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ABSTRACT. The rigid Moon rotation problem is studied for the relativistic (kinematical)
case, in which the geodetic perturbations in the Moon rotation are taken into account. As the
result of this research the high-precision Moon Rotation Series MRS2016 in the relativistic
approximation was constructed for the first time and the discrepancies between the high-
precision numerical and the semi-analytical solutions of the rigid Moon rotation were
investigated with respect to the fixed ecliptic of epoch J2000, by the numerical and analytical
methods. The residuals between the numerical solution and MRS2016 in the perturbing terms
of the physical librations do not exceed 80 mas and 10 arc seconds over 2000 and 6000 years,
respectively.
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1. INTRODUCTION

In the preceding investigations (Pashkevich and Eroshkin 2011, Pashkevich 2015) the high-
precision rigid Moon Rotation Series (designated MRS2011B, MRS2014, respectively) were
constructed only for the Newtonian (dynamical) case. In this research the rigid Moon rotation
problem is solved for the relativistic (kinematical) case, in which the geodetic perturbations
(the most essential relativistic perturbations) in the Moon rotation are taken into account. The
main aims of the present research are construction of the high-precision rigid Moon Rotation
Series MRS2016A and MRS2016B in the relativistic approximation dynamically adjusted to
the JPL DE422/LE422 ephemerides (Folkner 2011), over 2000 and 6000 years, respectively,
and investigation of discrepancies between the high-precision numerical and the semi-
analytical solutions of the rigid Moon rotation problem with respect to the fixed ecliptic of
epoch J2000, by the numerical and analytical methods. For these purposes in this study the
mathematical model, which were described in our previous investigations is modified
(Pashkevich and Eroshkin 2011, Pashkevich 2015) and the iterative algorithm of the problem
is applied (Pashkevich 2015).

2. MATHEMATICAL MODEL

The problem formularized in the Rodrigues — Hamilton parameters (Pashkevich and Eroshkin
2011), which in this paper are expressed via the perturbing terms of the physical librations of
the Moon:
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Here 7, p and o are the perturbing terms of the physical librations of the Moon (Eckhardt
1981) for the fixed ecliptic of epoch J2000 in the longitude, in the inclination and in the node
longitude, respectively; / is a constant angle of the inclination of the lunar equator to the fixed

ecliptic 12000 (I ~ 1°32°); L ¢ 1s the mean longitude of the Moon and Q is the mean longitude

of the ascending node of its orbit. The Rodrigues-Hamilton parameters determine the
orientation of the principal axes of inertia with respect to the Moon-fixed system (the fixes
ecliptic and vernal Moon equinox J2000.0).

The differential equations, determining the rigid Moon rotation in the terms of the Rodrigues
— Hamilton parameters are:
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Here w, =(&+5)*; @ is the Moon Newtonian angular velocity vector; gy = @+ is the
Moon relativistic angular velocity vector; the subscript ® corresponds to the relativistic
(kinematical) case and the dot denotes a differentiation with respect to time; @, @,,®,; are

the first derivatives of the angular velocity projections of the Moon relativistic angular
velocity vector @r=@+0 on the Moon principal axes of inertia; oy, oy, o, are the

projections of the vector & on the axes of the non-rotating ecliptic reference system; & is the
vector of the angular velocity of the Moon geodetic rotation, which is defined by the
following expression (Eroshkin and Pashkevich 2009):
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Here ¢ is the velocity of light; G is the gravitational constant; m; is the mass of the j-th

disturbing body (the Sun, the Earth and the major planets); 13]., R j,ﬁ((, k« are the vectors of
the barycentric position and velocity of bodies jand the Moon, respectively. The symbol x
means a vector product; the subscript « corresponds to the Moon; the subscript j
corresponds to the Earth, the major planets and the Sun.

The first derivatives of the angular velocity components are given by the following
equations:
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Here U, is the force function of the gravitational interaction of the Moon with the ;-th

disturbing body (the Earth, the Sun and the major planets) (Pashkevich and Eroshkin 2011);
the wvalues of the Moon principal moments of inertia A4, B, C and
a=(C-B)/A=(B-y)/(1-By), B=(C—-A)/B=63126-10"°,y =(B—A4)/C=227.37-10"°
were taken from (Eckhardt 1981); x,;, v, ,,z,, are the projections of the lunarcentric vector
1% ; of the j-th disturbing body into axes of the Moon-fixed reference frame; @y, ,@,, ®,, are
the projections of the Moon relativistic angular velocity vector ;= @@+ on the Moon

principal axes of inertia. The orbital motions of the disturbing bodies are defined by the JPL
DE422/1.LE422 ephemerides.

The vector-matrix equation expresses the relations between the components of the angular
velocity vector and the Rodrigues — Hamilton parameters:
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Here o, ,m,,m, are the projections of the Moon Newtonian angular velocity vector @ on the
Moon principal axes of inertia; 6, 6,, o5 are the components of the vector & in the Moon-
fixed system.
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The transformation of the DE422/LE422 ephemerides vector 7 (x;™, y‘jzz,z

J

) to the

vector 7 j(xR VR 22k j) in the Moon-fixed system is performed in two steps:

1-st step:

The transformation of the DE422/LE422 ephemerides vector 77j422 (x;.m, yjzz,zfzz
to the vector 7; (x;,y;,z;) in the Moon-fixed system, when this problem is solved in the
Newtonian approximation:
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Algebraic addendum of the element kk; | matrix product KK is the following:
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Matrix product KK is the following:
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2-nd step:
The transformation of the Newtonian vector 7 (x,,y,,z;)to the relativistic vector
Ta;(Xp;sYr;»25;) by means of the geodetic rotation, when this problem is solved in the

relativistic (kinematical) case, is obtained in the result of integration of the relation between
the time changes of the vector 7, with respect to two coordinate systems, one of which

rotates relatively to another with angular velocity o :
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over the time interval [#,45 7]. As a result of integration of eq. (11), the following expression is
obtained:

=7, — [ &xF dt, (12)

where t00 = JD2440400.5 (1969, 28 June, 0" ET) is the initial epoch of the rigid Moon
Rotation Series. Since this transformation is a rotational transformation, then ‘171‘ 2‘17] ‘

The iterative algorithm of the problem solution is described in detail in the paper
(Pashkevich 2015). The initial conditions of the numerical integration for first iteration of the
iterative algorithm are calculated from the composite semi-analytical theory of the rigid
Moon rotation MRS2016,, which include the semi-analytical solution of the rigid Moon
rotation (MRS2011B for 2000 years or MRS2014 for 6000 years) and the most essential
terms (Table 1) of the Moon geodetic rotation (Pashkevich 2016). MRS2016, is used also for
the comparison with numerical solution of first iteration of the iterative algorithm.
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Table 1. The most essential terms of the Moon geodetic rotation in the perturbing terms of
the physical librations (Pashkevich 2016).

The secular terms

The periodic terms

T
T2
T3

T
T2
T3

T
TZ
T3

At (pas)
19494124.5437
12.3515
-565.0947

Ap (nas)
300.5067
1780.4437
3126.0421

A(Io) (pas)

-6544.4452
36212.8892

-27286.6251

At (pas)
(-34.279 —7.559T+...)sink; +(— 149.201+5.683T+...)cosA; +
(30.212-0.001T +...)sinD + (0.001+0.001T +...)cosD +...

Ap (pas)
(-9-104 —0.008T+...)sinAs + (= 3-10-4 — 0.025 T+...)coshs +

(-0.004 +0.010T+...)sinD + (0.005 +0.007T +...)cosD +...

A(To) (pas)
(0.013 — 0.111T+...)sinAs + (0.052 — 0.496T+...)coshs +
(~0.016+0.093T+...)sinD + (— 0.006 +0.004T +...)cosD +...

In Table 1: D = 4,, — A3 + 180° A3 is the mean longitude of the Earth; 4,, is the mean

geocentric longitude of the Moon; T is the mean Dynamical Barycentric Time (TDB)
measured in thousands Julian years (tjy) (of 365250 days) from J2000. The mean longitudes
of the Earth and the Moon were taken from (Brumberg and Bretagnon 2000).

3. RESULTS

A. The investigation of the rigid Moon rotation over 2000 years time interval.

The discrepancies of the comparison between the numerical solutions and semi-analytical
series MRS2011B for Newtonian (dynamical) case in the previous investigation (Pashkevich
and Eroshkin 2011) are depicted in Figure 1.
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Fig. 1. Numerical solution minus MRS2011B solution (for Newtonian (dynamical) case)
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The behaviour of the discrepancies between the new numerical solution and new semi-
analytical solution MRS2016A for the relativistic (kinematical) case in this investigation are
depicted in Figure 2. These discrepancies (presented in Figure 1 — 2) are very similar and do
not exceed 80 mas over 2000 years for At, 40 mas over 2000 years for Alo and 20 mas over
2000 years for Ap.
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Fig. 2. Numerical solution minus MRS2016A solution (for the relativistic (kinematical) case)

B. The investigation of the rigid Moon rotation over 6000 years time interval.
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Fig. 3. Numerical solution minus MRS2014 solution (for Newtonian (dynamical) case)



The discrepancies of the comparison between the numerical solutions and semi-analytical
series MRS2014 for Newtonian (dynamical) case in the previous investigation (Pashkevich
2015) are depicted in Figure 3.
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Fig. 4. Numerical solution minus MRS2016B solution (for the relativistic (kinematical) case)

The behaviour of the discrepancies between the new numerical solution and new semi-
analytical solution MRS2016B for the relativistic (kinematical) case in this investigation are
depicted in Figures 4. These discrepancies do not exceed 8 arc seconds over 6000 years for

Alo, 4 arc seconds over 6000 years for Ap and 1 arc second over 6000 years for At (Figures 3
—4).

4. CONCLUSIONS

The new high-precision rigid Moon Rotation Series MRS2016A and MRS2016B in the
relativistic approximation dynamically adjusted to the JPL DE422/LLE422 ephemerides over
2000 and 6000 years have been constructed, respectively for the first time.

MRS2016 include about 1520 periodical terms. Discrepancies between the numerical
solution and MRS2016 do not exceed 80 mas over 2000 and 10 arc seconds over 6000 years.
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