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STABILITY OF FUNCTIONAL EQUATIONS
IN DISLOCATED QUASI-METRIC SPACES

Beata Hejmej

Abstract. We present a result on the generalized Hyers–Ulam stability of
a functional equation in a single variable for functions that have values in a
complete dislocated quasi-metric space. Next, we show how to apply it to prove
stability of the Cauchy functional equation and the linear functional equation
in two variables, also for functions taking values in a complete dislocated quasi-
metric space. In this way we generalize some earlier results proved for classical
complete metric spaces.

1. Introduction and preliminaries

The stability of functional equations is a problem originating from the
following question formulated by S.M. Ulam (see [5, 11]) for group homomor-
phisms:

Assume that (G1,+) and (G2,+) are groups, (G2, d) is a metric space and
ε > 0. Find δ > 0 such that for any function ϕ : G1 → G2 with

d(ϕ(x+ y), ϕ(x) + ϕ(y)) 6 δ, x, y ∈ G1,

there exists a group homomorphism F : G1 → G2 such that

d(ϕ(x), F (x)) 6 ε, x ∈ G1.
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The first partial answer to it was published by D.H. Hyers [5] in 1941
and since that year, a lot of analogous results have been appearing (see, e.g.,
[3, 6]).

In this paper we consider a similar problem for so called dislocated quasi-
metrics (dq-metrics) instead of metrics. Namely, we show that [4, Theo-
rem 2.1], proved for classical metric spaces, is valid also for dq-metric spaces.
Moreover, we present some applications of that result, analogously as in [4].

Dislocated quasi-metrics play a crucial role, among others, in computer
science and cryptography. Below we recall the definition of them.

Let Y be a nonempty set with a function d : Y × Y → [0,+∞), which
satisfies the following two conditions:
(Q1) d(x, y) = d(y, x) = 0⇒ x = y,
(Q2) d(x, y) 6 d(x, z) + d(z, y)

for all x, y, z ∈ Y . In this case d is said to be a dislocated quasi-metric (dq-
metric for short) and (Y, d) is called a dislocated quasi-metric space (dq-metric
space for short) (see [10, 9]). If d is a dq-metric in Y , which is symmetric (i.e.,
d(x, y) = d(y, x) for x, y ∈ Y ), then (Y, d) is called a metric-like space (see [1]).

Example 1.1 ([9]). A function d : R×R→ [0,∞) defined by d(x, y) = |x|
for x, y ∈ R is a dislocated quasi-metric.

Example 1.2 ([1]). If d : R×R→ [0,∞) is given by d(x, y) = max{|x|, |y|}
for x, y ∈ R, then (R, d) is a metric-like space.

We say that x ∈ Y is a limit of a sequence (xn)∞n=1 of elements in a dq-
metric space (Y, d) iff d(xn, x)→ 0 and d(x, xn)→ 0; we then write xn → x.
It is easy to check that a limit of a sequence is unique if it exists. Indeed,
if x, y ∈ Y are limits of a sequence (xn)∞n=1, then for all n ∈ N we have
0 6 d(x, y) 6 d(x, xn) + d(xn, y). Thus, d(x, y) = 0 and similarly, d(y, x) = 0,
so x = y.

A sequence (xn)∞n=1 is said to be a Cauchy sequence if

∀ε>0 ∃N∈N ∀m,n>N d(xn, xm) < ε.

A dq-metric space (Y, d) is called complete if every Cauchy sequence has
a limit in this space.
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2. Main theorem

Let (Y, d) be a complete dq-metric space. Consider a nonempty set K and
functions Ψ: Y → Y , α : K → K, and h1, h2 : K → [0,+∞). Assume that Ψ
satisfies the Lipschitz condition with a Lipschitz constant λ ∈ (0,+∞), i.e.,
d(Ψ(x),Ψ(y)) 6 λd(x, y) for all x, y ∈ Y , and Hj(x) :=

∑∞
i=0 λ

ihj(α
i(x)) is

convergent for every x ∈ K and j = 1, 2.

Theorem 2.1. Let f : K → Y be a function such that

d(Ψ ◦ f ◦ α(x), f(x)) 6 h1(x), x ∈ K,

d(f(x),Ψ ◦ f ◦ α(x)) 6 h2(x), x ∈ K.

Then the limit

F (x) := lim
n→∞

Ψn ◦ f ◦ αn(x)

exists for every x ∈ K and the function F : K → Y is a unique solution of
the equation Ψ ◦ F ◦ α = F such that

d(F (x), f(x)) 6 H1(x), x ∈ K,

d(f(x), F (x)) 6 H2(x), x ∈ K.

Proof. We claim that for all n ∈ N the following two inequalities hold:

d(Ψn ◦ f ◦ αn(x), f(x)) 6
n−1∑
i=0

λih1(αi(x)), x ∈ K,(2.1)

d(f(x),Ψn ◦ f ◦ αn(x)) 6
n−1∑
i=0

λih2(αi(x)), x ∈ K.(2.2)

For n = 1 these inequalities hold by the assumption. Let n ∈ N and
suppose that (2.1) and (2.2) are true. From the triangle inequality (Q2), the
Lipschitz condition, the assumption and the induction hypothesis we have

d(Ψn+1 ◦ f ◦ αn+1(x), f(x)) 6 d(Ψn+1 ◦ f ◦ αn+1(x),Ψ ◦ f ◦ α(x))

+ d(Ψ ◦ f ◦ α(x), f(x))

6 λd(Ψn ◦ f ◦ αn(α(x)), f(α(x))) + h1(x)
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6 λ
n−1∑
i=0

λih1(αi(α(x))) + h1(x) =

n−1∑
i=0

λi+1h1(αi+1(x)) + h1(x)

=

n∑
i=1

λih1(αi(x)) + h1(x) =

n∑
i=0

λih1(αi(x))

for all x ∈ K. Analogously, we can prove that

d(f(x),Ψn+1 ◦ f ◦ αn+1(x)) 6
n∑

i=0

λih2(αi(x))

for every x ∈ K, so the claim follows.
Now, we show that for all m ∈ N, k ∈ N ∪ {0} we have

d(Ψm+k ◦ f ◦ αm+k(x),Ψk ◦ f ◦ αk(x)) 6
m+k−1∑

i=k

λih1(αi(x)), x ∈ K,(2.3)

d(Ψk ◦ f ◦ αk(x),Ψm+k ◦ f ◦ αm+k(x)) 6
m+k−1∑

i=k

λih2(αi(x)), x ∈ K.(2.4)

Let m ∈ N. For k = 0 these conditions are simply the inequalities (2.1)
and (2.2) with n = m. Thus, take any k ∈ N and suppose that (2.3) and (2.4)
are true. Then

d(Ψm+k+1 ◦ f◦αm+k+1(x),Ψk+1 ◦ f ◦ αk+1(x))

6 λd(Ψm+k ◦ f ◦ αm+k(α(x)),Ψk ◦ f ◦ αk(α(x)))

6 λ
m+k−1∑

i=k

λih1(αi(α(x)))

=
m+k−1∑

i=k

λi+1h1(αi+1(x)) =
m+k∑
i=k+1

λih1(αi(x))

for all x ∈ K. In the same way we can show that

d(Ψk+1 ◦ f ◦ αk+1(x),Ψm+k+1 ◦ f ◦ αm+k+1(x)) 6
m+k∑
i=k+1

λih2(αi(x))

for every x ∈ K. Therefore inequalities (2.3) and (2.4) are proved.
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We conclude from this that for all m ∈ N, k ∈ N ∪ {0}

d(Ψm+k ◦ f ◦ αm+k(x),Ψk ◦ f ◦ αk(x)) 6
∞∑
i=k

λih1(αi(x)), x ∈ K,

d(Ψk ◦ f ◦ αk(x),Ψm+k ◦ f ◦ αm+k(x)) 6
∞∑
i=k

λih2(αi(x)), x ∈ K.

Consequently, for every x ∈ K and for every ε > 0 there exists k ∈ N such
that for all m, l ∈ N we have

d(Ψm+k ◦ f ◦ αm+k(x),Ψl+k ◦ f ◦ αl+k(x))

6 d(Ψm+k ◦ f ◦ αm+k(x),Ψk ◦ f ◦ αk(x))

+ d(Ψk ◦ f ◦ αk(x),Ψl+k ◦ f ◦ αl+k(x))

6
∞∑
i=k

λih1(αi(x)) +

∞∑
i=k

λih2(αi(x)) < ε.

It means that (Ψn ◦ f ◦αn(x))∞n=1 is a Cauchy sequence for every x ∈ K. The
space (Y, d) is complete, so the limit F (x) := limn→∞Ψn ◦f ◦αn(x) exists for
every x ∈ K.

Observe that

d(F (x), f(x)) 6 d(F (x),Ψn ◦ f ◦ αn(x)) + d(Ψn ◦ f ◦ αn(x), f(x))

6 d(F (x),Ψn ◦ f ◦ αn(x)) +H1(x)

for x ∈ K,n ∈ N, what implies d(F (x), f(x)) 6 H1(x) for all x ∈ K. Similarly,
we can show that d(f(x), F (x)) 6 H2(x) for every x ∈ K. Furthermore, for
every x ∈ K we have

0 6 d(Ψ ◦ F ◦ α(x), F (x))

6 d(Ψ(F (α(x))),Ψn+1 ◦ f ◦ αn+1(x)) + d(Ψn+1 ◦ f ◦ αn+1(x), F (x))

6 λd(F (α(x)),Ψn ◦ f ◦ αn(α(x))) + d(Ψn+1 ◦ f ◦ αn+1(x), F (x)),

thus, d(Ψ◦F ◦α(x), F (x)) = 0 for x ∈ K. Similarly, d(F (x),Ψ◦F ◦α(x)) = 0
for x ∈ K. This implies that Ψ ◦ F ◦ α = F .



220 Beata Hejmej

Suppose that G : K → Y is a function such that Ψ ◦G ◦ α = G and

d(G(x), f(x)) 6 H1(x), x ∈ K,

d(f(x), G(x)) 6 H2(x), x ∈ K.

By induction we obtain Ψn ◦G◦αn = G and Ψn ◦F ◦αn = F for all n ∈ N, so

0 6 d(F (x), G(x)) = d(Ψn ◦ F ◦ αn(x),Ψn ◦G ◦ αn(x))

6 λnd(F (αn(x)), G(αn(x)))

6 λn[d(F (αn(x)), f(αn(x))) + d(f(αn(x)), G(αn(x)))]

6 λn
∞∑
i=0

λih1(αi+n(x)) + λn
∞∑
i=0

λih2(αi+n(x))

=

∞∑
i=0

λi+nh1(αi+n(x)) +

∞∑
i=0

λi+nh2(αi+n(x))

=

∞∑
i=n

λih1(αi(x)) +

∞∑
i=n

λih2(αi(x))

for all x ∈ K and n ∈ N. This implies that d(F (x), G(x)) = 0 for x ∈ K.
In the same way we obtain d(G(x), F (x)) = 0 for x ∈ K, so F = G and the
theorem follows. �

3. Applications

If (G,+) is a groupoid (i.e., G is a nonempty set and + : G2 → G is a
binary operation, not necessarily commutative), then we say that it is uniquely
divisible by 2 if for every x ∈ G there exists a unique y ∈ G such that
x = y + y =: 2y. In this case y is denoted by 1

2x or x
2 . A groupoid (G,+) is

called square symmetric iff 2(x+ y) = 2x+ 2y for all x, y ∈ G.
Consider the following notations: 20x = x, 2n+1x = 2(2nx) for x ∈ G and

n ∈ N. Moreover, if (G,+) is uniquely divisible by 2 we write 2−1x = 1
2x,

2−n−1x = 2−1(2−nx) for x ∈ G, n ∈ N.
Let (X,+), (Y,+) be square symmetric groupoids. Assume that (X,+) is

uniquely divisible by 2, (Y, d) is a complete dq-metric space and the operation
+: Y ×Y → Y is continuous, i.e., if xn → x and yn → y then xn +yn → x+y
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for all sequences (xn)∞n=1, (yn)∞n=1 of elements of the space Y and x, y ∈ Y .
Consider also a nonempty set K ⊂ X and functions χi : K × K → [0,∞),
i = 1, 2.

With this notations we have the following corollary from Theorem 2.1.

Corollary 3.1. Suppose that 1
2K ⊂ K and that there exist constants

η1, η2, ε ∈ (0,∞) such that ηiε < 1 and

χi(
x
2 ,

y
2 ) 6 ηiχi(x, y), x, y ∈ K, i = 1, 2,

d(2x, 2y) 6 εd(x, y), x, y ∈ Y.

Let ϕ : K → Y be a function that satisfies the conditions:

d(ϕ(x) + ϕ(y), ϕ(x+ y)) 6 χ1(x, y),

d(ϕ(x+ y), ϕ(x) + ϕ(y)) 6 χ2(x, y)

for all x, y ∈ K, x + y ∈ K. Then there exists a unique solution F : K → Y
of the equation

F (x+ y) = F (x) + F (y), x, y ∈ K,x+ y ∈ K

such that

d(F (x), ϕ(x)) 6
η1χ1(x, x)

1− η1ε
, x ∈ K

and

d(ϕ(x), F (x)) 6
η2χ2(x, x)

1− η2ε
, x ∈ K.

Proof. By the assumption, for every x ∈ K,

d
(
2ϕ
(
x
2

)
, ϕ(x)

)
= d

(
ϕ
(
x
2

)
+ ϕ

(
x
2

)
, ϕ
(
x
2 + x

2

))
6 χ1(x2 ,

x
2 )

and similarly

d
(
ϕ(x), 2ϕ

(
x
2

))
6 χ2

(
x
2 ,

x
2

)
, x ∈ K.

Setting f = ϕ,Ψ(x) = 2x, λ = ε, hi(x) = χi

(
x
2 ,

x
2

)
, i = 1, 2, and α(x) = x

2 in
Theorem 2.1, the limit F (x) = limn→∞ 2nϕ(2−nx) exists for every x ∈ K and
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it is a unique solution of the equation 2F (2−1x) = F (x), x ∈ K, such that for
every x ∈ K,

d(F (x), ϕ(x)) 6
∞∑
i=0

εiχ1

(
2−i

x

2
, 2−i

x

2

)
6
∞∑
i=0

εiηi1χ1

(x
2
,
x

2

)

6 η1χ1(x, x)

∞∑
i=0

(εη1)i =
η1χ1(x, x)

1− η1ε

and analogously,

d(ϕ(x), F (x)) 6
η2χ2(x, x)

1− η2ε
, x ∈ K.

Let x, y ∈ K,x+ y ∈ K. Observe that for all n ∈ N we have

d(2nϕ(2−nx) + 2nϕ(2−ny),2nϕ(2−n(x+ y)))

6 εnd(ϕ(2−nx) + ϕ(2−ny), ϕ(2−n(x+ y)))

6 εnχ1(2−nx, 2−ny) 6 (εη1)nχ1(x, y).

Thus,

lim
n→∞

d(2nϕ(2−nx) + 2nϕ(2−ny), 2nϕ(2−n(x+ y))) = 0.

Similarly,

lim
n→∞

d(2nϕ(2−n(x+ y)), 2nϕ(2−nx) + 2nϕ(2−ny)) = 0.

For all n ∈ N

0 6 d(F (x) + F (y), F (x+ y))

6 d(F (x) + F (y), 2nϕ(2−nx) + 2nϕ(2−ny))

+ d(2nϕ(2−nx) + 2nϕ(2−ny), 2nϕ(2−n(x+ y)))

+ d(2nϕ(2−n(x+ y)), F (x+ y)),

what implies d(F (x) + F (y), F (x + y)) = 0. In the same way we can prove
that d(F (x+ y), F (x) + F (y)) = 0, hence F (x+ y) = F (x) + F (y).
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Suppose that a function G : K → Y satisfies the conditions:

G(x+ y) = G(x) +G(y), x, y ∈ K, x+ y ∈ K,

d(G(x), ϕ(x)) 6
η1χ1(x, x)

1− η1ε
, x ∈ K,

d(ϕ(x), G(x)) 6
η2χ2(x, x)

1− η2ε
, x ∈ K.

Then

2G
(x

2

)
= G

(x
2

)
+G

(x
2

)
= G

(x
2

+
x

2

)
= G (x)

for every x ∈ K, so by the uniqueness in Theorem 2.1 we obtain F = G. �

Assume that (X,+) and (Y,+) are abelian groups, c ∈ X, C ∈ Y . Let
a, b : X → X, A,B : Y → Y be homomorphisms such that a ◦ b = b ◦ a and
A ◦ B = B ◦ A. Suppose that the function α : X 3 x 7−→ a(x) + b(x) + c ∈
X is bijective and (Y, d) is a complete dq-metric space. Assume also that
xn → x and yn → y implies A(xn) + B(yn) + C → A(x) + B(y) + C for
all sequences (xn)∞n=1, (yn)∞n=1 of elements of the space Y and x, y ∈ Y and
consider a nonempty subset K ⊂ X and functions χi : K × K → [0,∞),
i = 1, 2. The next corollary corresponds in particular to the recent results in
[2, 7, 8].

Corollary 3.2. Suppose that α−1(K) ⊂ K and that there exist constants
η1, η2, ε ∈ (0,∞) such that ηiε < 1 and

χi(x, y) 6 ηiχi(a(x) + b(x) + c, a(y) + b(y) + c), x, y ∈ K, i = 1, 2,(3.1)

d(A(x) +B(x) + C,A(y) +B(y) + C) 6 εd(x, y), x, y ∈ Y.(3.2)

Let ϕ : K → Y be a function that satisfies the conditions:

d(A(ϕ(x)) +B(ϕ(y)) + C,ϕ(a(x) + b(y) + c)) 6 χ1(x, y),(3.3)

d(ϕ(a(x) + b(y) + c), A(ϕ(x)) +B(ϕ(y)) + C) 6 χ2(x, y)(3.4)

for all x, y ∈ K, a(x) + b(y) + c ∈ K. Then there exists a unique solution
F : K → Y of equation

F (a(x) + b(y) + c) = A(F (x)) +B(F (y)) +C, x, y ∈ K, a(x) + b(y) + c ∈ K
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such that

d(F (x), ϕ(x)) 6
η1χ1(x, x)

1− η1ε
, x ∈ K,

d(ϕ(x), F (x)) 6
η2χ2(x, x)

1− η2ε
, x ∈ K.

Proof. Define operations ? : X ×X → X and � : Y × Y → Y by:

x ? y = a(x) + b(y) + c, x, y ∈ X,

z � w = A(z) +B(w) + C, z, w ∈ Y.

Then (X, ?) and (Y, �) form groupoids that are a square symmetric, because
a, b and A,B are homomorphisms such that a ◦ b = b ◦ a and A ◦B = B ◦A.
Moreover, since the function α is bijective, (X, ?) is uniquely divisible by 2.
Note that 2x = x ? x = α(x) for x ∈ X and 2z = z � z = A(z) +B(z) +C for
z ∈ Y , so (3.1) and (3.2) take the forms

χi(x, y) 6 ηiχi(2x, 2y), x, y ∈ K, i = 1, 2,

d(2x, 2y) 6 εd(x, y), x, y ∈ Y,

and (3.3) and (3.4) can be written as

d(ϕ(x) � ϕ(y), ϕ(x ? y)) 6 χ1(x, y),

d(ϕ(x ? y), ϕ(x) � ϕ(y)) 6 χ2(x, y)

for all x, y ∈ K, x ? y ∈ K. From these observations and from Corollary 3.1
the statement follows. �
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