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SOME ADDITION FORMULAS FOR FIBONACCI,
PELL AND JACOBSTHAL NUMBERS

Göksal Bilgici, Tuncay Deniz Şentürk

Abstract. In this paper, we obtain a closed form for F∑k
i=1

, P∑k
i=1

and
J∑k

i=1
for some positive integers k where Fr, Pr and Jr are the rth Fibonacci,

Pell and Jacobsthal numbers, respectively. We also give three open problems
for the general cases F∑n

i=1
, P∑n

i=1
and J∑n

i=1
for any arbitrary positive

integer n.

1. Introduction

Fibonacci, Pell and Jacobsthal numbers create well-known integer sequences
and satisfy the following recurrence relations

Fn = Fn−1 + Fn−2, F0 = 0, F1 = 1,

Pn = 2Pn−1 + Pn−2, P0 = 0, P1 = 1,

and

Jn = Jn−1 + 2Jn−2, J0 = 0, J1 = 1,

respectively.
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In [5], Mana gave the addition formula

(1.1) Fa+b = Fa+1Fb+1 − Fa−1Fb−1.

Similarly, in [3, p.89], the following addition formula was given

(1.2) Fa+b+c = Fa+1Fb+1Fc+1 + FaFbFc − Fa−1Fb−1Fc−1.

These two identities inspired us to investigate the general case. Eqs. (1.1) and
(1.2) can be obtained by using Fibonacci Q-matrix

Q =

[
1 1
1 0

]
.

A detailed history of Q-matrix can be found in [1]. Q-matrix satisfies some
interesting relations. For example, for n ≥ 1, Koshy [3, p.363] gave

Qn =

[
Fn+1 Fn

Fn Fn−1

]
, Qn+1 = QnQ, and Qm+n = QmQn.

We use Q-matrix to calculate desired identities.

2. Addition Formulas for Fibonacci Numbers

Firstly, we can write the known results as follows:

F∑1
i=1 ki

=

1∏
i=1

Fki+1 −
1∏

i=1

Fki−1 = Fk1 = Fk1+1 − Fk1−1,

F∑2
i=1 ki

=

2∏
i=1

Fki+1 −
2∏

i=1

Fki−1 = Fk1+k2 = Fk1+1Fk2+1 − Fk1−1Fk2−1,

F∑3
i=1 ki

=

3∏
i=1

Fki+1 −
3∏

i=1

Fki−1 +

3∏
i=1

Fki
= Fk1+k2+k3

= Fk1+1Fk2+1Fk3+1 − Fk1−1Fk2−1Fk3−1 + Fk1Fk2Fk3 .

Similar forms for Fk1+k2+···+kn where n = 4, 5 and 6 are in the following
theorem.
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Theorem 2.1. For all positive integers k1, k2, . . . , k6, we have

F∑4
i=1 ki

=

4∏
i=1

Fki+1 −
4∏

i=1

Fki−1 + 2

4∏
i=1

Fki +

4∑
j=1

4∏
i=1
i6=j

Fkj−1Fki ,(2.1)

F∑5
i=1 ki

=

5∏
i=1

Fki+1 −
5∏

i=1

Fki−1 + 4

5∏
i=1

Fki + 2

5∑
j=1

5∏
i=1
i6=j

Fkj−1Fki

+

4∑
l=1

5∑
j=l+1

5∏
i=1
i6=j
i6=l

Fkl−1Fkj−1Fki
,

and

F∑6
i=1 ki

=

6∏
i=1

Fki+1 −
6∏

i=1

Fki−1 + 7

6∏
i=1

Fki + 4

6∑
j=1

6∏
i=1
i6=j

Fkj−1Fki

+ 2

5∑
l=1

6∑
j=l+1

6∏
i=1
i6=j
i6=l

Fkl−1Fkj−1Fki

+

4∑
m=1

5∑
l=m+1

6∑
j=l+1

6∏
i=1
i6=j
i6=l
i6=m

Fkm−1Fkl−1Fkj−1Fki .

Proof. From the matrix theory, we have

Qk1+k2+k3+k4 = Qk1+k2+k3Qk4 .

The entry Qk1+k2+k3+k4 ([1, 2]) gives

Fk1+k2+k3+k4

=
[
(Fk1+1Fk2+1 + Fk1Fk2)Fk3+1 + (Fk1+1Fk2 + Fk1Fk2−1)Fk3

]
Fk4

+
[
Fk1+1Fk2+1Fk3+1 + Fk1Fk2Fk3 − Fk1−1Fk2−1Fk3−1

]
Fk4−1

= Fk1+1Fk2+1Fk3+1Fk4+Fk1Fk2Fk3+1Fk4+Fk1+1Fk2Fk3Fk4+Fk1Fk2−1Fk3Fk4

+ Fk1+1Fk2+1Fk3+1Fk4−1 + Fk1Fk2Fk3Fk4−1 − Fk1−1Fk2−1Fk3−1Fk4−1
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= Fk1+1Fk2+1Fk3+1Fk4+1 − Fk1−1Fk2−1Fk3−1Fk4−1 + Fk1+1Fk2Fk3Fk4

+ Fk1Fk2−1Fk3Fk4 + Fk1Fk2Fk3+1Fk4 + Fk1Fk2Fk3Fk4−1

= Fk1+1Fk2+1Fk3+1Fk4+1 − Fk1−1Fk2−1Fk3−1Fk4−1 + 2Fk1Fk2Fk3Fk4

+ Fk1−1Fk2Fk3Fk4 + Fk1Fk2−1Fk3Fk4 + Fk1Fk2Fk3−1Fk4 + Fk1Fk2Fk3Fk4−1.

The final equality gives Eq. (2.1). The remaining two identities in the theorem
can be proved similarly. �

Above identities can help us to give the following conjecture for the general
case.

Conjecture 2.2. For all positive integers ki, we have

F∑n
i=1 ki

=

n∏
i=1

Fki+1 −
n∏

i=1

Fki−1 + (Fn − 1)

n∏
i=1

Fki

+ (Fn−1 − 1)

n∑
j=1

n∏
i=1
i6=j

Fkj−1Fki

+ (Fn−2 − 1)

n−1∑
j1=1

n∑
j2=j1+1

n∏
i=1
i6=j1
i6=j2

Fkj2−1Fkj1−1Fki

+ . . .

+ (F3 − 1)

4∑
j1=1

5∑
j2=j1+1

6∑
j3=j2+1

· · ·
n∑

jn−3=jn−4+1

n∏
i=1
i6=jm

Fkj1−1Fkj2−1 · · ·Fkjn−3
−1Fki .

3. Addition Formulas for Pell Numbers

In this section, we extend results of the previous section to the Pell num-
bers. We need the following matrix similar to Q-matrix

P =

[
2 1
1 0

]
.
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Properties of P-matrix can be found in [4]. P-matrix satisfies

Pn =

[
Pn+1 Pn

Pn Pn−1

]
, Pn+1 = PnP, and Pm+n = PmPn.

The following addition formula ([4, p. 30, Exercise 48]) can be obtained
by using P-matrix:

Pm+n = PmPn+1 + Pm−1Pn.

Now we transform the last equation to another form:

Pm+n = PmPn+1 + Pm−1Pn

=
1

2
(Pn+1 − Pn−1Pm+1) +

1

2
(Pm+1 − Pm−1Pn−1)

=
1

2
(Pn+1Pm+1 − Pn−1Pm+1 + Pm+1Pn−1 − Pm−1Pn−1),

and we have

(3.1) Pm+n =
1

2
(Pm+1Pn+1 − Pm−1Pn−1).

This form of addition formula is very useful for us. The main results of this
section are in the following theorem.

Theorem 3.1. For all positive integers k1, k2, . . . , k5, we have

P∑1
i=1 ki

=
1

2

1∏
i=1

Pki+1 −
1

2

1∏
i=1

Pki−1 =
1

2
Pk1+1 −

1

2
Pk1−1,

P∑2
i=1 ki

=
1

2

2∏
i=1

Pki+1 −
1

2

2∏
i=1

Pki−1 =
1

2
Pk1+1Pk2+1 −

1

2
Pk1−1Pk2−1,

P∑3
i=1 ki

=
1

2

3∏
i=1

Pki+1 −
1

2

3∏
i=1

Pki−1 +
3∏

i=1

Pki ,

P∑4
i=1 ki

=
1

2

4∏
i=1

Pki+1 −
1

2

4∏
i=1

Pki−1 + 4

4∏
i=1

Pki +

4∑
j=1

4∏
i=1
i6=j

Pkj−1Pki ,
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P∑5
i=1 ki

=
1

2

5∏
i=1

Pki+1 −
1

2

5∏
i=1

Pki−1 + 13

5∏
i=1

Pki + 4

5∑
j=1

5∏
i=1
i6=j

Pkj−1Pki ,

+

4∑
l=1

5∑
j=l+1

5∏
i=1
i6=j
i6=l

Pkl−1Pkj−1Pki .

Proof. We proved the second identity (see (3.1)) at the beginning of this
section. Now, we start with the proof of the third identity. P-matrix satisfies

Pk1+k2+k3 = Pk1+k2Pk3 .

This equation gives Pk1+k2+k3+1 Pk1+k2+k3

Pk1+k2+k3 Pk1+k2+k3−1


=

 Pk1+1Pk2+1 + Pk1Pk2 Pk1+1Pk2 + Pk1Pk2−1

Pk1Pk2+1 + Pk1−1Pk2 Pk1Pk2 + Pk1−1Pk2−1

×

 Pk3+1 Pk3

Pk3 Pk3−1


and

Pk1+k2+k3 = Pk1+1Pk2+1Pk3 + Pk1Pk2Pk3 + Pk1+1Pk2Pk3−1 + Pk1Pk2−1Pk3−1

= Pk1+1Pk2+1

(
1

2
Pk3+1 −

1

2
Pk3−1

)
+ Pk1Pk2Pk3

+ Pk1+1

(
1

2
Pk2+1 −

1

2
Pk2−1

)
Pk3−1

+

(
1

2
Pk1+1 −

1

2
Pk1−1

)
Pk2−1Pk3−1

=
1

2
Pk1+1Pk2+1Pk3+1 −

1

2
Pk1−1Pk2−1Pk3−1 + Pk1Pk2Pk3 .

The last equality completes the proof of the third identity. The remaining two
addition formulas can be proved in a similar way. �

We guess the general case in next conjecture.
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Conjecture 3.2. For all positive integers ki, we have

P∑n
i=1 ki

=
1

2

n∏
i=1

Pki+1 −
1

2

n∏
i=1

Pki−1 +An−2

n∏
i=1

Pki

+An−3

n∑
j=1

n∏
i=1
i6=j

Pkj−1Pki +An−4

n−1∑
j1=1

n∑
j2=j1+1

n∏
i=1
i6=j1
i6=j2

Pkj2−1Pkj1−1Pki

+ . . .

+A1

4∑
j1=1

5∑
j2=j1+1

6∑
j3=j2+1

· · ·
n∑

jn−3=jn−4+1

n∏
i=1
i6=jm

Pkj1
−1Pkj2

−1 · · ·Pkjn−3
−1Pki

where An = 3n−1
2 (series A003462 in [6]).

4. Addition Formulas for Jacobsthal Numbers

In previous sections, we gave addition formulas for the Fibonacci and Pell
numbers. We investigate these addition formulas for Jacobsthal numbers in
this section. As usual, we need the J-matrix:

J =

[
1 2
1 0

]
.

Similar to Q-matrix and P-matrix, J-matrix satisfies

Jn =

[
Jn+1 2Jn
Jn 2Jn−1

]
, Jm+1 = JnJ, and Jm+n = JmJn.

The J-matrix was defined and studied in [2]. We have the next identity
from [2]:

Jm+n = JmJn+1 + 2Jm−1Jn.

Let us change this equation a little bit. From the recurrence relation of Ja-
cobsthal numbers, we have

Jm+n = Jn+1(Jm+1 − 2Jm−1) + 2Jm−1Jn

= Jm+1Jn+1 − 2Jm−1(Jn+1 − Jn)
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and

(4.1) Jm+n = Jm+1Jn+1 − 4Jm−1Jn−1.

This equality is our reference point, i.e., we write the other addition formulas
similar to the last equation. We calculate one more identity for Jacobsthal
numbers in order to estimate the general case.

Theorem 4.1. For all positive integers k1, k2, . . . , k7, we have

J∑1
i=1 ki

=

1∏
i=1

Jki+1 − 2

1∏
i=1

Jki−1,

J∑2
i=1 ki

=

2∏
i=1

Jki+1 − 22
2∏

i=1

Jki−1,

J∑3
i=1 ki

=

3∏
i=1

Jki+1 − 23
3∏

i=1

Jki−1 + 2

3∏
i=1

Jki ,

J∑4
i=1 ki

=

4∏
i=1

Jki+1 − 24
4∏

i=1

Jki−1 + 4

4∏
i=1

Jki + 4

4∑
t=1

4∏
i=1
i6=t

Jkt−1Jki ,

J∑5
i=1 ki

=

5∏
i=1

Jki+1 − 25
5∏

i=1

Jki−1 + 10

5∏
i=1

Jki + 8

5∑
t=1

5∏
i=1
i6=t

Jkt−1Jki

+ 8

4∑
l=1

5∑
t=l+1

5∏
i=1
i6=t
i6=l

Jkl−1Jkt−1Jki ,

J∑6
i=1 ki

=
6∏

i=1

Jki+1 − 26
6∏

i=1

Jki−1 + 20
6∏

i=1

Jki + 20
6∑

t=1

6∏
i=1
i6=t

Jkt−1Jki

+ 16

5∑
l=1

6∑
t=l+1

6∏
i=1
i6=t
i6=l

Jkl−1Jkt−1Jki

+ 16
4∑

m=1

5∑
l=m+1

6∑
n=l+1

6∏
i=1
i6=n
i6=l
i6=m

Jkm−1Jkl−1Jkn−1Jki
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and

J∑7
i=1 ki

=

7∏
i=1

Jki+1 − 27
7∏

i=1

Jki−1 + 42

7∏
i=1

Jki + 40

7∑
t=1

7∏
i=1
i6=t

Jkt−1Jki

+40

6∑
l=1

7∑
t=l+1

7∏
i=1
i6=t
i6=l

Jkl−1Jkt−1Jki+32

5∑
m=1

6∑
l=m+1

7∑
n=l+1

7∏
i=1
i6=n
i6=l
i6=m

Jkm−1Jkl−1Jkn−1Jki

+ 32

4∑
j1=1

5∑
j2=j1+1

6∑
j3=j2+1

7∑
j4=j3+1

7∏
i=1
i6=jm

Jkj1
−1Jkj2

−1Jkj3
−1Jkj4

−1Jki
.

Proof. We gave the proof of the second identity (see (4.1)) at the begin-
ning of this section. Now, we prove the third equality of this theorem and the
others can be proved by following a similar course. Let us remind the following
property of J matrix:

Jk1+k2+k3 = Jk1+k2Jk3 .

From this identity, we write Jk1+k2+k3+1 2Jk1+k2+k3

Jk1+k2+k3 2Jk1+k2+k3−1



=

 Jk1+1Jk2+1 + 2Jk1Jk2 2Jk1+1Jk2 + 4Jk1Jk2−1

Jk1Jk2+1 + 2Jk1−1Jk2 2Jk1Jk2 + 4Jk1−1Jk2−1

×
 Jk3+1 2Jk3

Jk3 2Jk3−1

 .

As in the case of Fibonacci and Pell numbers, we obtain

Jk1+k2+k3 = Jk1+1Jk2+1Jk3+1 − 4Jk1−1Jk2−1Jk3+1

+ 2Jk1Jk2Jk3 + 4Jk1−1Jk2−1Jk3

= Jk1+1Jk2+1Jk3+1 − 4Jk1−1Jk2−1(Jk3+1 − Jk3) + 2Jk1Jk2Jk3

= Jk1+1Jk2+1Jk3+1 − 8Jk1−1Jk2−1Jk3−1 + 2Jk1
Jk2

Jk3
.

The last equality completes the proof. �
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Our guess for the general case of the Jacobsthal numbers is more compli-
cated than those of Fibonacci and Pell numbers.

Conjecture 4.2. For all positive integers ki, if n is odd, we have

J∑n
i=1 ki

=

n∏
i=1

Jki+1 − 2n
n∏

i=1

Jki−1 + (Jn − J1)

n∏
i=1

Jki

+ (Jn − J3)

(
n∑

j=1

n∏
i=1
i6=j

Jkj−1Jki
+

n−1∑
j1=1

n∑
j2=j1+1

n∏
i=1
i6=j1
i6=j2

Jkj2
−1Jkj1

−1Jki

)
+ · · ·

+(Jn−Jn−2)

(
5∑

j1=1

6∑
j2=j1+1

7∑
j3=j2+1

· · ·
n∑

jn−4=jn−5+1

n∏
i=1
i6=jm

Jkj1
−1Jkj2

−1 · · · Jkjn−3
−1Pki

+

4∑
j1=1

5∑
j2=j1+1

6∑
j3=j2+1

· · ·
n∑

jn−3=jn−4+1

n∏
i=1
i6=jm

Jkj1−1Jkj2−1 · · · Jkjn−3
−1Pki

)
,

if n is even, we have

J∑n
i=1 ki

=

n∏
i=1

Jki+1 − 2n
n∏

i=1

Jki−1 + (Jn − J2)

(
n∏

i=1

Jki +

n∑
j=1

n∏
i=1
i6=j

Jkj−1Jki

)

+ (Jn − J4)

(
n−1∑
j1=1

n∑
j2=j1+1

n∏
i=1
i6=j1
i6=j2

Jkj2−1Jkj1−1Jki

+
n−2∑
j1=1

n−1∑
j2=j1+1

n∑
j3=j2+1

n∏
i=1
i6=j1
i6=j2
i6=j2

Jkj3−1Jkj2−1Jkj1−1Jki

)
+ · · ·

+(Jn−Jn−2)

(
5∑

j1=1

6∑
j2=j1+1

7∑
j3=j2+1

· · ·
n∑

jn−4=jn−5+1

n∏
i=1
i6=jm

Jkj1−1Jkj2−1 · · · Jkjn−3
−1Pki

+

4∑
j1=1

5∑
j2=j1+1

6∑
j3=j2+1

· · ·
n∑

jn−3=jn−4+1

n∏
i=1
i6=jm

Jkj1−1Jkj2−1 · · · Jkjn−3
−1Pki

)
,
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