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TOPOLOGICAL SPACES
WITH THE FREESE-NATION PROPERTY

JUDYTA BAK, ANDRZEJ KUCHARSKI

Abstract. We give a proposal of generalization of the Freese-Nation property
for topological spaces. We introduce a few properties related to Freese—Nation
property: FNS, FN, FNS*, FNI. This article presents some relationship be-
tween these concepts. We show that spaces with the FNS property satisfy ccc
and any product of such spaces also satisfies ccc. We show that all metrizable
spaces have the FN property.

1. Introduction

R. Freese and J.B. Nation ([2]) characterize projective lattices by four con-
ditions. One of the conditions is called the FNS property. L. Heindorf and L.B.
Shapiro ([6]) have used the FNS property to characterize Boolean algebras
with a club consisting of countable relatively complete Boolean subalgebras.
In other words, they showed that a family of all clopen sets of 0-dimensional
compact space X has the FNS property if and only if X is openly generated.
E.V. Shchepin introduced the concept of openly generated spaces in [I1] and
developed this theory in [I2] and [I3]. It is natural to generalize the Freese—
Nation property to arbitrary topological spaces. The FNS property and some
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versions of it for compact spaces were studied in the papers [3|, [4], [6], [9]
and [I0]. In [6] there are three definitions of the Freese-Nation property: FN,
the interpolative version FNI and the separative version FNS.

(FN) A Boolean algebra B has the FN property if for each b € B there are

two finite sets u(b) C {c € B:b <c} and I(b) C {c € B:b > ¢} such
that if @ < b then u(a) N1(b) # 0.

(FNI) A Boolean algebra B has the FNI property if there is I : B — [B]<“
such that if @ < b then a < x < b for some = € I(a) N1(b).

(FNS) A Boolean algebra B has the FNS property if there is s : B — [B]<“
such that if a A b = 0, then a < ¢ and b < d for some disjoint ¢,d €
s(a) N's(b).

These three versions of the Freese—Nation property are equivalent for
Boolean algebras. There are many possibilities to generalize the concept of
the Freese—Nation property for topological spaces, depending on the subfam-
ily of P(X) and the existence of finite subsets of P(X) with certain properties.

We give a proposal of concepts FNS, FN, FNS*, FNI for a topological space
(in the next section we introduce definitions). We prove that spaces with the
FNS* property satisfy ccc and any product of such spaces also satisfies ccc. All
metrizable spaces have the FN property. Finally we give a topological proof
of Heindorf and Shapiro’s result that O-dimensional openly generated spaces
have the FNS property.

All topological spaces under consideration are assumed to be at least Ty-
chonoff. For a topological space X let Clop(X) denote the set of all clopen
sets in X. For the family of sets B we denote by [B]<“ the set of all finite
families consisting of elements of the family B. We assume that the readers
are familiar with typical notations concerning Boolean algebras (cf., [6]) and
unexplained notions can be found in [I].

2. On generalizations of the Freese—Nation property

A family B of open sets in a topological space X has the FNS property
if there exists a map s : B — [B]<“ such that if U,V € B are disjoint then
there are disjoint sets Wiy, Wy € s(U) Ns(V) such that U C Wy, V. C Wy
A topological space has the FN property if there exists a base B such that
for every V' € B there are two finite sets w(V) C {U € B : V C U} and
(V) C{U € B:U C V} such that if V. C W, then u(V)N1YW) # 0. We
say that a topological space has the FNS property whenever there exists a
base with the FNS property. We say that a topological space has the FNS*
property whenever there exists a m-network with the FNS property. A family
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N of subsets of a topological space X is a m-network for X if for any open non-
empty set U there is an M € N such that M C U. We say that a topological
space has the FNI property whenever there exists a base B of open sets in
a topological space X and there is I: B — [B]<“ such that if V' C U then
V CW CU for some W € I(V)NI(U). It is obvious that the FNI property
is equivalent to the FN property for any topological space. Since every base
is a m-network we have

LEMMA 2.1. Every space with the FNS property has the FNS* property.

It turns out that if the FNS and FN properties are defined on a special
basis, they are equivalent.

ProprosSITION 2.2. If a base B has the FNS property, then the base
{intclV : V € B} has also the FNS property.

PROOF. Let s: B — [B]<“ be witness on the FNS property. For each
W e {intclV : V € B} we choose Vyiy € B such that int cl(Viy) = W and put
s'(W) ={intclU : U € s(Viy)}. The function s’ is as we desired. O

PRrROPOSITION 2.3. If a base B, for a topological space X, has the FNS
property and X \ clV € B, whenever V € B, then X has the FN property.

PROOF. Let s: B — [B]<“ be a witness on the property FNS. By Propo-
sition [2.2] without loss of generality, we can assume that B consists of regular
open sets. Put

uw(U) =s(U) and 1U)=s(X\cll),

for each U € B. Suppose that U,V € Band U C V, ie. UN(X \clV) = 0.
By the FNS property there are disjoint open sets

U,V es(U)Ns(X \clV) =ulU)NLV)

such that U C U’" and X \ clV C V’. Finally we get U C U’ C X \ clV’' C
intclV =V. O

PrROPOSITION 2.4. If a base B, for a topological space X, has the FN
property and X \ clV € B, whenever V € B, then X has the FNS property.

PROOF. Let u,1: B — [B]<“ be witnesses on the FN property. For each
U € B let s(U) be a family

W) ULX\ dU)U{X \cdV:V enU)U{X\cdV:V el(X\ )}
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Suppose U,V € B are disjoint, i.e. U C X \ cl V. By the FN property for B,
choose

WeuU)NI(X \cV)Cs(U)ns(V)
such that U C W C X \ cl V. Then check that X \ cl W belongs to
{X\cdG:GeuU)}n{X\cG:Gel(X\clV)} Cs(U)Ns(V).
Sets W, X \ cl W are disjoint and V' C X \ clW and U C W. g
Any space with countable weight has the FNS and the FN property.

PROPOSITION 2.5. If B is a countable base consisting of reqular open sets
of X, then the base BU{X \ clV :V € B} has the FNS property.

PRrROOF. Let B be a countable base for X consisting of regular open sets.
Put By =BU{X \clV :V € B}. Let {U,, : n € w} enumerates the elements
of By. Define a map s : By — [By]<“ in the following way

s(Up) ={Uk : k <n}U{X \clUy : k <n},
for any U, € By. If U, NU; = 0 and k < i, then
Uk, X \ clUy € s(Ux) Ns(U;) and U, CU; and U; C X\ clU
and U N (X \ clUyg) = 0. 0

PROPOSITION 2.6. If a space has a countable base, then this base has the
FN property.

PROOF. Enumerate a countable base B = {V,, : n € w} and define maps
u,1: B — [B]<¥ in the following way

u(V) ={Vi: k<n,V, CVi} and 1(V,))={Vi:k<n,ViCV,}
Finally we get that if V; C Vj}, then Vi3 € u(Vi) N1(Vj). O

COROLLARY 2.7. The family Clop(X) of a 0-dimensional compact metriz-
able space has the FNS property.
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One can ask if a O-dimensional compact space with the FNS must also
have the FNS property for the base Clop(X). We can prove only that if there
exists a base B closed under finite intersections with the FNS property, then
one can enlarge the base B to a base B’ with FNS that contains both families
B and Clop(X). In fact, we know how to define a map s : B/ — [B’|<% which is
a witness on the FNS property, but it is not necessarily that § assigns a clopen
set to a family of clopen sets.

PROPOSITION 2.8. Assume that X is a 0-dimensional compact space. If
there exists a base B closed under finite intersections with the FNS property,
then there exists a base B’ with the FNS property such that BUClop(X) C B
where B’ is closed under finite unions.

PROOF. Let B be a base closed under finite intersections and let s: B —
[B]<“ be a witness on the FNS property. If S is a family of subsets of X, then
let 8" be the family of all non-empty intersections of finitely many elements
of S. Put

S(iU...UV,) = {UR LR C (5(Wh) u...uS(vn))A},

for each V1,...,V, € B. Let B = {JR : R € [B|<“}. Observe that B U

Clop(X) C B'. Note that 5(V3 U...UV,) is closed under finite intersections.

Indeed, if R, R2 C (s(V1)U...Us(V,))", then
R={VNU:VeRyandU € Ry} and ([JRin|JR.=JR.

We shall prove that 5: B — [B’]<“ is a witness on the FNS property. Suppose
that V1,...,V,,U,...,Ux € B are such that

(ViU...uV,)N U U...UUg) =0.

For each V; there exist families 7(V;), R(V;) C s(Vi) N (s(Uy) U ... Us(Uyg))
such that

V; C\R(V:) € (s(Ur) U... Us(Ux))" N (s(V7))"
and

Uy U...UU C|JT(Vi) €5(ViU...UV,)NS(UL U... UL
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and U T (V)N R(V;) = 0. Families s(V1 U...UV,,),s(U1U...UUy) are closed
under finite intersections, hence we get

UTv)n...nlJT(Va) €s(Viu...UVo) NS(ULU... UTHR).
We have also
ViU, .UV, SR U...U(R(Va) €5(V1U...UV,)NS(UL V... UTL)

and (NR(VHU...UNRV))NUJT(V)N..NUJT (V) = 0 and U4 U. . .UU, C
UTV)n...0oUJT (V). O

Now we prove that the FNS property is preserved by products.

THEOREM 2.9. The product of spaces with the FNS property has the FNS
property.

PRrROOF. Let X = [[{X; : i € A}, where each space X; has the FNS
property. Fix a base B; and s;: B; — [B;]<* which are witnesses on the FNS
property for X;, for each i € A. We shall show that the base

B= { ﬂ pry, ' (Uy) : E € [A]=* and Uy, € By, for every k € E}
keE

has the FNS property. Define s: B — [B]<“ in the following way
s(U) = {pr; *(U") : U' € s (Uy,) and k € Ey}

for each U = (¢, pry, ' (Uy) € B. Fix disjoint sets U,V € B where

U= ﬂ pry'(Uy) and V= ﬂ pry ' (Vi)
ke Ey kEEy

There exists k € Eyy N Ey such that U, NV}, = 0. Hence there exist U’, V' €
sk (Ug) N'sg(Vk) such that Uy CU', Vi, C V' and U' NV’ = (). Therefore

UCpr,'(U) and V Cpr, (V') and pr,'(U)Nnpr, ' (V) =0
and pri, (U, pry, (V') € s(U) Ns(V). O
It turns out that the FN property is also preserved by products, the proof

is similar to the proof of Theorem We give a proof for the reader’s con-
venience.
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THEOREM 2.10. The product of spaces with the FN property has the FN
property.

PROOF. Let X = [[{X; : i € A} where each space X; has the FN property.
Fix a base B; and u;,1;: B; — [B;]<“ which are witnesses on the FN property
for X;, for each i € A We shall show that the base

B= { () pri ' (Us) : E € [A]< and Uy, € By, for every k € E}
keE

has the FN property. Define 1,u: B — [B]<%“ in the following way

(U) = { (M pri ' (UL) : U}, € (Uy) and k € EU}

keE

and

u(U) = { ﬂ pry, ' (U}) : Ul € w,(Ug) and k € H C EU}
keH

for every set U = (,cp,, pry, ' (Uy) € B. Assume that U,V € B,U C V and

U= ﬂ pry'(Uy) and V= ﬂ pry (Vi)
keEy kEFEy

Then Ey C Ey and U C Vi for every kK € Fy. Hence there exists
Wy € uk(Uk) N lk(Vk) such that U, C Wy C Vj for every k € Ey. There-
fore U C Nyep, pry, ' (Wy) C V. O

Similarly, one can prove the following.

COROLLARY 2.11. The product of spaces with the FNS* property has the
FNS* property.

Recall that a topological space satisfies the countable chain condition
(briefly ccc) if every family of pairwise disjoint non-empty open sets is count-
able. R. Laver has shown that under the continuum hypothesis, there are two
topological spaces satisfying ccc and the product of them does not satisfy
cce. A simple proof of Laver’s result was given by F. Galvin in [5]. Following
F. Galvin [5] let us add that: K. Kunen, F. Rowbottom and R. M. Solovay
independently showed that under Martin’s Axiom and the negation of the
continuum hypothesis the product of arbitrarily many ccc spaces is ccc.

We will need the A-lemma.
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THEOREM (A-lemma). For any uncountable family R of finite sets there
exists an uncountable family R' C R and a set J such that ANB = J for any
different sets A,B € R’.

THEOREM 2.12. Every space with the FNS™ property satisfies the countable
chain condition.

PROOF. Let A be a m-network with the FNS property i.e. there exists some
s: N = [N]<¥ witnessing on the property FNS. Suppose that there exists an
uncountable family A of pairwise disjoint open sets. For each V' € A we choose
Fy € N such that Fyy C V. Therefore the family P = {Fy : V € A} C N is
uncountable and consists of pairwise disjoint sets.

Suppose that the collection {s(F") : F' € P} is countable, then there exists a
set Fy € P such that a family P’ = {G € P : s(G) = s(Fp)} is uncountable. Let
s(Fo) ={H1,...,H,} CN and for every G € P’ define I = {i € {1,...,n}:
G C H,}. By the FNS property the set I is non-empty for each G € P’. There
exists Gy € P’ such that I, = I for some uncountable many sets G € P’. Let
G1,Gy € P’ be such that Ig, = Ig, = Ig, and G # G2. Since G1 N Gy = 0,
then there are G, G € s(G1) = s(G2) = s(Fp) such that G; C G,G2 C G,
and G| NG5 = 0. On the other hand G1,G2 C (\{H; : i € Ig,} € G) NG,
a contradiction. Hence the family {s(F') : F' € P} is uncountable.

By A-lemma there exists an uncountable family R C {s(F') : F € P} and
a set J such that s(G1) Ns(Gz) = J for any different sets G1,Gy € P’ =
{F € P:s(F) € R}. The family P’ is obviously uncountable and the set J is
non-empty and finite. Let J = {Hy,..., H,}. By the FNS property for each
G € P’ there exists ¢ < n such that G C H;. The rest of the proof is analogous
to the first part of the proof, but for the sake of completeness we will repeat
it. For every G € P’ we define I = {i € {1,...,n} : G C H;}. There exists
Gy € P’ such that I, = I for some uncountable many sets G € P’. Let
G1,G2 € P’ be such that IG’1 = IG2 = IGO and G, 75 G5. Since G1 NGy = (Z),
then there are G, G5 € s(G1) Ns(G2) = J such that G; C G},G2 C G,
and G} NG5, = (0. On the other hand G1,G2 C ({H; : i € Ig,} € G} NGY,
a contradiction. Hence the family P has to be countable. O

By Lemma [2.1) and Theorem [2.12] we get the following corollary.

COROLLARY 2.13. FEvery space with the FNS property satisfies the count-
able chain condition.

The following corollary is an immediate consequence of Theorem and

Corollary 2.13]

COROLLARY 2.14. The product of topological spaces with the FNS property
satisfies the countable chain condition.
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We say that a cover R is a refinement of a cover P if for each U € R there
is V. € P such that U C V.

THEOREM (The Stone theorem [1I, 4.4.1]). Every open cover R of a metriz-

able space has an open refinement B which is locally finite and o-discrete and
if W CV then W =V for ol W,V € B.

PRrROOF. Let R be an open cover of X. Recalling the standard proof of the
Stone theorem [1l 4.4.1], one can define a locally finite refinement

B = U{Pn :n € w}, where P, = {H(U,n) : U € R} is discrete

and

1
H(U,n) :U{K(x,?n);f((x,%) CUz¢ViorV<U

andm%U{UP¢Zi<n}}a

where < is a well-order relation on R. We say that a point * € X is an
essential point for H (U, n) whenever

3 .
K(x,2n)§U,x§§VforV<U and a:géU{UP@.z<n}.
Let 0 # H(V,s) € Ps,0 # H(U,p) € P,, then H(V,s) C H(U,p) if and only
if V= U and s = p. Indeed, let H(V,s) C H(U,p). Then there exist an
essential point ¢ for H(V,s) and an essential point a for H(U,p) such that
¢ € K(a, 5) € H(U,p). Suppose that s < p. Then a € K(c, 55) C K(c,5) C
H(V,s) C |JPs, a contradiction, because a ¢ | Ps. Now suppose that p < s.
Then ¢ € K(a, 2%) C H(U,p) € UP,, a contradiction, because ¢ ¢ |JPp.
Therefore we get p = s. Since P is a discrete family we get V = U. (]

The next theorem contrasts with Corollary and the case of 0-dimen-
sional compact spaces.

THEOREM 2.15. Every metrizable space has the FN property.

PrOOF. We define a base B = |J{By, : k € w} such that By is an open
refinement of By consisting of sets with diameter < k%rl, each By, is locally
finite and o-discrete and if W,V € By, and W C V then W = V. Let Ry be
a cover consisting of balls with radius < 1. By the Stone theorem the cover R
has an open refinement By which is locally finite and o-discrete and if W C V
then W =V for all W,V € By.
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Assume that we have just defined By, ..., By such that for each ¢ < k the
family B;41 is an open refinement of 3; consisting of sets with diameter < Z.J%l,
B; is locally finite and o-discrete and if W,V € B; and W C V then W = V.

The cover By, has a refinement Ry consisting of balls with radius < #2
By the Stone theorem we get an open refinement By which is locally finite
and o-discrete and if W,V € Biy1 and W CV then W = V.

A family B = |J{B\ : k € w} has the required properties. For each U € B

we define the sets 1(U) and u(U) by the following formula
(U)={U} and wU)={WeB,:UCW,i<min{n€w:U € B,}}.

Assume that min{n € w: U € B,} = k. Since {W € B, : U C W} ={U} and
each B, is locally finite the set u(U) is finite.

Let U,V € Band U C V. Put n =min{j € w: U € B;} and k = min{j €
w : V e B;}. Suppose that n < k. Since By, is the refinement of B, there
exists V' € B,, such that V. C V. Then U = V' =V and U € (V) Nnu(U). If
k <mn, then V € (V) Nu(U), this completes the proof. O

We showed that the properties FN and FNS are not equivalent.

3. Openly generated spaces

L. Heindorf and L.B. Shapiro [6] proved that Boolean algebras with a club
consisting of countable relatively complete Boolean subalgebras have the FNS
property. We prove this result in the language of topological spaces, namely
the family Clop(X) of 0-dimensional openly generated space X has the FNS
property.

We say that X is an openly generated space if X = l'&l{Xg,pg, ¥} and
{X,, Py ¥} is a continuous o-complete inverse system consisting of compact
metrizable spaces X, and open maps pg. IfX = @{Xa,pg, a<f<k}lisa
continuous inverse limit consisting of compact spaces X, and open maps pg,
where o < 8 < k = w(X), then for any U C X we define the set

d(U) = {a <t 1 (Pas1) " (Par1(0)) & (pa) ™" (Pa(U))}-
The above definition was introduced by E. V. Shchepin [I1].

LEMMA 3.1 ([6, Lemma 2.1.3]). Let X = lim{X,,p%,a < B < &k} be
a continuous inverse limit of compact Hausdorﬁpaces X, and open maps
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P2, where k = w(X). If U,V are disjoint clopen sets then po(U) N po(V) = ()
07 Pa+1(U) Npat1(V) =0 for some o € A(U) NdA(V).

PROOF. Assume that U,V are disjoint clopen sets and po(U) Npo(V') # 0.
There exists the minimal 3 < & such that pg(U)Npg(V') = 0. The ordinal num-
ber f is not a limit ordinal. Suppose £ is a limit ordinal. Since pg(U),ps(V)
are disjoint clopen sets in Xg there is v < 8 such that p,(U) Np,(V) = 0,
a contradiction. Let 8 = a+1. Suppose that a € d(V'). Thus (pa) ~(pa(V)) =
(pa-i-l)il(pa-i-l(v)) and

U C (pa+1)" (Pas1(U)) € X\ (Pat1) ™ Pas1(V)) = X\ (o)~ (a (V).

Finally, U N (pa) " (pa(V)) = 0 and hence p, (U) Npo (V) = 0, a contradiction
with the minimality of 3. O

LEMMA 3.2. In a compact space the intersection of any strictly decreasing
sequence {Uy, : n € w} of clopen sets is not clopen.

PROOF. Suppose {U, : n € w} is a sequence of clopen sets such that
Upy1 € U, for all n € w and ({U, : n € w} = U is clopen. Then
X =(X\Up) UU{U, \Upyt1:n € w}UU, a contradiction with compactness
of X. O

It is easy to prove the following lemma.

LEMMA 3.3. Let f: X — Y be a continuous surjection between Hausdorff
spaces. The map f is open if and only if for any open non-empty set U C X
there is the minimal open set V. C'Y with respect to “C” such that f(U) C V,
i.e. if W CY is an open subset and f(U) C W then V. C W. Moreover, if
X and 'Y are 0-dimensional compact spaces then f is open if and only if for
any clopen non-empty set U C X there is the minimal clopen set V C'Y with
respect to “C” such that f(U) C V.

LEMMA 3.4 ([, Lemma 2.1.2 and 2.1.3]). Let X = lim{ X4, p3,a < 8 < x}
be a continuous inverse limit of compact spaces X, and open maps pg, where
a < p<k=w(X). Then the set d(U) is finite for every clopen set U.

PROOF. Let U C X be a clopen non-empty set. Suppose that d(U) is
infinite. Let {a, : n € w} C d(U) be an increasing sequence and o =
sup{a, : n € w}. Then (pa) ™! (Pa(U)) = {(Pa,) ™' (Pa, (U)) : n € w} and
{(Pa,) 1 (pa, (U)) : n € w} is the strictly decreasing sequence of clopen sets,
a contradiction with Lemma [3.2) (]
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The next lemma we prove only in the 0-dimensional case but it is true
without this restriction. This lemma is similar to [I13, Lemma 2.6] but we do
not assume that B is o-complete.

LEMMA 3.5. Let X = @{Xg,pg,E} and {Xy,p5,%} be a continuous
o-complete inverse system consisting of O-dimensional compact metrizable
spaces X, and open maps pj. If B C X is an upward directed set then
pp: X — Xp gwen by the formula pp((24)aes) = (Ta)acn, where Xp =
@{XU,pZ,B} s an open map.

PROOF. Suppose that pg: X — Xp is not open. By Lemma [3.3] there
is a clopen set U C X, such that there is no minimal V' € Clop(Xp) with
pp(U) C V. Inductively we construct a chain {b,, : n € w} C B such that

pe(U) € (ph,,,) " (0o, (U)) S (p5,) " (20, (V).

Assume that we have just constructed by, ..., b, € B. According to Lemma
(p£ )~ (ps,, (U)) is not the minimal clopen subset of X p such that pp(U) C
(py )" (py, (U)), thus there exists a clopen set V C Xp such that

pe(U) CV < (p8) (ps, (U)).

Since V' is the clopen set there exists b,4+1 € B such that b,y; > b, and
V= (pP )—1(pb'il+l(V)). Therefore, py,, ., , (U) C p{iﬂ(V) and

n+1

pe(U) € (0h,,,) " (6,4, (U)) SV S (9) ™ (w0, (U)).

Put b = sup{b, : n € w}. Since (pﬁ+1)_1(pbn+l(U)) C (p,i)_l(pbn(U)) we
have py, ., (U) € (pZ:“)_l(pbn(U)) for any n € w. Hence we have

po(U) = ({(®2,) " (P, (U)) : 1 € w}

and the sequence {(p} )~'(py,(U)) : n € w} is the strictly decreasing sequence
of clopen sets, a contradiction with Lemma [3.2 O

THEOREM 3.6 (|6, Theorem 2.2.3]). Let X be a 0-dimensional openly gen-
erated space. Then the family Clop(X) has the FNS property.
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PrROOF. Let X = @{Xa,pg, ¥} and {X,,pj,%} be a continuous o-
complete inverse system consisting of O-dimensional compact metrizable spaces
X, and open maps py. We are going to prove that the family of all clopen sets
in Xp = @{Xg,pg, B} has the FNS property by transfinite induction with
respect to the cardinality of upward directed sets B C X. This is true if B is
countable by Corollary Assume that Clop(X 4) has the FNS property for
any upward directed set A of cardinality less than 7, where 7 < w(X) is an
uncountable cardinal. Suppose B C X is an upward directed set of cardinality
7. Then, according to [7] (or [8]) there exists a sequence {B, : a < 7} of
upward directed sets such that:

(1) |Ba| = || + w for a < T,

(2) B CBgfora<pg<rm,

(3) B=|U{Ba:a<T}

Due to our assumption for each o < 7 there exists s, : Clop(Xp,) —
[Clop(X B, )]<“ which is witness on the FNS property for Clop(Xp, ). Define
sp : Clop(Xp) — [Clop(Xp)]<“ in the following way:

sp(U) = {(pE,) "' (V) : V €50 (5, (U)) JU
UH@E..) 7 V)V €St (0B, (1))} s a € d(U)}.

By Lemma a map pga is open for any o < 7. Hence pga+1 (U) is clopen
for any clopen set U. According to Lemma the set d(U) is finite, so the
set sp(U) is finite and well defined. Now assume that U,V C Xp are disjoint
clopen sets. By Lemma [3.1] we have

P, (U)NpE,(V)=0 or pg5  (U)NpE, (V) =10

for some a € A(U)Nd (V). Therefore there exist disjoint sets V', U’ € sp(U)N
sp(V) such that U CU’' and V C V. O

We establish that spaces with the FNS property have some properties that
belong to openly generated compact spaces. L. Heindorf and L.B. Shapiro [6]
showed that a family of all clopen sets of 0-dimensional compact space X has
the FNS property if and only if X is openly generated. This raises questions
about the further properties of spaces with the FNS property. For example,
the referee suggested the following questions:

(1) Do retracts preserve the FNS?

(2) Do continuous open surjections preserve the FNS?

(3) Do symmetric powers preserve the FNS?

(4) Does the Vietoris hyperspace operation preserve the FNS?
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()

If Y is a continuous image of a compact FNS space, must its m-character
be equal to its weight?
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