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SOME ADDITION FORMULAS FOR FIBONACCI,
PELL AND JACOBSTHAL NUMBERS

GOKsAL Biragici, TUNCAY DENIZ SENTURK

Abstract. In this paper, we obtain a closed form for sz , sz and
i=1 i=1
JE;_C ) for some positive integers k where F., P, and J, are the rth Fibonacci,

Pell and Jacobsthal numbers, respectively. We also give three open problems
for the general cases FZLl’ PZ?:1 and JZZLzl for any arbitrary positive
integer n.

1. Introduction

Fibonacci, Pell and Jacobsthal numbers create well-known integer sequences
and satisfy the following recurrence relations

Fn: n—1+Fn—2a FO:Oa Flz]-v
P,=2P,_ 1+P,2, Ph=0, P =1,

and
Jn =dJdp-1+ 2Jn—2; JO = 0; Jl = 17

respectively.
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In [5], Mana gave the addition formula
(1.1) Foyp = Foq1Fpp1 — Fa1Fp 1.
Similarly, in [3 p.89], the following addition formula was given
(1.2) Fotvie=FoprFopr Fer + FoIWFe — Fy 1 Fy_ 1 Fo_q.

These two identities inspired us to investigate the general case. Egs. (1.1)) and
(1.2) can be obtained by using Fibonacci Q-matrix

a-|1 4|

A detailed history of Q-matrix can be found in [I]. Q-matrix satisfies some
interesting relations. For example, for n > 1, Koshy [3, p.363| gave

o -[ % ] aoee wa o ogran

We use Q-matrix to calculate desired identities.

2. Addition Formulas for Fibonacci Numbers

Firstly, we can write the known results as follows:

1 1
Fso =] Frr = ][ Frir = Foy = Foyn — Fry a1,

i=1 i=1

2 2
FZ?:I k; = HFIC7_+1 - HFki_]- = Fk1+k2 = Fk1+1Fk2+1 - Fk1—1Fk2—17

i=1 =1

3 3 3
FZ?:l ki == HFki+1 - HF]%_]_ + HFk;l = Fkl+k2+k3

=1 =1 =1

= Fry 1Pyt 1Fpyr1 — Froy -1 Fry—1Fjy—1 + Fiy Fioy Fiey .

Similar forms for Fy, 4k,+...+%, Where n = 4,5 and 6 are in the following
theorem.
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THEOREM 2.1. For all positive integers ki, ks, ..., kg, we have

(21) Py, —HFM HFk,1+2]'[Fk +ZHFk 1 Fy,,

j=1li=1
17'5]
S0k —HFk—i-l HFk—1+4HFk +QZHFkv—1Fk
=g
4 5 5
+ Z HFk,AFk_,-AFk“

I=1 j=l+1i=1
i

and

6
FE?:l H kil — Hkal'F?HFk +4ZHFk —1Fy,

1i=1
7= 2#]
5 6 6
+2Z Z HFkl—le:j—leq;
I=1 j=Il+1i=1
1#]
il
4 5 6 6
3 D D | N TS
m=1l=m+1 j=l+1 i=1
i#£j
1l
i#m

PROOF. From the matrix theory, we have

Qk1+k2+k3+k4 — le+k2+k3Qk4.
The entry QF*TF2tkstha (11 9)) gives

Fry + ko +ks+ka

::[(P%1+1F%2+1-Ffﬁnfﬁa)5%3+1-F(f%1+1f%2-Ffﬁnfﬁa—1)5%3]5%4

+ [Fk1+1Fk2+1Fk3+1 + Fiy Fioy Froy — Fk171Fk271Fk371}Fk471
- Fk1+1Fk2+1Fk3+le4+Fk1FkgFk3+1Fk4+Fk1+1Fk2Fk3Fk4+Fk1Fk}Q—leﬁng4

+ Fry+1Feo+1Fra+1Fk, -1 + Frog Froo Froa Froy -1 — Fry -1 Fpo—1Fja—1Fry—1
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= Fiy 11y +1 Frg 41 Frgt1 — Fry—1Fry—1Fhg—1Fry—1 + Froy 41 Frey Fiey P,
+ Fhy Froy—1 Flog Froy + Froy Fioy Frog 11 Fly + Fy Fioy Fiog Frey—1
= Fiy 11y +1 Frg 41 Frgt1 — oy —1Fry—1Fhg—1 Fy—1 + 2Fy, F, Fiy P,
+ Fro -1 Fuy Froo Froy + Fioy Frog—1 Fros Fioy + Floy Froo Froa—1Fioy + Frioy Frop Froo Froy—1.

The final equality gives Eq. (2.1). The remaining two identities in the theorem
can be proved similarly. ([l

Above identities can help us to give the following conjecture for the general
case.
CONJECTURE 2.2. For all positive integers k;, we have

n

FZ k; —HFk+1 HF]Q71+(F —1)HF1

=1 =1 i=1
n n
w1 — 1Y T Fr, 1 F,
j=1li=1
1#]

(Fn_z—l)ij Z 1 Frp-1Fe;, -1 P,

J1=1j2=j1+1 i=1
i#j1

i#£j2

(F5—1) Z Z Z Z Hijl—lej2—1"-ijn%_le..

J1=1j2=j1+1 jz=72+1 IJn—3=Jn-a+1 i=1
iFim

3. Addition Formulas for Pell Numbers

In this section, we extend results of the previous section to the Pell num-
bers. We need the following matrix similar to Q-matrix

P2 0]
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Properties of P-matrix can be found in [4]. P-matrix satisfies

Pn — |: P;—}—l PPTL1 j| , Pn—‘,—l — PnP7 and Pm+n — PmPn

The following addition formula (J4, p. 30, Exercise 48|) can be obtained
by using P-matrix:
Pm+n = PmPn+1 + PPy
Now we transform the last equation to another form:

Pm+n:PmPn+1+Pm—1Pn

— %(Pn—i-l — Py 1Ppi1) + %(Pmﬂ —Pp_1P,1)

= é(Pn+1Pm+l — Po1 P14 Pry1Poy — P Paa),
and we have
(3.1) Prgn = %(Pm—i-lpn-l-l —Pp_1Pp_y).

This form of addition formula is very useful for us. The main results of this
section are in the following theorem.

THEOREM 3.1. For all positive integers ki, ks, ..., ks, we have
14 1
Poi g =5 [ Prsr - HPk 1= Pklﬂ = 5P,
=1
12
P2 =5 [[ Pecii - HPk = —Pk1+1Pk2+1 2Pk1_1Pk2_1,
=1
13 13 3
P =—1|P —= | P P,
S8 ks 211 ki1 221:[1 ki 1+I[1 kis

4 4 4
PZleki:%H k+1—*HPk—1+4HPk ZH Py, 1Py,
i=1 i=1

1
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5
_EHPkH_l HPk_1+13HPk +4ZHPk —1Pk717

11 j=1li=1

=1
1#£]
4 5 5
Z Z H ko —1Pr; —1 P, -
=1 j=I+1 z;l
i

PROOF. We proved the second identity (see (3.1))) at the beginning of this
section. Now, we start with the proof of the third identity. P-matrix satisfies

Pphitkatks _ pkithkaphks
This equation gives

Py 4 kot ks 41 Proy ko tks
Pk1+k2+k3 Pk1+k2+k3—1

Pov1Pryi1 + Po Py Pry41 Py, + Pry Pry—1 Piov1 P

Py Pryi1 + Py 1Py, Pry Pry + Py 1 Pry—1 Py Py

3

and

Pk1+k:2+k?3 - Pk1+lpk2+1Pk33 + Pk?1Pk2Pk:3 + Pkl-i-lPk?QPk:g—l + Pk?1Pk2—1Pk3—1

1 1
= Pk1+1Pk}2+1 <2P]€3+1 - 2Pk}31> + Pkllpktzpk‘g

1 1
+ Pr 41 <2Pk2+1 - 2Pk2—1> Py

1 1
+ <2Pk1+1 — 2Pk1—1> Py 1Pr, 1

1

=Py +1Pry 41 Prs+1 —

1
= 2 7Pk1—1Pk2—1Pk3—1 +Pk1Pk2Pk3'

2

The last equality completes the proof of the third identity. The remaining two
addition formulas can be proved in a similar way. O

We guess the general case in next conjecture.
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CONJECTURE 3.2. For all positive integers k;, we have
14 14 n
P im ki T il_llpkﬁ-l - 51_[1Pk:i—1 +An—211Pki
1= 1= 1=

n n n—1 n n
+ An_3 ZHijqui +An_4 Z Z H Py, —1Px; 1P,

j=1li=1 Ji=1j2=j1+1 i=1
1#] i#j1
i#j2

+ ...

n

4 5 6 n
+ Ay Z Z Z Z H P, 1Piy, 1+ Py, 1P,

J1=1j2=j1+1 ja=j2+1 Jn—3=jn—a+1 i=1
T ]'VYL

where A, = 351 (series 4003462 in [6]).

4. Addition Formulas for Jacobsthal Numbers

In previous sections, we gave addition formulas for the Fibonacci and Pell
numbers. We investigate these addition formulas for Jacobsthal numbers in
this section. As usual, we need the J-matrix:

1 2
3= [ L2 } |
Similar to Q-matrix and P-matrix, J-matrix satisfies

n __ Jn+1 2Jn m+1 _ n m4+n _ gmn
J[ o 2Jn_1]’ Jotl—3n3 and JMTM = JmJn

The J-matrix was defined and studied in [2]. We have the next identity
from [2]:

Jm+n = JmJn+1 + 2<]7n—1<]n-

Let us change this equation a little bit. From the recurrence relation of Ja-
cobsthal numbers, we have

Jm+n = Jn+1(Jm+1 - 2Jmfl) + 2JmflJn

= m+1Jn+1 - 2']m—l(Jn—i-l - Jn)
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and

(41) Jm—i—n = m+1Jn+1 - 4J?ﬂ—ljn—l-

This equality is our reference point, i.e., we write the other addition formulas
similar to the last equation. We calculate one more identity for Jacobsthal
numbers in order to estimate the general case.

THEOREM 4.1. For all positive integers ki, ks, ..., k7, we have
1 1
Iyt k= H i1 — 2 H Jii—1s
z;l 7,:;
sz k= H o1 — 2° H T 1,
z? Z? 3
I g = H Teop1 —2° H Joio1 +2 H T
Ttk = HJk =2 HJk S +4HJk 1Y [

t=11i=1

z;ét
Iss k, —HJk+1—2 HJk_1+1oHJk +82H.fkt 1,
=
4 5 5
+82 z HJquJkrlem
=1 t=i+1i=1
it
il
6 6 6 6 6
N H T, o1 — 28 H Jh—1 + 20H J, + 20 ZH Ik, —1Jk,
i1 i=1 i=1 t=1i=1
iZt

5 6 6
+ 162 Z H i1k, -1k,

=1 t=I+11i=1
it
il

—|—162 Z Z HJk 1k -1k, —1Jk;

m=1l=m+1n= l+1z 1
i#n

17l
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and
7
H jor1 — 27 HJk —1+42HJk +4OZHJkt—1Jk
=1 =l
+4OZ Z HJk, 1k —1Jk; +322 Z Z Hka—IJk1 1k, 1k,
=1 t= l+11, 1 m=1l=m+1n=Il+1 i=1
2;&[ z;;él
i#Em

4 5 6 7 7
+ 32 Z Z Z Z H th_1ka2_1ka3_1ka4_1Jki‘

J1=1j2=71+1js=j2+1 ja=js+1 i=1
iZ£im

PROOF. We gave the proof of the second identity (see (4.1])) at the begin-
ning of this section. Now, we prove the third equality of this theorem and the
others can be proved by following a similar course. Let us remind the following
property of J matrix:

Jk?1+k2+k3 _ Jk1+k2Jk3.
From this identity, we write

J/ﬂ1+k2+k3+1 2J’€1+k2+k3
Jirthotks 2k +hotha—1
Ty 1T ka1 + 20k Ty 2Jky 41Tk, + 4Tk Ty —1 Jeg+1 2k,

Jir Jhgt1 + 205, 1Ty 205, Ty + 4Tk, —1Jky—1 Jk 2Jks—1

5
As in the case of Fibonacci and Pell numbers, we obtain
Jrytkotks = Tk 1 ko1 ks +1 — 4dky 1Ty —1 k511
+ 2k, Jiey Ty + ATy —1 Ty —1 Tk
= Jkyr1dkor 1 k41 — 4Ty 1 kg1 (ks 11 — Jky) + 2k, iy I
= Jky +1 ka1 ks +1 — 8Tk —1Jky—1 ks —1 + 2 kg iy Jies -

The last equality completes the proof. ([l
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Our guess for the general case of the Jacobsthal numbers is more compli-
cated than those of Fibonacci and Pell numbers.

CONJECTURE 4.2. For all positive integers k;, if n is odd, we have
Ty = Teir = 2" [ [ ki1 + (o = T0) [ [ I
i=1 i=1 =1

n n—1 n n
+ (Jp, — J3) <Z ka—lei + Z Z H ka2—1ka1—1Jki> +

]:1 J1=1j2=71+1 1=1
i
i#j2

5 6 7 n n
+(J”_J”—2)< Z Z Z Z Hkal_lejZ_l...kan—s_lpki

J1=1ja=j1+1 jz=jo+1jn_a=jn_s+1i=1
1FIm

4 5 6 n n
+ Y Y Hth_leh_l...kan3_1Pk1.>,

j1=1j2=71+1 jz=ja2+1 Jn—3=Jn—a+1 i=1
i#jm

e B

if n is even, we have

JZ?:1 ki = H‘]kr‘rl —2" HJk,;—l + (Jn - J2)<H Jk + ZHJk_le )
=1 =1

j=1l:i=1
1#]

(Jn = Ja) (Z Z | | R

j1=1j2=71+1 2=1
i7#j1
i#j2

n—2 n—1 n n
+ Z Z Z H kalekj21ka11Jki> +

J1=1j2=j1+1js=j2+1 i=1
17#]1
i7#j2
1#j2

5 [§ 7 n n
+(Jn—Jn—2 (2 Z Z Z HJk 1k, -1 Iy, 1Pk,

J1=1je=j1+1j3=jo+1jn—a=jn_s5+1i=
l;ﬁ]m

4 5 6 n n
+ Z Z Z . Z H kal—l‘]ka—l .. 'ka7L—3_1Pki>’

J1=1j2=j1+1 ja=ja+1 jn_3=fn_a+1 i=1
1Ejm
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