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EXTENDING THE APPLICABILITY
OF THE SUPER-HALLEY-LIKE METHOD
USING w-CONTINUOUS DERIVATIVES
AND RESTRICTED CONVERGENCE DOMAINS

IoaNnnis K. ARGYROS, SANTHOSH (GEORGE

Abstract. We present a local convergence analysis of the super-Halley-like
method in order to approximate a locally unique solution of an equation in
a Banach space setting. The convergence analysis in earlier studies was based
on hypotheses reaching up to the third derivative of the operator. In the present
study we expand the applicability of the super-Halley-like method by using
hypotheses up to the second derivative. We also provide: a computable error
on the distances involved and a uniqueness result based on Lipschitz constants.
Numerical examples are also presented in this study.

1. Introduction

In this study we consider the super-Halley-like method for approximating
a locally unique solution z* of equation

where F' is a twice Fréchet differentiable operator defined on a subset  of
a Banach space B; with values in a Banach space Bs. In particular, we study
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the local convergence analysis of the super-Halley method defined for each
n=20,1,2,... by

Yn = Tn — F/(-Tn)_lF(xn)7
1
(1.1) Tn+1 :yn‘i‘iLn(I_Ln)il(yn_xn)a

where x is an initial point and L,, = F'(x,) " F"(2,,)F'(2,,) "' F(x,,). The ef-
ficiency and importance of method were discussed in [449}/14]. The study
of convergence of iterative algorithms is usually centered into two categories:
semilocal and local convergence analysis. The semilocal convergence is based
on the information around an initial point, to obtain conditions ensuring the
convergence of these algorithms, while the local convergence is based on the
information around a solution to find estimates of the computed radii of the
convergence balls. Local results are important since they provide the degree
of difficulty in choosing initial points. The local convergence of method
was shown using hypotheses given in non-affine invariant form by

(C1) F:Q C By — By is a thrice continuously differentiable operator.

(C2) There exists xg € Q such that F'(x¢)~! € L(Bo, By) and |[F~ ()| < 3.

There exist n > 0, 81 > 0, B2 > 0 and B3 > 0 such that
(C3) [|F" (o) " ' (o) || < m,

(Cy) ||F"(x)|| < B, for each z € D,
(C5) ||IF""(z)]| < Ba, for each z € D,
(Co) [F" () — F"(y)|| < Bsllz — yl] for each z,y € D.

The hypotheses for the local convergence analysis of these methods are
the same but xq is replaced by z*. Notice however that hypotheses (C5) and
(Cg) limit the applicability of these methods. As a motivational example, let
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us define function f on Q= [—3, 5] by

2Ina? +2° — 2, x#£0,

fm:{ 0, z=0.

Choose z* = 1. We have that

f'(x) = 322 Inx? + 52* — 42® 4 222, f'(1) = 3,
f"(z) = 6zlnx? 4+ 2023 — 1222 + 10z,
f"(x) = 6Inx? + 602 — 24x + 22.
Then, obviously, function f”’ is unbounded on €. Hence, the earlier results

using the (C) conditions cannot be used to solve equation f(z) = 0. Notice
that, in-particular there is a plethora of iterative methods for approximating
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solutions of nonlinear equations defined on B (see [1-16]). These results show
that if the initial point xq is sufficiently close to the solution z*, then the
sequence {z,} converges to z*. But how close to the solution x* the initial
point xy should be? These local results give no information on the radius of
the convergence ball for the corresponding method. We address this question
for method in Section 2. We show in Remark and Remark as well
as in the numerical examples that the radius of convergence of method is
smaller than the radius of convergence for Newton’s method. However method
(1.1)) is faster than Newton’s method. Moreover, the radius of convergence is
larger and the error bounds on the distances ||x,, — x*|| are tighter under our
new approach. Furthermore, we show that the equation f(z) = 0 mentioned
above can be solved under our new technique. Finally, our conditions do not
require (Cs) and (Cg). Hence, we expand the applicability of method in
cases not covered before. The same technique can be used to other methods.

We study these methods in the more general setting of a Banach space
under hypotheses only on the first and second Fréchet derivatives of F' and
under the same set of conditions (see conditions (#) that follow). This way
we expand the applicability of these methods.

The rest of the paper is organized as follows: Section [2| contains the local
convergence analysis and Section [3] contains the semi-local convergence anal-
ysis of method . The numerical examples are presented in the concluding
Section [l

2. Local convergence analysis

Local convergence analysis of method is based on some scalar func-
tions and parameters. Let wg: [0,4+00) — [0,+00) be a continuous and in-
creasing function with wy(0) = 0. Suppose the equation wg(t) = 1 has at least
one positive root. Denote by r¢ the smallest such a root, i.e.

(2.1) ro =min{t > 0: wy(t) = 1}.
Let also w: [0,79) — [0, +00), v: [0,79) — [0, +00) and vy: [0,79) — [0, +00)

be continuous and increasing functions with w(0) = 0. Moreover, define func-
tions g1 and hj on the interval [0,rg) by

3 w((1— 6)t)de
1-— wo(t>

q1(t) =
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and

ha(t) = gi(t) — 1.

We have hy(0) = —1 < 0 and hi(t) = 400 as t — ry . The intermediate
value theorem guarantees the existence of zeros for function hy(t) in (0,7¢).
Denote by 71 the smallest zero. Furthermore, define functions p and h,, on the
interval [0,7() by

vi(t) [, v(6t)ddt
(1 —wo(?))?

p(t) =
and

hp(t) =p(t) — 1.

We get that h,(0) = —1 < 0 and h,(t) = 400 as t — r; . Denote by r, the
smallest zero of function h,, in the interval (0, 7). Finally, define functions g,
and hg on the interval [0,7,) by

1 (t) fy v(6t)d6
2(1 —p(t))(l — wo(t))

92(t) = g1 () +
and

ha(t) = g2(t) — 1.

We obtain h2(0) = —1 < 0 and hy(t) — +oo as t — 7, . Denote by ra
the smallest zero of function ho on the interval (0,7,). Define the radius of
convergence r by

(2.2) r = min{ry,ra}.

Then, for each t € [0,7)

(2.3) 0<gi(t) <1
and
(2.4) 0 <p(t) <1.

Let U(v,p),U(v, p) stand, respectively for the open and closed balls in B;
with center v € By and of radius p > 0.
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Next, we present the local convergence analysis of method ((1.1)) using the
preceding notation.

THEOREM 2.1. Let F': Q C By — By be a twice continuously Fréchet-
differentiable operator. Suppose there exist x* € € and a continuous and in-
creasing function wg: [0,4+00) — [0,+00) with wo(0) = 0 such that for each
x e

(2.5) F(z*) =0, F'(z*)' € L(Bs,By),
and
(2.6) [F' (%)~ (F'(x) = F'(2")[| < wo([|z — =*])).

Let Qo = QN U(x*,1r9). Suppose there exist functions w: [0,79) — [0, +00),
v: [0,79) — [0, +00) and v1: [0,79) — [0,4+00) such that for each x,y € Qo

(2.7) 1F" ()= (2) = F'(y)I| < w(llz = y])),
(2.8) IF" (2) " F' (@)l < (||l — =),
(2.9) IF" (@) F" ()] < vi(fla — ™),

and U(x*,7) C Q, where the radii o and r are defined by and ,
respectively. Then, sequence {x,} starting from xo € U(z*,r)\{z*} and given
by is well defined, remains in U(x*,r) and converges to x*. Moreover,
the following estimates hold

(2.10) [y — 2% < g1(lzn — 2" |)]|2n — 2™
and
(2.11) [Zns1 — 2| < g2(llzn — 2™[) |27 — 27,

where the functions g;,© = 1,2, are defined previously. Furthermore, if there
exists v* > r such that

1
(2.12) / wo(Or*)do < 1,
0

then, the limit point x* is the only solution of equation F(x) = 0 in Q; =

QNU(x*,r").
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PRrOOF. We shall show estimates (2.10]) and (2.11f) using induction on the
integer k. Let x € U(z*,r). Using (2.1), (2.2) and (2.5), we get that

(2.13) 1F" (@)~ (F' () = F' (@) < wo(l|lz — 2)) < wo(r) < 1.

In view of (2.13)) and the Banach lemma on invertible operators (|1l/4}[15,[16])
we have that F'(z)~! € L(Bs,B;) and

1
— wo([lx —a*[|)”

(2.14) 1F/(2) " F' (2")] < 5

In particular, yq is well defined by the first substep of method (|1.1)) for n = 0.
We can write

(2.15) Yo — x* =20 — x* — F'(x0) " F(20).

Using (2.2), (2.3) (for i = 1), (2.7), (2.14) and (2.15]) we obtain in turn that

lyo — 2™ || < [[F(20) " F' () |

X /01 F'(@*) " F (2" + 0(zo — %)) — F' (w0)](z0 — x*)d@H

1 * *
Jo w((@ = 0)||lxo — =) db|lwo — 2|
1 —wo(|lzo — z*[])

(2.16) = g1llzo — 2" [Dwo — 27| < flwo — 27| <,

which shows (2.10) for n = 0 and yg € U(z*,r). Next, we must show (I —

Lo)™' € L(Bs,B1). By (2.2), (2.8), (2.9) and (2.14) we have in turn that
[Loll < [|F" (o) ™ F' ()|l F' () " E" (o)
X\ F" (o) THF (o) [[| ' () T F (o) |

* 1 * *
< villlwo —27|)) Jo v(@llwo — a[)db]|zo — 27|

- (1 —wo(flwo — 2*|)))?

(2.17) = p(lzo — 2*[) < p(r) < 1,
(2.18) I - Lo) Y| < !
‘ o) S T =



Extending the applicability of the super-Halley-like method... 27

where we also used the estimate

IF ()~ F(zo)|| = H/Ol F'(2*) F (2% + 0(z0 — 27)) (20 — x*)d@H

1
(2.19) </ (0|20 — 2* [ )dOlzo — o7]).
0

We also have that z7 is well defined by the second substep of method (1.1
and (2.18). Moreover, by (2.2)), (2.3 (for i = 2), (2.14), (2.16)-(2.19), we get

in turn that

21 — 2*|| = [lzo — % — F'(20) ™" Fxo) — %LO(I — Lo) ' F'(w0) " F (o)
< lzo — 2™ — F'(wo) ™ F(xo) |
+ %HLoHH(I — Lo) I F" (o) " F' (2*) || " (2*) 1 F (o) |
< g1(llwo — 2" |)llwo — 27|

p(lzo = 2*[1) fy v(Bllwo — a*[)d8lwo — a*||
2(1 = p(llzo — 2*[)) (1 — wo(t))

= ga([lxo — 2" |)|wo — ™[] < flwo — 2™ <,

_|_

which shows (2.11)) for n = 0 and z; € U(z*,r). The induction is finished,
if we simply replace xg, yo,x1 by T, Yk, Trr1, respectively in the preceding
estimates. Furthermore, from the estimate

[z 41 = 2™ < collew — 27| <,
where ¢g = g2(||zo — z*|]) € [0,1), we deduce that limy oo x = x* and
Tp+1 € U(x™,r).

Finally, to show the uniqueness part, let Q = fl F'(z* + 0(y* — x*))d#,
where y* € Q; with F(y*) = 0. Using (2.5) and (2.12]), we obtain that

IF" (") 7H(Q = F'(2™))] < /0 wo(O|z™ — ™) df
S/o wo(Or*)do < 1,

so Q71 € L(By, By). Then, from the identity 0 = F(x*) — F(y*) = Q(z* —y*),
we conclude that z* = y*. ([
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(a)

REMARK 2.2.
Let wo(t) = Lot, w(t) = Lt and w*(t) = L*t (w* replacing w in (2.7))). In
[3], Argyros and Ren used instead of (2.7) the condition

(2.20) |F'(20) " (F'(z) — F'(y))|| < L*||z — y|| for each x,y € Q.

But using (2.7) and (2.20) we get that
L<L*

holds, since 29 C Q. In case L < L*, the new convergence analysis is
better than the old one. Notice also that we have by (2.6) and ([2.20))

Lo < L*.

The advantages are obtained under the same computational cost as before,
since in practice the computation of constant L* requires the computation
of Ly and L as special cases. In the literature (with the exception of our
works) is only used for the computation of the upper bounds of the
inverses of the operators involved.

The radius 74 was obtained by Argyros in [4] as the convergence radius
for Newton’s method under conditions —. Notice that the con-
vergence radius for Newton’s method given independently by Rheinboldt
([15]) and Traub (|16]) is given by

2 _ 2
TA = ————.
3L T 2L+ L

p:

As an example, let us consider the function f(x) = e* — 1. Then z* = 0.
Set 2 = U(0,1). Then, we have that Lo =e—1< L* =e¢,L = ec%l, SO
p = 0.24252961 < r4 = 0.3827.

Moreover, the new error bounds ([4-7]) are:

L

e K12
Hxn+1 T || =71_ LOHxn — x*H ||£L'n T ” )
whereas the old ones (|81|9])
L
_ 2 < Ak 2.

Clearly, the new error bounds are more precise, if Ly < L. Moreover,
the radius of convergence of method (1.1)) given by r is smaller than 74

(see (2.2)).
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(¢) The local results can be used for projection methods such as Arnoldi’s
method, the generalized minimum residual method (GMREM), the gen-
eralized conjugate method (GCM) for combined Newton/finite projection
methods and in connection to the mesh independence principle in order to
develop the cheapest and most efficient mesh refinement strategy (|4-7]).

(d) The results can be also used to solve equations where the operator F’
satisfies the autonomous differential equation ([5,7]):

F'(z) = p(F(x)),

where p is a known continuous operator. Since F'(z*) = p(F(z*)) = p(0),
we can apply the results without actually knowing the solution x*. As an
example, let us consider F'(x) = e* — 1. Then, we can choose p(z) = z+1
and z* = 0.

(e) It is worth noticing that convergence conditions for method are not
changing if we use the new instead of the old conditions. Moreover, for
the error bounds in practice we can use the computational order of con-

vergence (COC)

In [&nt2=2niall
é— —_ lznt1i—znll
1 Hanrl_zn”
||17n_mn71”

, foreachn=1,2,...

or the approximate computational order of convergence (ACOC)

In lzntz—2"|

T —x*

= M, for each n =0,1,2,...
I lznt1—z"|

llzn—a=|

é-*
instead of the error bounds obtained in Theorem 2.1.
(f) In view of (2.6) and the estimate
|F' (@) F ()| = [|[F' (%) (F (@) = F'(2*)) + 1|
<A [|F/ (@) (F (@) = F'(2")| < 14 Lol — ¥
condition (2.8) can be dropped and can be replaced by

v(t) =1+ Lot
or

v(t) =M =2,

since ¢ € [0, L%)
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3. Semi-local convergence analysis

The following conditions (#) in a non affine invariant form have been used
to show the semi-local convergence analysis of method ([54/14)):
(H1) [|F" (o)~ t]| < B.
(Ha) |1 F"(zo) = F(zo)|| < 7.
(Hs) [|[F"(x)]| < M for each z € Q.
(H4) There exists a continuous and increasing function ¢: [0, +00) — [0, 400)
with ¢(0) = 0 such that for each z,y € Q [|[F"(z)—F"(y)|| < ¢([lz—y]))-
(Hs) There exists a continuous and increasing function ¢: [0,1] — [0, +00)
such that ¢(ts) < (t)p(s) for each t € [0,1] and s € [0, +00).

(He) U(xo,7) C Q, where 7 is a positive zero of some scalar equation.

In many applications the iterates {z,,} remain in a neighborhood of Q. If
we locate ¢ before we find M, g and 1, then the new semi-local convergence
analysis will be weaker. Consequently, the new convergence domain will be
at least as large as if we were using 2. To achieve this goal we consider the
weaker conditions (A) in an affine invariant form:

(A1) [|F'(zo) ™ F(20)]| < 1.
(A3) There exists a continuous and increasing function wy : [0, +00) — [0, +00)
with wg(0) = 0 such that for each x € Q

1" (z0) " (F' (x) — F' (o))l < wo([lz — zol]).
Define ry the smallest positive solution of equation wg(t) = 1. Set Qg :=
aQn U(iL'(), 7"0).

(A3) There exist continuous and increasing functions w,wy,wy: [0,79) —
[0, +00) with wq(0) = w2(0) = 0 such that for each z,y € Qo
|F" (o) " F" () || < w(la — wol]),

|F" (o) " (F" () — F" (o)) || < wi(l|z — zo])

and

1F" (20) = (F" () — F" ()| < wa(llz = yl)).

Define functions ¢, d, ¢ on the interval [0,7() by

__w®)n
O TR
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1 [ Jy wa(O0)(1 — 0)do
W= | =@
Johw(t + 0n)(1 — 0)dhq(t)
1—q(t)
1/t w(t)
by s
Loty a® w(?)
5 G*ﬂer—ﬂw>“ O o) (1 = 4(0)
and
) = (1 + 57 3(?@) ()t

(As) Equation =l —¢ = 0 has zeros in the interval (0,79). Denote by r
the smallest such a zero. Moreover, the zero r satisfies ¢(r) < 1 and
c(r) < 1.
(As) U(wo,7) C Q.
(Ag) There exists r* > r such that fol wo((1 —0)r +6r*)do < 1.
It is convenient for the semi-local convergence analysis of method
that follows to define the scalar sequences {p.}, {qn}, {sn}, {tn} for each
n=20,1,2,... by

w(llzn = zo[DIIF" (z0) "' Fan)|

.1 n = ’
(3.1) p (1 —wo(||zn — z0]]))?
to = 07 S0 =1,

w(ty — t0)(sn — 1)

2 n = ’

(3.2) =0 = wo(tn — 10))?
1 g,
(33) tn—‘rl =8, + 51 z q (S’ﬂ - t")7
1 Jo @050 — t))(1 = 0)d0 (5, — 1)’
Sn+1 = t”+1 +
1-— wo(tn+1 - tO) 1- in

+f01 Wty — to + 0(sn — tn))(1 — 0)dbqn (sn — tn)>

(3.4) —
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e n
- t, —to+0(s, —t,))do o=t
3 [ wltn =0+ 005, — 1) L5, ~ 1)

1
+;/ w( tot+9q”(” t”))(l—e)dalq” (5 —tn) ],
0

(1 - Qn) —dn

where

B w1, n =0,
w =
we, n > 0.

We need an Ostrowski-type representation of method (|1.1)).

AssUMPTION 3.1. Suppose that method (1.1)) is well defined for each n =
0,1,2,... Then the following equality holds

F(zn11) :/0 [Fﬂ(xn +0(yn — x0)) — F//(xn)](l -0)(I - Ln)il(yn - xn)QdQ

- / F (@ + 0yn — 22))(1 — L) Lo (20)(1 — 6)d0(yn — ,)?

+ /0 F" (20 4 0(yn — ©0))d0(yn — 20) (Tni1 — Yn)
(35 o+ / F" (g + 8(ns1 — )1 — 0)d8(n s — y)?.

PRrROOF. Using method (|1.1]) and the Taylor series expansion about y,, € €2,
we can write

F(zni1) = F(yn) + F' (yn)(@ni1 — yn) + /%Jrl F"(z)(2n41 — x)dz,

n

which leads to (3.5]). O

Next, we present the semi-local convergence analysis of method ([1.1]) using
the preceding notation and conditions (.A).

THEOREM 3.2. Let F': Q C By — By be a twice continuously Fréchet-
differentiable operator. Suppose that the conditions (A) are satisfied. Then,
sequence {x,} generated for zo € Q by method is well defined in U(xg, 1),
remains in U(xzg,r) for each n = 0,1,2,... and converges to solution x* €
U(xo,7) of equation F(x) = 0. Moreover, the following estimates hold

|zn — 2| <7 —ty.
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Furthermore, the limit point x* is the only solution of equation F(x) = 0 in
0 =QnNU(xg, 7).

PROOF. Let x € U(zg,ro), where 7 is defined in condition (Az) from
which we have that

(3.6)  [[F(wo) T (F'(x) — F'(20))|| < wollla — wol]) < wo(r) < 1.

It follows from (3.6) and the Banach lemma on invertible operators that
F'(z)~! € L(Bs,B;) and

1

— wo([lz —woll)”

(3.7) 1F/(2) " F (o) | < 1

We also have that g is well defined by the first substep of method and
Ly exists for n = 0. In view of the definition of Lo, (A1), (As3), (As), (3.1),

(3-2) and (3.7), we get that
[ Loll = | F(z0) ™" F" (o) F' (z0) ' F(z0)]|
< || F" (o) ™ F" (wo) || E" (0) ~* F (o)

< w(lzo — woll) [ (o)~ (o)

w(lzo — zol) | F'(z0) " F(zo)||
=T A wollmo—ml)?

so (I — Lo)~! € L(By,B;) and

(3.8) po < qo <q(r) <1,

1
1_QO.

(3.9) I(1 = Lo)™ 'l <

The point x; is also well defined by the second substep of method (1.1} for
n =0 and

lz1 — 2ol < ||z — yoll + [lyo — xol|

IN

1 -
SIZollI(T = Lo) Iy — ol + llyo — o

1 q
< 1 — —
= ( + 91 q0> ||?J0 iEOH

I q
<(1+-=
_( +21_q0>n<r,
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so x1 € U(zo, 1), ||yo — x0|| < so —to and ||z1 — yol| < t1 — so. Suppose

(3.10) lye — zk|| < sk —th
and
(3.11) lek+1 — yell < thr1 — sk.

USing ‘. (AQ)v "" "‘ ; We get in turn that

1" (0) "  F (k1)
< Jo Dlzx + 0(yx — 2x) — 2l) (1 — 0)d0)|ys, — 1|
- 1 —pk

J w(||z + 0y, — 1) — o)) (1 — 0)dOpy||ys — |2
1—pyg

_|_

1
[ wlllon+ 6~ ) = zol)dbllonss - e
0

+ [ w4 8o = ) = a0l (1 = )alforss — il
Jo @(8(s1, — 1)) (1 — O)db (s — 1)’
1—px

I fol w((tk — t() + (9(8k - tk))(l - H)deqk(sk — tk>2
1 —qx

<

1
+/ w(tk — o+ 9(8k - tk))dH(tkH — Sk)
0

1
+/ w((sk — to + G(tk+1 - Sk) - JIQH)(l - 0)d0(tk+1 — Sk)
0
(3.12) = g1,

SO

IN

[Ysve = Triall < F (zp0) " F (o) [ [1F (20) T F (2h41)
QL1

T 1 —wo(llzk+1 — ol

) = Sgy2 — tkt2



Extending the applicability of the super-Halley-like method... 35

and
|2+ =yl = Sl Ll — Lir1)  Myks1 — zrga |
< 1qkiﬂ(szwrl —thg1) = tpso — Sk,
21— qrt1

and the induction for (3.10]) and (3.11)) is completed. Moreover, we have that
lzkre = Thrrll < ll2kv2 — Yerll + [[yar1 — Tega|
1 grt1

< (Sk1 —thg1) + (Skg1 — tes1)

21— g1

1+ —t
1—q ) )
.<c

1 (so — to)

2
1
= (1 + qk“) (Sk+1 — tht1)

SO

zk+2 — zoll < @kt — Tptall + .- + [[21 — 20|

1_Ck+2
< n

(3.13) <4 4= T

hence xj42 € U(xp,r) and

k1 — zoll < lyr+1 — Zrga |l + |2e1 — zoll,

(3.14) < Spq1 —teyr +tep1 —to = Spy1 <7

Scalar sequences {t;}, {s;} are increasing and bounded from above by r (see
(3.10), (3.11)), (3.13) and (3.14))), so they converge to their unique least upper
bound r; < r. In view of and sequences {xy}, {yr} are Cauchy in
a complete space B; and as such they converge to some z* € U(xq,r) (since
U(zg,7) is a closed set). By letting k — oo in we get F(z*) = 0.
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To prove the uniqueness part, suppose that there exists y* € ; with
F(y*) = 0 and define linear operator 1" = fol F'(z* + 0(y* — x*))df. Using
(A3) and (Aj3), we obtain in turn that

|F! (z0) (T — F'(z0))] < / wollle* + 00y — 2%) — zo||)d8
< / wo((1 - 0) [ — zol| + Blly™ — zo]))d8

1
< / wo((1 —@)r +0r*)do < 1,
0

so T~1 € L(By, B1). Then, from the identity

we conclude that z* = y*. O

REMARK 3.3.
(a) In view of the estimate

1F" (o) = " ()| = || F" (o) ™' [ () — F" (o) + F" (o)
< IF (o) TH(E () — F" (wo) )| + [|F" (o) = F" (o) |
< wi(lla = woll) + [1F" (z0) ™ F" (xo) I,
the first condition in (A3z) can be dropped, if we choose
w(t) = wi(t) + || F' (z0) " F" (x0)||, for each t € [0,r0).
Moreover, the third condition in (As3) implies the second condition but
(3.15) wi () < ws(t), for each ¢ € [0,ro).
Hence, it is important to introduce the second condition, in case strict
inequality holds in .
(b) Clearly conditions (A) are weaker than conditions (#) even, if the former

are specialized. Indeed, let us rewrite conditions (Hs)—(Hs):
(HE) ||F'(xo) LF" (x)|| < M; for each z € Q.
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(H2) [1F"(z0) "1 (F" (x) = F"(y))]| < ¢1(llw—yl) for each z,y € Q. Choose
w(t) = My. Then, we have that

My < M,
and
wQ(t) < 801(15)7
since g C Q.
(H5) @1(ts) < ¢1(t)pi(s), for each t € [0,1] and s € [0, +00).
Then, there exists a continuous and increasing function g : [0,1] —
[0, 4+00) such that
wa(ts) < o(t)wa(s), for each ¢ € [0,1] and s € [0, +00)
and

Yo(t) < ab(t)

leading to a tight convergence analysis (see also the numerical ex-
amples).

4. Numerical Examples

The numerical examples are presented in this section.

ExaMpPLE 4.1. Returning back to the motivational example at the in-
troduction of this study, we have wo(t) = w(t) = v(t) = 146.6629073¢ and
v1(t) = 2. The parameters for method (1.1 are

r = 06667, To = 0.4384 = r.

As already noted in the introduction earlier results using (C) conditions cannot
be used.
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EXAMPLE 4.2. Let B = By = R?,Q = U(0,1),2* = (0,0,0)”. Define
function F on Q for w = (x,y,2)T by

—1
Fw)=(e" —1,“==12 +y,2)T.

2
The Fréchet-derivative is defined by
e’ 0 0
F'v)=1 0 (e—1y+1 0
0 0 1

Notice that using the conditions (2.5)—(2.9), we get wo(t) = (e — 1)t, w(t) =
eﬁt, vi(t) =v(t) = e=1. The parameters for method 1' are
ry = 0.3827, 1y =0.1262 =r.

Under the old approach ([2,3}[5H8,/12,|15,/16]) we have wo(t) = w(t) =
01(t) = 0(t) = e. The old parameters for method (1.1 are

et,

71 = 0.2453, 79 = 0.0540 =r.

Here g1, g2 are g1, 9o with wo(t) = w(t) = et, 01(t) = v(t) = e. Table 1
gives the comparison of ¢1(||zn, — x*||), g2(||xn — =*||), g1(||z, — =*||) and
g2(l|xn — 2*)).

Table 1. Comparison table

g1(llzn —27|))

ga(llxn — =)

gr(llzn —27|))

ga(llxn — =)

=~ w NS

0.0032
9.4542e-08
4.7256e-17

0.0138
3.9732e-07
1.9860e-16

0.0049
1.4361e-07
7.1779e-17

0.0213
6.0351e-07
3.0166e-16

EXAMPLE 4.3. Let By = By = C0, 1], the space of continuous functions
defined on [0, 1] equipped with the max norm. Let 2 = U(0, 1). Define function
F on Q by

Fle)a) = ola) =5 | a0p(6)'as.

We have that

F(o(6))(2) = £(z) — 15 /0 100(0)2£(0)d0,  for each € € Q.
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Then, we get that x* = 0, wo(t) = 7.5¢, w(t) = 15t, v(t) = 15, v1(t) = 30.
The parameters for method (1.1)) are

r1 = 0.0667, 7ro =0.0021 = 7.

Under the old approach wg(t) = w(t) = 15t, v(t) = 15, v1(t) = 30. The old
parameters for method (1.1]) are

r1 = 0.0444, 73 =0.0003 = 7.
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