5.2)
(=2l o+ Al -Al -4l
(h=a{l Al h+al LA
where { } =ii,—i,
T dio), o
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( )0”05%”1%%%%%,

( )l:&a%_%%%%MQ%’ (33)
()2:/125%+%%_ﬂ°a%_’11%’ .
( )3:%%—12%+A1%_%%;

[ ]0220%+ﬂ1%+22£+%£’
Hl:ﬂq‘%_%%_%a%+%%’

[ ]ﬁﬂziw@,i_%ﬂ_ﬂlﬂ (3.4)

04, 0N "ok oA

[ ]3 :ﬂsi_/lzi‘i'/%i_ﬂoi

ok 0N 04 Ok
The force function (2.6) is independent from E: , accordingly one is independent from j, :
@Yoo,
94
From (3.1) is received: {T} = ia—T—a—T = —iaA_L + O +AL) , then
" dtoj, 04 dt 0], oA,
<T>i = _<AL>1' + [U]i : (3-5)

After apply (see Appendix B: (16-19)) operator (3.2) to the kinetic energy has a form:
(T), =—4(4,0] + B,w; +C ;) =—8T,
(T), =2(-4,0, +B,w,0, - C,0,0,),
<T>2 =2(-B,w, +C w0, — A 0, 0,),
<T>3 =2(-C,0, + A0, 0, — B,o,w,).

From (3.5) and (3.6) received the first derivatives of the angular velocity components are
given by the following equations:

(3.6)

. 1 B
W =-Q,0,0, +2A (<AL>1 [U]l)’

n

- 1 _
@, = f,0,0; + 2B (<AL>2 [U]z)’

n

S 1 _
Wy =—Y,0,0, + Yo (<AL>3 [U]s)’

wher (A1), = (), + () 3, ~ [ ]

After apply (see Appendix B: (B.5)) operator (3.2) to the angular momentum vector of the
rotational motion of the rigid body has a form:
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(H),==2H, (H) =2(BoL,-Co.f ), (3.7)
<1—_1>2 - 2(_Ana)3z + Cna)ll73 )’ <1—_I>3 - Z(A"wzz + B"w‘lz ); |

After apply (see Appendix B) operator (3.3) to the angular momentum vector of the rotational
motion of the rigid body has a form:

(P_I)O =0, (1?1)1 =247, (FI)2 =2B 1, (}_1)3 =2C . (3.8)

After apply operators (3.2), (3.3) and (3.4) to AL the first derivatives of the angular velocity
components are given by the following equations:

.. O
1 I _ 3R _ 2R -
@, +6,, =—a, {a)za)3 +,0,, + 0,0, — 0, P o, +a)1Fl} [U]l,
n n

o Or 1
. : 3R
a)2+o-2g=ﬂ{a),a)3+a),c73n+(7l W, + o, ) _a a)3+a)2F}—2B [U]z,
n n n

(24

n n

@, +G,, =— + + NP ST WY —L[U]-
3 O-3g_ 7}1 a)l a)Z a)lo-Zn Glna)Z a)l 2 373 2C 32
n

where &, = G, =0, 0,

__Z 2A3l: ”/ (ynj an) 2(yﬂjynj n Vlj)

j¢n

-

R.-A,
——Z 2A3 -’A2 Lzl = x2) = 2z,52,, — X, %)
j#n

-

23 2
,inA A2

m[RoA, |

The differential equations, determining the rigid body rotation in the terms of the Rodrigues —
Hamilton parameters are obtained from expressions of the angular velocity vector of the rigid
body:

0 Zo A A A 4
@ _ 2K /11 K= A A A4 4 ’
@, 4 -4 =4 A4 A
5 ﬂs _/13 /12 _21 /10

by differentiating with respect to time. The differential equations, determining the rigid body
rotation in the terms of the Rodrigues — Hamilton parameters are:

io Ea) A A4 A A
/21 _ lel o, ,Kfl _ _& /10 _ﬂz ﬂz '
Z 2 @, A A A A
ﬂ; ) _13 _2“2 /11 /10

3

Here o’ =

_2; /102+ﬂqz+ﬂ'22+/132:1; ﬂoio"'ﬂ'l/il +ﬂ“2ﬂ'7+/1323 =0.
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4. CONCLUSIONS

Thus Lagrange function for the relativistic rotation of the rigid body, which is generated by
metric properties of Riemann space of general relativity, was received:

__ g Newton
L, =L¥"" ¢ AL .

The differential equations, determining the rigid body rotation in the terms of the Rodrigues —
Hamilton parameters are derived.

Also are derived the differential equations, which are determining the rigid body rotation
in the terms of the Rodrigues — Hamilton parameters:

1
Ao sz -4, -4 -4 -4
/}1 _ lel a')l ’K—l _ _ﬂ1 /10 _23 /12 .
4, 2 W A A by 4
.. 2
2,3 o _AG _/12 /11 lo
3

APPENDIX A

In the following decompositions of the integrands of Lagrange function (2.3), only the
principal terms of the expansion and terms that depend on the angular velocity @ or
contain p nothigherand p not less (2.4) than the second order are retained:

DR =R+ 2K, (@xp)+(@xp) =K +@§@+(ax5)2;

2) K :[faj+25-(§nxa)+(a—)x5)2}[§j+25-(§nx5)+(a—)x5)2}:

= - = 2 =
=R} +W+4[5.(1{n xa_))} + 2R (@xp) +..;

3) 11 _1 1_'5 (E”__J)_ P’ [,5 (EW—E,)TJF
Ay A A, A 222 A
1{1 p(R-R)_ p 3[P(R-R)] }
N 2 - 2 ~ ] + =
nk nk 2Ank 2 Ank
) R K] R AT (R -R)p(R-R)
By Bk A A A, A2,
5 PEA] 5 PEAT
2Afy 2 Aij 2Af’k 2 Aik i
; =~ = — — 2
E*Z - (= o 1 15 Rn_R' =2 3 ﬁ Rn_R‘
B T e g
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— (s =\ 1= = 1
+p-[(Rn—Rj)><a)]p-RjA—zj+....
To compute some 12 integrals:

I(@xﬁ)zdmn = J‘|:(a)2£;—a)377)2 +(a)3§_a)lé/)2 +((0177_a)2§)2:|dmn =

m}’l

_ (wlz+wzz)14n+1;n—cn+( 2 12)Cn+1;n—3n+( 3z+w22)3n+(;n—4n}:

= (A,,a)f +B 0! + Cna)j) =H, -, (A1)
[ p°dm, = I(§2+772+§2)dmn=%(An+Bn+Cn); (A2)
(R ~R)2T dm = [[(5 5 €00 755 € .=

=%[(xn —x,) (B,+C,~4,)+(y,~»,) (C,+4,-B,)+(z,~z,) (4, +B, —Cn)}

{83, 4B+ €)= (x, -3 ) 4+ (52, B+ (5 -2) ¢, ) (A3)



. 2
J|7:(R,x@)| dm, -
— m”2 : s 2 2( . 2 2/ . 2 _
= If (v,0,—z,0,) dmﬂ+J.77 (z,0,—x,0,) dmn+I§ (%,0, —y,@) dm, =

2B, +C,—A,
2

I'B'(ﬁ”xa)ﬁ'(ﬁ” —Ej)dmn :Ljfz (7,0, —z'na)z)(xn—xj)dmn +

mll

»C +A4 —B,

= (yna)3 _Z.na)2) +(2na)1 _xna)3) 2 +(xﬂa)2 _yﬂa)l)

2

+ Jﬂz (Z.na)l _xna)3)(yn _yj)dmn + Igz (xna)Z _yna)l)(zn _Zj)dmn =

[0 -2,0)(5,-3)(B,+C, - 4)+ (5,0~ 5,0.)(3,-3,)(C, + 4, B,)+
+(%,0, —)"na)l)(zn —Zj)(An +B, —Cn)] _
:%{Ancol [(y -y,)z, (2, —zj)y',,]HBna;2 [(z —z,)%,~(x, —xj)Z'n]+

+C0, | (x,=x,) 3, ~ (3, -2,) % [+(C, =B oy [ (v, -¥,)2,+(2,-2,) 3, |+

+(4,-C,) o, [(zn —zj))'cn +(xn —xj)z'n]+(Bn -4, o, [(xn —xj)j/n +(yn —y_i)xn}} =

2 g
+(C —Bn)a)1 [(yn —yj)z'n +(Zn—zj)yn]+(An—Cn)a)2 [(zn —Zj))'cn +(xn —xj)z' }L
+(B,-4,) o, (x —x;)yn+(yn—)k)xn}}

24, +B, -C,

111

; (A4)

(A6)

(A7)
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= = o I,
_[Rn-p(Rn—Rj)-pdmnZE[xn(xn—xj)(Bn+Cn—An)+

+yn(yn_yj)(cn+An_Bn)+2n(Zn_Zj)(An+Bn_Cn)]z

:M(An+Bn+Cn)_[xn(xn_xj)A”+)>”(y”_yf)B"+2"(Z”_Z/)C"]; (A8)

jfen.,sfej.,sdmn:%[xnxj(Bﬁcn—An)+y'nyj,(cn+An—Bn)+
+2,%,(4,+B,-C,)|= : L(4,+B,+C,)~|%,%,4,+,9,B,+2,2,C, |; (A9)

mfﬁ-[(ﬁn —E/)xé}ﬁ(ﬁn_ﬁf)dmn =mJn.§2(xn —xj)[(yn —yj)a)3—(zn —Zj)a)z}dmﬂL

+m-[;72 (yn _y,j)[(zn —Zj)a)l —(xn —xj)a)S]dmn +mJ;§2 (zn —Z_/.)[(xn —x_l.)a)2 —(yn _yj)wl}dmn _

:%{(xn—xj)[ag(yn )=z, _Zj)](BnJrCn —4,)+

=)
+(zn—zj)[a)z(xn—x].)—col(yn—yj)](An+Bn—Cn)}:
:(xn—xj)(y —yj)a)3(Bn—An)+(Zn—z )(xn—xj)a)z(A -C )+
+(y,-3,)(z,-z,) @ (C,-B,); (A.10)

_[An(xn—xj)(xn —xk)+Bn (yn —yj)(yn—yk)+Cn (zn—zj)(zn —Zk)]; (A.ll)



APPENDIX B

The partial derivatives of the kinetic energy are computed by using (1.1):
or Ao ow, +Bo, ow, +Co, ow,

8/1 (M o4, 8/1

o, .
=2 —22 — =2 =21;

5/1 ﬂ“ A1 "4, ﬂ? 33 ?
aa) J Ow,

04, 8/11 aﬂz 62.3

Ow, —2i; 0w, _ Y 6603 Yy 0w, _ 2
04, o4, 04,

T 420,22 0

04, o4, oA 04,

8a)1_ 24 8601_ 8601 2/13%__ A;
6/1 21 8/1 23

ow, Ow,

ok, ok ﬂg

Ow, Ow, 8(03 Ow,

o e e T e
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(B.1)

(B.2)
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d oT oo, . O, 0w, d O, d 0w, c d O,

——=A4,0,—-+B,0,—+C,0,—+ A,0,——+ B,o,——*+ C, 0, =
dt 6, o, oA, oA, dt 04, dt 04, dt 0/,
A0 _ ;. 400 _5;. 400 _,;.d0m _ ;.
dt 64, dt 94, dt 64, dt o4,
dO00, _ 5, d0% _ 5. 400, _5; d00 ;.
dt 94, dt 0, " dt 0/, dt 9,
d00,_ ;. doo,_; dow _ ; doo,_
dt 04, dt o4 Tdt 04, dr oA,
o, oo,
Thus L9% 9% L i=1,2,3. (B.3)
dtdj, 0

(T}, =2(- 44,0, - 8,0, - 2C,00) + 4( -4 A0, ~ 1oB,0, ~ .C,0,):
{T}, = 2(4 4,0, — 2sB,0, + 1,C,00,) + 4( Ay 4,0 = 4B,m, + 1,C,0,);
{T}, =2(4A,0,+ 4,B,0, - 4C,i0,) + 4( 4, 4,00, + 4,B,0, - 4,C,0,):;
{T}, =2(~24,4,0, + AB,a, + 4,C,00,) + (-4, 4,0, + 4,B,0, + 4,.C,0,).

(B.4)

The partial derivatives of the angular momentum vector of the rotational motion of the rigid
body are computed:

aH:Anaa)‘Z+Ba 12+Ca£13,
o4 " oA, o4, o4
oH 0w~ , 0w,— . 0o~

—=A —i+B—>i,+C,—
04, 04, o4, oA,

48 _, dowr pd00g o doo (B.5)
dt oA di 04 dt 04, dt 04,

doH _ OH

dtoi, oA’

— ow, — 0w, — ow.
H{ =2 A,—i+B—*i+C,—3
v} ( ", e T Lj]
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