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A UNIQUE COMMON FIXED POINT FOR AN INFINITY
OF SET-VALUED MAPS

HAkiMA BOUHADJERA

Abstract. The main purpose of this paper is to establish some common fixed
point theorems for single and set-valued maps in complete metric spaces, un-
der contractive conditions by using minimal type commutativity and without
continuity. These theorems generalize, extend and improve the result due to
Elamrani and Mehdaoui (|2]) and others. Also, common fixed point theorems
in metric spaces under strict contractive conditions are given.

1. Introduction

The theory of common fixed point theorems of single and set-valued maps
is very rich. It provides some techniques for solving numerous problems in
mathematical science and engineering. As in the single-valued setting, many
authors have studied the existence of fixed and common fixed points for single
and set-valued maps for contractive and strictly contractive maps in metric
as well as in compact metric spaces.

Our work here establishes common fixed point theorems for single and set-
valued maps under contractive conditions. These theorems use minimal type
commutativity with no continuity requirements. Our theorems generalize some
results, especially the theorem due to Elamrani and Mehdaoui ([2]). Also we
give some results in metric spaces under strictly contractive conditions which
include neither continuity nor compactness.
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2. Preliminaries

Throughout this paper, (X,d) denotes a metric space and B(X) is the
set of all nonempty bounded subsets of X. As in [9] and [5], we define the
functions 6(A, B) and D(A, B) as follows:

D(A, B) = inf{d(a,b) : a € A,b € B},
d(A, B) = sup{d(a,b) : a € A,b € B},

for all A, B in B(X). If A consists of a single point a, we write §(A4, B) =
d(a, B). Also, if B = {b}, it yields §(A, B) = d(a,b).
The definition of the function §(A, B) yields the following:

d(A,B) =0(B, A),

d(A,B) <4(A,C)+6(C,B),

d(A,B) =0 if and only if A = B = {a},
0(A, A) = diam A,

for all A,B,C in B(X).

A subset A of X is the limit of a sequence {A,,} of non-empty subsets of
X if each point a in A is the limit of a convergent sequence {a,}, where a,
isin A, for n =1,2,..., and if for arbitrary € > 0, there exists an integer N
such that A, C A, for n > N, where A, is the union of all open spheres with
centers in A and radius ¢ (see [9]).

LemMa 2.1 ([9)). If {An} and {B,} are sequences of bounded subsets
of (X,d) which converge to the bounded sets A and B respectively, then the
sequence {6(A,, Bp)} converges to 6(A, B).

Let F' be a map of X into B(X). F is continuous at the point x in X if
for any sequence {z,} in X converging to x, the sequence {Fx,} in B(X)
converges to Fx in B(X) ([9]).

DEFINITION 2.2 ([10]). Maps 7: X — B(X) and K: X — X are said to
be weakly commuting on X if for any x € X:

KTz, TKz) < max{dé(Kzx, Tx),diam KT x}.
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If 7 is a single-valued map, then diam 7Tz = 0 for all z € X because
the set KTz contains a single point and the above inequality reduces to the
condition given by Sessa (see [8]) as follows:

d(KTz, TKz) < d(Tz,Kx)

for all x € X.

Clearly, two commuting maps 7 and K (TKzx = KTx,z € X) are weakly
commuting but the converse is not necessarily true.

In 1986, Jungck ([3]) introduced extension of weakly commuting maps for
single-valued maps by proposing the following definition.

DEFINITION 2.3 ([3]). Two single-valued maps f and g of a metric space
(X, d) into itself are compatible if and only if

lim d(fgxn, gfr,) =0
n—oo

whenever {z,} is a sequence in X such that lim fz,, = lim gz, =t for some
n—oo n—oo
te X

It is well known that weakly commuting single-valued maps are compatible
but the converse need not be true, as is shown in [3].

In 1993, Jungck and Rhoades ([4]) extended the above definition to set-
valued maps, as follows:

DErINITION 2.4 (J4]). Maps 7: X — B(X) and £: X — X are -
compatible if

ILm 0(TKzp, KTx,) =0

whenever {x,} is a sequence in X such that 7z, — {t} and Kx,, — t for
some t € X and KTz, € B(X).

Motivated by the above definition, the same authors ([5]) gave this gener-
alization:

DEFINITION 2.5 ([5]). Maps 7: X — B(X) and K: X — X are weakly
compatible if and only if Ta = {Kz} implies that TKz = KT x.

Before observing that d-compatible maps are weakly compatible, we must
include the following definitions.
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DEFINITION 2.6. Let 7 be a map of X" into B(X). We define
T(X)={T(x):2 € X}.
DEFINITION 2.7. Let 7 be a map of X into B(X). We define

UT(X) = U T(@)
Now, it can be seen that two weakly commuting set-valued maps are J-
compatible, but in general the converse is false.
Also, d-compatible maps are weakly compatible but the converse is not
true. Examples supporting this can be found in [5]. To confirm this fact, let
us consider the following example.

EXAMPLE 2.8. Let X = [0, 2] with the usual metric d. Define
1 if z € [0, 1), 0,1] ifzel0,1),
Kz = Tx=

2—z ifzell2 1,2] ifzell,2.

Obviously, K and T are weakly compatible maps, since they commute at
coincidence point = 1. Consider the sequence {z,} in X such that z, =
1+ %,n € N*. Then,

Kep=2-xz, —>lasz, -1 and Tz,=[l,z,]— {1}asz, — 1.
On the other hand, we have KTz, € B(X) and
TKxyn, KTxy) =0([0,1],[2 — zp,1]) = 1 #0,
this tells that K and T are not J-compatible.

In [6], Khan has established fixed point theorems for self-maps of a com-
plete metric space by altering the distance between points by means of a
continuous and strictly increasing function ®: [0, 00) — [0, 00) such that

(2.1) ®(t) =0 ifandonlyif t=0.

Following this technique, Elamrani and Mehdaoui ([2]) established a the-
orem of a common fixed point for compatible and weakly compatible single
and set-valued maps in complete metric spaces.

The objective here is to generalize, improve and extend the result of [2] by
using minimal type commutativity and without assumption of continuity.
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3. Main results

THEOREM 3.1. Let (X,d) be a complete metric space and J, K be single-
valued maps from X into itself. Let S,T: X — B(X) be set-valued maps such
that

UT(X) C J(X) and US(X)C K(X).

Let ® be an increasing and continuous function of [0,00) into itself satisfying
property (2.1) and inequality

(3.1) @(6(Tz,Sy)) < a(d(Kz, Ty))®(d(Kz, Ty))
+ b(d(Kz, Ty)) [@(6(Kz, Tz)) + ®(6(Ty, Sy))]
+ c(d(Kz, Jy)) min {@(D(Kx, Sy)), ®(D(Jy, Tx))}

for all z,y in X, where a,b,c: [0,00) — [0,1) are continuous increasing func-
tions satisfying condition

(3.2) a(t) +2b(t) +c(t) <1, t>0.
If the pairs of maps {T,K} and {T,S} are weakly compatible and either
T(X) or S(X) (resp. TJ(X) or K(X)) is closed,
then J,K,S and T have a unique common fixed point t in X, i.e.
St=Tt={TJt} = {Kt} = {t}.

PROOF. Let zp € X be given. Since UT (X)) C J(X), then there exists a
point x; € X such that Jx; € Txo = Y;. For this point x7, since US(X) C
K(X), there is another point x5 € X such that Kz € Sz1 = Ys. Continuing
in this way, we can produce by induction a sequence in X such that
(33) JTop+1 € Txon = Yon+1, ]C$2n+2 € S$2n+1 =Yonto for all n € N.

For simplicity, we set

6n = 6(Yna Yn+1)7 n € N.
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From inequality (3.1)) it follows that

D (b2n+1) = P(0(Yon+1, Yont2)) = P(0(T 220, ST2n+1))
< a(d(Ka2n, T w2n41)) @(d(K2n, Tw2n+1))
+ b(d(Kzan, Tront1)) [P(O(Kxapn, Txan))
+P(0(T x2n+1, Swant1))]
+ c(d(Kxon, Tront1)) min {®(D(Kxap, STant1)),
O(D(Tx2n+1, Taon))}

for n € N. Since Jx2,11 € T2, then
c(d(Kzan, Tront1)) min {®(D(Kxop, Stont1)), ®(D(Txont1, Tx2n))} =0,
which implies that
P(d2n+1) < a(02n)P(d2n) + b(02n) [2(02n) + P(2n+1)]
so that, taking into account,

a(52n) + b(52n)

(3.4) B(Fnsr) S =P

@((52,1) < <I>((52n)

Similarly, we have

a(d2n41) + 0(62n+41)
1 —b(d2n+1)

(3.5) P (d2n42) < P(d2n41) < P(d2n+41)-

Since @ is increasing, {d,} is a decreasing sequence. Put 6 = lim §,,. Then
n—oo
d = 0. In fact, from (3.4) and (3.5)),

a((snfl) + b(5n71>
1— b(6n_1)

(3.6) (6) < B(6,) < B(6,1)

for all n, and letting n — oo in (3.6)) yields

a(8) + b(6)
1-b(3)

which, in view of (3.2)), gives ®(d) = 0. Hence, by property (2.1f), § = 0.

o(9) < ()
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Let y,, be an arbitrary point in Y;, for n € N. We claim that {y,} is a
Cauchy sequence. Since

nll)ngod(ynv yn+1) < nll)ngo(s(yn7 Yn+1) = 07
it is sufficient to show that {y2,} is a Cauchy sequence. We proceed by con-
tradiction. Thus, assume there exists € > 0 such that for each even integer
2k, k € N, even integers 2m(k) and 2n(k) with 2k < 2n(k) < 2m(k) can be
found for which

(3.7) S(Yan(k), Yom(r)) > €.

For each integer k, fix 2n(k) and let 2m(k) be the least even integer exceeding
2n(k) and satisfying (3.7). Then

S(Yan(kys Yom(e)—2) <€ and  0(Yaun), Yomk)) > €.
Hence, for each even integer 2k we have, by the triangle inequality,
€ < 6(Yan(r)s Yomk)) < 0(Yon), Yom(k)—2) + O2m(k)—2 + O2m(k)—1-
Letting k£ tends to infinity, we obtain
(3.8) kli_}n;od(YQn(k), Yomk)) = €.
Moreover, by the triangle inequality we also have

—02n(k) = O2m(k) + O(Yan(k), Yom(k)) < 0(Yon(k)+1> Yom(k)+1)
< Gonk) + O(Yan(k)s Yom(k)) + O2m(k)
and therefore
(3.9) S(Yon(k)+1, Yom(k)+1) — €
when k£ — co. The same argument shows that
S(Yan(t)+15 Yom@)+1) = O2nk) < 0(Yan(k)s Yam(k)+1)
< 0(Yan(k) Yom(k)) + O2m(k)>
so that also

(310) 5(Y2n(k)v YQm(k)—‘,—l) —cas k — oo.
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Also we have

— O2n(k) = O2m(k)+1 — O2m(k) + 0(Yan(k)s Yom(k))
< 0(Yon)+1> Yomr)+2) < 0(Yon(e)+1, Yom(k)+1) + O2m(k)+1,
thus,
(3.11) 6(}/2n(k)+17y2m(k)+2) —¢e ask — oo.

On the other hand, by assumption (3.1]), we have

(3.12) 2(0(Yam(k)+2) Yon(k)+1))

= ®(0(STam)+1, T Tan(k))) = P(6(TTan(k), STam(k)+1))

< a(d(Kzon (k) T Tamk)+1)) P(A(KT2n k), T Tam(k)+1))
+ b(d(Kaan(k), T2m(k)+1)) [P(0(K2op ), Toank)))
+O(0(T T2m(k)+1> STam(k)+1))]
+ c(d(Kan(k), T Tam(r)+1)) min { @(D(Kxap k), STamk)+1)),
S(D(T Lamky+1, TZ2n())) }

< a(0(Yam(k)s Yon(k)) + 02m(k)) PO (Yam(r)s Yon(k)) + 02m(r))

+ b(8(Yam(ry Yon(k)) + 02m()) [P (82n(k)) + P(O2m(k)+1)]
+ c(6(Yam(k) Yon(k)) + 02mk)) min { ®(6(Yamk)s Yon(k))) + 2m k)

+02m k) +1> POYVam(k)+15 Yon(k)+1)) } -

Thus, letting £ — oo in , from , , , , and

we obtain
®(e) < la(e) + c(e)]@(g) < @(e),

which is a contradiction. This proves our claim.

Since X is complete, the sequence {y,} converges in X'. Hence, the se-
quences {Kzap,}, { T x2n41} constructed in converge to one and the same
t € X. Furthermore, the sequences of sets {7 x2,} and {Sxa,41} converge to
the singleton {t}. Since {Tx2,} C T(X) and T(X) is closed we have that
{t} € T(X). Consequently, t € UT(X) C J(X).
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It then follows that, there exists an element u € X such that Ju = t.
Using inequality (3.1]), we obtain

D(6(T o, Su)) < ald(Kran, Ju))®(d(Kxopn, Ju))
+ b(d(Kxan, Tu)) [(6(Kxon, Txon)) + (6(Tu, Su))]
+ c(d(Kxap, Ju)) min {®(D(Kzap, Su)), ®(D(Tu, Txan))}-

If we had Su # {t}, then by letting n tends to infinity in the above inequality,
using Lemma [2.1{ and conditions (2.1)) and (3.2)), we would get

O(0(t,Su)) < a(d(t,t))®(d(t,t))
+0(d(t,t)) [P(0(t, 1)) + P(0(t, Sw))]
+ c(d(t,t)) min {®(D(t,Su)), ®(D(t,t))}
=b(0)P(d(t, Su)) < ®(4(t, Suw)),

a contradiction. Thus, Su = {t} = {Ju}. But the maps S and J are weakly
compatible, then SJu = JSu, i.e. St = {Jt}. We claim that ¢ is a common
fixed point of S and J. Suppose not. Then, by estimation (3.1]), we get

D(0(T xan, St)) < a(d(Kxap, Tt))P(d(Kzopn, Tt))
+ b(d(Kzxapn, Tt)) [P(6(Kxon, Txan)) + ®(0(Tt, St))]
+ c(d(Kzap, Jt)) min {®(D(Kxay,, St)), ®(D(Tt, Tx2n))}

Therefore, at infinity, by using Lemma [2.1] and properties (2.1) and (3.2)), we

have
B(6(t, St)) < al(d(t, St))D(d(t, St))

+b(d(t, St) [B(5(¢, 1)) + B(8(St, St))]

+ e(d(t, St)) min {®(D(t, St)), (D(St, 1))}
= a(d(t,St))®(d(t, St)) + c(d(t, St))D(D(t, St))
< [a(d(t, St)) + c(d(t, St))] ®(5(t, St))
< ®(8(t, St)).
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This contradiction implies that St = {t}. Hence St = {Jt} = {t}. Now,
since US(X) C K(X), then there is a point v € X such that {Kv} = St.
Consequently, we have {t} = {Jt} = St = {Kv}. Again the use of (3.1]) gives

B(5(Twv,St)) < ald(Kv, Tt))®(d(Kv, Tt))
+ b(d(Kv, Tt) [2(5(Kv, Tv)) + (5(Tt, St))]
+ c(d(Kv, Jt)) min {®(D(Kv, St)), ®(D(Jt, Tv))} .
If we had Tv # {t}, then by properties and we would get
D(6(Tw,t)) <ald(t,t))®(d(t,t))
+0(d(t,t)) [P(0(t, Tv)) + @(4(¢,1))]
+ c(d(t,t)) min {®(D(t,t)), P(D(t, Tv))}
= b(0)®(5(t, Tv)) < ®(5(¢, Tv)).

This is a contradiction, so we have Tv = {t} = {Kv}. Thus, {t} = {Jt} =
St = {Kv} = Twv. Since T and K are weakly compatible, 7v = {Kv} implies
that 7/Cv = KTv and so Tt = {Kt}. We confirm that {t} = Tt = {Kt}. If

not, then by and conditions and it comes
B(5(Tt, 1)) = D(5(Tt,St)) < a(d(Kt, Tt))®(d(Kt, Tt))
+ b(d(Kt, Tt)) [®(5(Kt, Tt)) + B(5(Tt, St))]
+ c(d(Kt, Jt)) min {®(D(Kt, St)), ®(D(Tt, Tt))}
= a(d(Tt,t))®(d(Tt,t)) + c(d(Tt, t))(D(Tt,t))
< [a(d(Tt,t)) + c(d(Tt, )] ®(6(Tt,t)) < ®(6(Tt,t)),

which is a contradiction. Hence 7t = {Kt} = {t}. Consequently, {t} = {Kt} =
{Jt} = St = Tt and t is a common fixed point of J,K,S and 7. Similarly,
one can obtain this conclusion by assuming S(&X) is closed.

Finally, we prove that ¢ is unique. Let ¢’ be another common fixed point

of maps J,K,S and T such that ¢’ # t. Then, using inequality (3.1) and
properties ([2.1)) and (3.2) we obtain

D(5(t, ) = ®(6(Tt,St')) < a(d(Kt, Tt))®(d(Kt, Tt"))
+b(d(Kt, Tt') [®(5(Kt, Tt)) + ®(5(Tt,St'))]
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+ c(d(Kt, Jt')) min {®(D(Kt,St')), ®(D(Jt', Tt))}
=a(d(t,t")®(d(t,t") + c(d(t, )@ (D(t, "))
< la(d(t,t") + c(d(t, t')] ®(6(t, ")) < P(6(¢,t)).

Therefore t' = ¢. Hence, t is the unique common fixed point of 7, /X, S and 7.
O

If we put S =7 and J = K = Zy (the identity map on X') in Theorem
and we drop the closeness we get the next result.

COROLLARY 3.2. Let (X,d) be a complete metric space and S: X — B(X)
be a set-valued map. Let ® be as in Theorem[3.1. Assume that S satisfies the
following inequality

®(0(Sx, Sy)) < a(d(z,y))®(d(z, y))
+ b(d(z,y)) [2(0(z, Sz)) + (6(y, Sy))]
+ c(d(z, y)) min {®(D(x, Sy)), ®(D(y, Sx))}

for all x,y € X, where a,b and ¢ are as in Theorem[3.1. Then S has a unique
fized point in X.

If we let in Theorem 3.1}, § = T and J = K, then we obtain the following
result.

COROLLARY 3.3. Let (X,d) be a complete metric space and S: X — B(X),
K: X — X be a set-valued map (resp. a single-valued map). Assume that S
and IC satisfy conditions

(i) US(X) C K(X) and
(ii) the inequality

®(§(Sz,Sy)) < a(d(Kz,Ky))®(d(Kz, Ky))
+ b(d(Kzx, Ky)) [®(6(Kz,Sx)) + ®(6(Ky, Sy))]
+ ¢(d(Kz,Ky)) min {®(D(Kz,Sy)), ®(D(Ky,Sz))}

holds for all z,y € X, where ®,a,b and ¢ are as in Theorem [3.1]

If maps S and K are weakly compatible and S(X) (resp. K(X)) is closed or
K is surjective, then S and K possess a unique common fized point in X.
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Now, if we put J = K = Zy, then we get the following corollary.

COROLLARY 3.4. Let (X,d) be a complete metric space and let S,T : X —
B(X) be two set-valued maps such that

(0(T,Sy)) < ald(z,y))®(d(z,y))
+0(d(z,y)) [2(5(x, Tz)) + 2(6(y, Sy))]
+ c(d(z,y)) min {®(D(z, Sy)), ®(D(y, Tx))}

for all x,y € X, where ®,a,b and ¢ are as in Theorem . If S(X) or T(X)
is closed, then S and T have a unique common fized point in X.

Obviously, Theorem is a generalization of the result of [2], since no
continuity hypothesis is assumed here and the weak compatibility is among
the least conditions for maps to have common fixed points.

REMARK 3.5.

(1) From condition (3.3)) it is easy to see that Theorem remains valid if
J or K is surjective in lieu of S(X) (resp. K(X)) or T(X) (resp. J (X))

is closed.
(2) The same result remains valid if we replace inequality (3.1]) by the follow-
ing one

®(6(Tx, Sy)) < a(d(Kz, Ty))®(d(Kz, Ty))
+0(d(Kz, Ty)) [2(6(Kz, Tx)) + 2(6(Ty, Sy))]

®(D(Kx,Sy)) + ©(D(Jy, Tx))
2

+ c(d(Kz, Ty))

with @ satisfying, in addition to the hypothesis of Theorem [3.1} the prop-
erty ®(2t) <2®(t), t > 0.

For a set-valued map S: X — B(X) (resp. a self-map J: X — X), we
denote Fs = {x € X : S(x) = {x}} (resp. Fy ={z € X : J(x) = x}).

THEOREM 3.6 (cf. [T, Theorem 3]|). Let S,7: X — B(X) be set-valued
maps and J,K: X — X be self-maps on the metric space X. If inequality

(3.1) holds for all z,y € X with ®,a,b,c satisfying (2.1)) and (3.2), then

(F}Cij)ﬂFsz(FKﬂFj)mFT.
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PROOF. Let u € (Fixx N F7) N Fs. If we had u ¢ Fr, then by estimation

and properties and we would get
O(6(Tu,u)) = 2(0(Tu,Su)) < ald(Ku, Ju))®(d(Ku, Ju))
+ b(d(Ku, Ju)) [P(0(Ku, Tuw)) + ®(6(Tu, Su)))
+ c(d(Ku, Ju)) min {®(D(Ku,Su)), ®(D(Ju, Tu))}
=b(0)P(6(u, Tu)) < ®(5(u, Tu)).
This contradiction implies that 7u = {u}. Thus,
(FkNF7)NFs C (FxNFg)NFr.
Similarly, we can prove that
(FkNF7)NFr C (FxNFg)NFs. O
Theorems and [3.6] imply the following one.

THEOREM 3.7. Let (X,d) be a complete metric space. Let J,K: X — X
be two self-maps and S;: X — B(X), i € N*, be set-valued maps such that
(i) US;(X) C J(X) and US;+1(X) C K(X),
(i) either S;(X)(resp. T (X)) or Si+1(X) (resp. K(X)) is closed,
(iii) the pairs {S;, K} and {S;y+1,T} are weakly compatible.
Let ® be an increasing and continuous function of [0, 00) into itself satisfying
(2.1) and the inequality

(6(Siz, Sitry)) < a(d(Kz, Ty))@(d(Kz, Ty))
+0(d(Kz, Ty)) [(6(Kz, Six)) + B(6(TY, Siv1y))]
+ c(d(Ka, Ty)) min {@(D(Kz, Si11y)), ®(D(Ty, Six))}

holds for all x,y € X, i € N*, where a,b,c: [0,00) — [0,1) are continuous
increasing functions satisfying (3.2)). Then J,K and {S;}ien+ have a unique
common fixed point in X .

REMARK 3.8. Theorem [3.7] remains valid if 7 or K is surjective in lieu of
the condition (ii).

Now, we establish a fixed point theorem under a strict contractive condi-
tion in a metric space. Our version requires neither continuity nor compactness
but only minimal conditions and a concept of maps called D-maps.
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DEFINITION 3.9 ([I]). Maps 7: X — B(X) and K: X — X are said to be
D-maps if and only if there exists a sequence {z,} in X such that lim Kz, =t

n— o0
and lim Tz, = {t} for some t € X.
n— oo

ExaMpPLE 3.10.

(1) Consider X = [0, 00) with the usual metric and define 7: X — B(X) and
K: X — X by

Tx=[0,2] and Kz =2z, Ve X.

Let z,, = 3— for all n € N*. Clearly, hm Ta:n = {0} and hm ’an =0.
That is, 7 and K are D-maps.
(2) Consider X = [0, 00) with the usual metric and define 7: X — B(X) and
K: X — X by
Tzr=1[0,2] and Kz=3zx+2, VzxeX.

Suppose there exists a sequence {z,} in X such that lim Kz, =t and

n— o0
lim y,, =t for some t € [0,00), with y,, € Tz, = [0,x,]. Then lirn 02y =
_>
22 and 0 < ¢t < 22, which is impossible. Thus 7 and K are not D maps.

THEOREM 3.11. Let J, K be single-valued maps from a metric space (X, d)
into itself and S, T: X — B(X) be two set-valued maps with UT (X) C J(X)
and US(X) C KC(X). Let ® be an increasing and continuous function of [0, 00)
into itself satisfying . ). Suppose that inequality . ) holds for all x,y € X,
where functions a,b,c: [0,00) — [0,1) are only continuous and satisfy (3.2)).
If either
(3") T,K are weakly compatible D-maps; S, T are weakly compatible and
T(X) (resp. T(X)) is closed or

(3") §,J are weakly compatible D-maps; T,K are weakly compatible and
S(X) (resp. K(X)) is closed,

then there is a unique common fixed point t € X, i.e.

=Tt ={t} = {Jt} = {Kt}.

PROOF. Suppose that 7 and K are D-maps, then there is a sequence {z,, }
in X such that, hm lecn =t and hm Ta:n = {t} for some t € X. Since T (X)

is closed we have {t} € T(X). Consequently, t € UT(X) C J(X). It then
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follows that there exists a point u in X such that Ju = t. By condition (3.1
we have

D(0(Txp,Su)) < ald(Kzy, Tu))®(d(Kxy, Tu))
+ b(d(Kxy, Tu)) [P(6(Kxp, Txn)) + (6(Tu, Su))]
+ c(d(Kzp, Ju)) min {®(D(Kzy, Su)), ®(D(JTu, Txy))} -

If we had Su # {Ju}, then letting n — oo, by the continuity of the functions
®,a,b and ¢, using Lemma and properties (2.1)) and (3.2)), we would obtain

(d(Tu, Tu))®(d(Tu, Tu))

b(d(Tu, Tu)) [D(8(Tu, Tu)) + (6(Tu, Su))]
c(d(Tu, Tu)) min {&(D(Tu, Sw)), ®(D(Tu, Tu))}
b(0)®(5(Tu, Su)) < B(86(Tu, Su)),

a
+
—+

which is a contradiction. Thus, Su = {Ju}. Hence, by the weak compatibility
we get, SSu=SJu = JSu = {JJu}. Again, by (3.1]), we have

O (0(Txp,SSu)) < a(d(Kzy, TSu))P(d(Kzy, TSu))
+ b(d(Kxp, TSW)) [P(6(Kxy, Txy)) + P(0(TSu, SSu))]
+ c(d(Kxp, JSu)) min {®(D(Kx,, SSu)), ®(D(TSu,Txy,))}.

If we had SSu # {Ju}, then letting n — oo, since ® is increasing, by the
continuity of ®,a,b and ¢, the use of Lemma and conditions (2.1) and

(B2), we would obtain
B(8(Tu, SSu)) < a(d(JTu, TSu)®(d(JTu, TSu))

+ b(d(Tu, TSu)) [B(5(Tu, Tu)) + B(5(TSu, SSu))]
+ e(d(Tu, TSu)) min {®(D(Tu, SSu)), ®(D(TSu, Tu))}

= a(d(Tu, SSu))B(d(Tu, SSu))
+ e(d(Tu, SSu)®(D(Ju, SSu))

< [a(d(Tu, SSu)) + c(d(Tu, SSu))] ®(8(Tu, SSu))

< B(5(Tu, SSu)).
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This is a contradiction, so we have SSu = JSu = {Ju}, i.e. SSu = JSu =
Su and Su is a common fixed point of S and J. Since US(X) C K(X), then,
there is a point v € X such that {Kv} = Su. If we had Tv # {Kv}, then by

condition and properties and we would have
®(5(Tv,Kv)) = &(6(Tv,Su))
< a(d(Kv, Ju))®(d(Kv, Tu))
b(d(Kv, Tu)) [®(5(Kv, Tv)) + ®(6(Tu, Su))]
c(d(Kv, Ju)) min {®(D(Kv, Su)), ®(D(JTu, Tv))}
= b(0)®(5(Kv, Tv)) < ®(5(Kv, Tv)).

+
+

This is a contradiction, thus 7v = {Kv} = Su. By the weak compatibility of
T and K we have TTv = TKv = KTv = {KKv}. Again, if we had TTv # Su,
then, since ® is increasing, by conditions (3.1)), (2.1)) and (3.2)), we would have

B(5(TTv,Su)) < ald(KTv, Ju)®(d(KTv, Ju))
+ b(d(KTv, Tu) [B((KTv, TTv)) + &(5(Tu, Su))]
+ e(d(KTv, Ju)) min {®(D(KTv, Su)), (D(Ju, TTv))}
= a(d(TTv,Su))®(d(TTv, Su))
+ e(d(TTv, Su)®(D(TTv, Su))
< [a(d(TTv,Su)) + c(d(TTv, Su)] ®(5(TTv, Su))
O((TTv,Su)).

This contradiction shows that 77 v = Su, i.e., TSu = Su = KSu and Su is
also a common fixed point of 7 and K. Since Su = {t}, then

= Tt = {t} = {Kt} = {Jt}.

Finally, we prove that ¢ is unique. Indeed, let ¢’ # t be another common
fixed point of the maps J,K,S and 7. Since @ is increasing, by estimation

and conditions and , one may get
D(d(t,t") = ®(6(Tt,St')) < a(d(Kt,Jt'))®(d(Kt, Tt"))
+ b(d(Kt, Tt')) [®(0(Kt, Tt)) + P(6(Tt', St'))]
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+ c(d(Kt, Jt')) min {®(D(Kt,St')), ®(D(Jt', Tt))}
=a(d(t,t")®(d(t,t") + c(d(t, )@ (D(t, "))
< la(d(t,t") + c(d(t, t')] @(d(t, t')) < ®(d(t,t)).

This contradiction implies that ¢ = .
Similarly, one can obtain this conclusion by using (3”) in lieu of (3’). O

REMARK 3.12. Theoremremains valid if we replace inequality by
(6(Tz,Sy)) < a(d(Kz, Ty))®(d(Kz, Ty))
+0(d(Kz, Ty)) [2(6(Kz, Tz)) + 2(6(Ty, Sy))]

®(D(Kx,Sy)) + (D(Ty, Tx))

+ c(d(Kx, Ty)) 5 ,

where — in addition to the hypothesis of Theorem [3.I] - ® satisfies also the
condition ®(2t) < 2®(t), t > 0, or

§(Tx,Sy) < amax{d(Kz, Jy),d(Kz,Tx),5(Ty,Sy)}
+ (1 —-a)laD(Kz,Sy) +bD(JTy, Tx)],

WhereO§a<1,0§a§%and0§b<%.

In Theorem [3.11] if we set S = T and K = 7, then we will get the following
result.

COROLLARY 3.13. Let K: X — X be a single-valued map of a metric space
(X,d) and T: X — B(X) be a set-valued map. Assume that T and K satisfy
the conditions

(i) UT(X) € K(&),
(ii) the inequality

®(6(Tx, Ty)) < a(d(Kz,Ky))®(d(Kz, Ky))
+b(d(Kz,Ky)) [®(6(Kz, Tz)) + ®(6(Ky, Ty))]
+ c(d(Kz, Ky)) min {®(D(Kz, Ty)), ®(D(Ky, Tz))}

holds for all z,y € X, where ® is as in Theorem and functions a,b
and ¢ are as in Theorem [3.11.
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If T and K are weakly compatible D-maps and T (X) (resp. K(X)) is closed,
then there is a unique common fixed point t in X, i.e.

Tt={t} = {Kt}.
For three maps we have the following result.

COROLLARY 3.14. Let K: X — X be a single-valued map of a metric space
(X,d) and S, T: X — B(X) be two set-valued maps such that

(i) UT(X) C K(X) and US(X) C K(X),
(ii) the inequality

(0(Tx,Sy)) < ald(Kz,Ky))®(d(Kz,Ky))
+ b(d(Kz, Ky)) [@(6(Kz, Tz)) + ®(6(Ky, Sy))]
+ c(d(Kz, Ky)) min {®(D(Kz, Sy)), ®(D(Ky, Tx))}

holds for all x,y € X, where ® is as in Theorem [3.1] and functions a,b
and ¢ are as in Theorem[3.11]. If either

(iii) 7,K are weakly compatible D-maps; S,KC are weakly compatible and
T(X) (resp. K(X)) is closed or

(iv) S,K are weakly compatible D-maps; T,K are weakly compatible and
S(X) (resp. K(X)) is closed,

then there is a unique common fixed point t in X, i.e.
St =Tt ={Kt} = {t}.
Now, we give a generalization of Theorem [3.11]

THEOREM 3.15. Let J,K be single-valued maps of a metric space (X, d)
and Sp: X — B(X),n € N* be set-valued maps such that

(i) US,(X) C J(X) and US,+1(X) C K(X),
(ii) the inequality

D(6(Snz; Snt1y)) < a(d(Kz, Jy))@(d(Kz, Ty))
+ 0(d(Kz, Ty)) [2(6(Kz, Snz)) + ®(6(TY, Snt1¥))]
+ c(d(Kx, Ty)) min {®(D(Kx, Spy19)), ®(D(Ty, Sn)) }

holds for all z,y € X,n € N*, where ® is as in Theorem and func-
tions a,b and c are as in Theorem |(3.11 If either
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(iii) IC and {Sy tnen+ are weakly compatible D-maps; J and {S,+1}nen< are

weakly compatible and S,,(X) (resp. J(X)) is closed or

(iv) J and {Sp+1}tnen- are weakly compatible D-maps; KC and {S,, }rnen+ are

weakly compatible and S,,4+1(X) (resp. K(X)) is closed,

then there is a unique common fized point t € X, i.e.

Snt = {t} = {Jt} = {Kt}, neN".
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