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RANDOM DYNAMICAL SYSTEMS WITH JUMPS AND
WITH A FUNCTION TYPE INTENSITY

JOANNA KUBIENIEC

Abstract. In paper [4] there are considered random dynamical systems with
randomly chosen jumps acting on Polish spaces. The intensity of this process
is a constant A. In this paper we formulate criteria for the existence of an
invariant measure and asymptotic stability for these systems in the case when
A is not constant but a Lipschitz function.

1. Introduction

In paper [4] there are considered a finite family of dynamical systems with
randomly chosen jumps acting on a given Polish space. It is an example of
a non-diffusion model and is similar to the so-called piecewise-deterministic
Markov process introduced by Davis [I]. In paper [5] author study Markov
process which is a solution of some stochastic differential equations driven by
jump-type process. This process is defined with the help of only one dynamical
system. In contrast to [4] the intensity of the process considered in [5] is not
constant.

In this paper we apply the not constant process intensity to the finite
family of random dynamical systems with jumps. We formulate criteria for
stability and the existence of a stationary measure for these models.

It should be noted that there is a large range of application of dynamical
systems in physics and biology like the short noise [§], the photo conductive
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detectors [§], the growth of the size of structural populations [2], and many
others.

The organization of the paper is as follows. Section [2] contains some no-
tations and definitions from the theory of Markov operators. In Section [3] we
formulate the problem to be considered. The existence of invariant measure
and asymptotic stability of the considered dynamical system is included in
Section [ At the end of Section [4] we take under consideration some model,
similar to the model of gene expression from [7] and we make some assumption
under which we obtain asymptotic stability for this model.

2. Preliminaries

Let (Y,p) be a Polish space. We denote by B(z,r) the open ball with
center at  and radius r. For any set A C Y, clA, diam,(A), 14 stand for the
closure, diameter, and indicator function of A, respectively.

We denote by B(Y) the o-algebra of Borel subsets of Y, by M = M(Y)
the family of all finite Borel measures on Y, and by M, the space of all finite
signed Borel measures on Y. We write M; = M;(Y) for the family of all
u € M such that pu(Y) = 1.

We denote by B(Y') the space of all bounded Borel measurable functions
f:Y — R and C(Y) the subspace of all continuous functions. Both spaces
are considered with the supremum norm || - ||o. For f € B(Y) and u € M, we
write

(o) = /Y f(@)uldz).

We introduce in M the Fortet-Mourier norm || - ||, given by

lell, = sup{|[{f, )| : f € F,} for pe M,

where F), is the set of all f € C(Y) such that |f(z)] <1 and |f(z) — f(y)| <
p(z,y) for z,y € Y.

We say that a sequence {p, }n>1, tn € M, converges weakly to a measure
uwe M if

(fopn) = (f,m)  for every f e C(Y).

lim
n—oo

We introduce the class @ of functions ¢: Ry — R, satisfying the following
conditions:
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(i) ¢ is continuous and ¢(0) = 0,
(ii) ¢ is nondecreasing and concave, i.e.

n n n
Y arp(yr) < @O aryr), where a >0, > oy = 1;
k=1 k=1 k=1

(iii) ¢(z) > 0 for z > 0 and lim,_,~ ¢(x) = co.

We denote by @y the family of all functions satisfying (i) and (ii). A
necessary and sufficient condition for a concave function ¢ to be subadditive
on (0,00) is that ¢(0+) > 0. From this result we immediately obtain the
triangle inequality for p, = ¢ o p. Thus for every ¢ € ® the function p, is a
metric on Y. We write Fi, and | - ||, instead of F},_ and || - ||, respectively.
The proof of the following result can be found in [6].

PRrROPOSITION 2.1. Let a function w € ®g satisfies the Dini condition
cw(t
(2.1) / #dt < oo  for some e > 0.
0

Let a € [0,1). Then inequality
w(t) + lat) < p(t)  fort >0,
admits a solution in .

We say that a vector (p1,...,pn), where p;: Y — [0,1], is a probability
vector if

N
sz-(x) =1 forxeV.
i=1

A matrix [p;;l; ;, where p;;: Y — [0,1] for i,5 € {1,..., N}, is a probability
matrix if

N
Zpij($):1 forzxeY andie{l,...,N}
j=1

An operator P: M — M is called a Markov operator if
P(/\1/L1 -+ )\2#2) = MPui +XPus  for Ay, o € Ry and py, 0 € M

and

Pu(Y)=pu) forpue M.
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The Markov operator can be extended to the space M. A linear operator
U: B(Y) — B(Y) is called dual to P if

(Uf,m) = (f,Pu) for fe B(Y)and pe M.

A Markov operator P is called a Markov—Feller operator if it has a dual
operator U such that

UfeC(y) forfeC(Y).
An operator P: M — M is called nonexpansive if

|Prs = Pusl, < s — pioll,  for iy, iz € My

A measure p is called invariant (or stationary) with respect to P if Py = p.
A Markov operator P is called asymptotically stable if there exists a stationary
measure p, € M; such that

lim ||[P"u— pll, =0 for every p € M.
n— o0

Obviously a measure p, satisfying the above condition is unique.

We say that a metric p is equivalent to metric p if the classes of bounded
sets and convergent sequences in the spaces (Y, p) and (Y, p) coincide. If (Y, p)
is Polish space and p, p are equivalent, then the space (Y,p) is still a Polish
space.

An operator P: M — M is called essentially nonexpansive if there exists
a metric p equivalent to p such that P is nonexpansive with respect to the
norm || - -

We denote by C.(Y),e > 0, the family of all closed sets C' for which
there exists a finite set {z1,22,...,2,} C Y such that C C |J;_, B(z1,e€).
An operator P is called semi-concentrating if for every ¢ > 0 there exist
C € C.(Y) and 6 > 0 such that

liminf P"u(C) > 6  for p e M.

n— o0

For pn € M, we consider the limit set

L(p) = {v € M : there exists {ny} C {n} such that klim |P™p—v|, =0}
—00

and

L(My) = U L(p).

pne M,
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Let A € B(Y). We say that a measure p € M is concentrated on A if
u(Y\A) = 0. We denote by M{* the set of all probability measures concen-
trated on A.

An operator P is called globally concentrating if for every € > 0 and every
bounded Borel set A € B(Y') there exist a bounded Borel set B € B(Y') and
ng € N such that

P'u(B)>1—¢€ forn>ngy, pe M
Define

E(P)={e>0: inf liminf P"u(A) > 0 for some A € Cc(Y)}.

pneEM; n—oo

REMARK 2.2. If a Markov operator P is globally concentrating, then

E(P) # 0.
REMARK 2.3. If inf E(P) = 0, then P is semi-concentrating.
A continuous function V: Y — [0, 00) is called Lyapunov function if

lim V(z)=o00
p(z,20)—00

for some zg € Y.

3. Formulation of the problem

Let (Y, p) be a separable Banach space, Ry = [0,00) and [ = {1,..., N},
O be a compact metric space. Let S;: Ry XY — Y, i € I, be a finite sequence
of semidynamical systems, i.e.

Si(0,z)=x foriel,zeY
and

Si(s+t,x) = Si(s,S:(t,z)) fors,te Ry,ie€landz €Y.
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We are given probability vector (pi,...,pn), where p;: Y — [0,1],4,j € I,
a matrix of probabilities [p;;]i jer,pij: Y — [0,1] and continuous functions
¢:Y x0 =Y, A:'Y — (0,00), such that

A= inf A(z) > 0.
zeY
Let (£2,%, prob) be a probability space and {t,},>0 be an increasing se-
quence of random variables t,: Q@ — Ry with to = 0. Let {n,}n,en be a
sequence of independent identically distributed random elements with values
in a compact metric space ©, their distribution will be denoted by «.
We consider the space X =Y x I endowed with the metric p given by

p((x,1), (y,9)) = plx,y) + pe(i,j) forx,y € Y,i,j €1,

where

e iy,
pC(m)_{o if i = j,

and the constant ¢ will be chosen later on.
We define a new sequence of semidynamical systems

Sp:RixX =X fork=12...

_ z,s if t =0,
Sk(t, (z,5)) :{ ESk(z)f7x)7k) if t > 0.

We define

Q(Sk(tv (xa 5))7 77) = Q<Sk(t7 :L'), 77)

fork=1,2,...,te Ry,x€Y,sel,and n € O.

The action of randomly chosen dynamical systems, with randomly chosen
jumps, at random moments t; can be roughly described as follows. We choose
an initial point g € Y and randomly select a transformation Sy from the set
{S1,...,SNn} in such a way that the probability of choosing S} is equal to
pr(zo), i.e., we define &y: © — I such that prob(§y = klzg = x) = pr(x). We
obtain pair (xg, k). We define

r1 = q(Sk(t1,70), M),

where prob(t; < t|{p =k and zg=2)=1—e" Jo MSu(sa))ds
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We randomly choose an integer i; € {1,..., N} with probability py;, (1),
i.e., we define £ :  — I such that prob(§; = i1|z1 = = and § = k) = pgi, ().
We obtain (z1,7;) and define

x2 = q(Si, (t2 — t1,21),m2) = G(Si, (t2 — t1, (1, k), m2),

where prob(ty —t; < t|§y =i and 1 =2) =1—e~ Jo M(Siy (s:)ds YWe select
i € {1,..., N} with probability p;,;,(x2), i.e., we define &»: Q@ — I, such that
prob(§s = ig|ze = x and & = i1) = piyi,(x). We obtain pair (x9,i2). Finally,
given (x,,1iy,),n > 2, we define

Tn+1 = Q(Szn (tn—i-l - tny xn)7 77n+1) == 6(57," (tn—l—l - tna (xn; Zn))7 77n+1)

where prob(t,y1 — t, < t|& = ipandz, = z) = 1 — e~ Jo M(Siy (s,2))ds
We select i,41 € {1,...,N} with probability p;, ., (zns1), i.e., we define
Ent1: Q@ — Isuch that prob(&,41 = int1|Tpe1 = = and &, = in) = Pini,., (2).
We obtain (41, tnt1)-

Above considerations we can describe using congruent sequences of random
variables. Let {&,},,>0 be sequence of random variables &, : Q@ — I. Let

prob(&o = i|rg = x) = pi(7),
prob(&, = s|z, = x and &,-1 = k) = prs(z),

forn > 1,z,y € Y, k,i € I. We assume that {, } ,>0 and {n, } >0 independent
of {t,}n>0 and that for every n € N the variables n1,...,1m,-1,&1,...,n—1
are also independent. Given initial random variable zg and &y, the sequence
of the random variables {x,, }n>1, n: 2 = Y, is given by

Tnt1 = q(Se, (tnt1 — tns Tn)sMny1) forn=0,1...
where
prob(tp+1 —ty, <tl§y, =sand x, =x)=1—e€" Jo A(Ss(z,2))dz,

The integral is well defined, because A > 0.
We will study the stochastic discrete process {(zn,&n) }n>0 (see [3,[4]). The
evolution of the distributions pu,, on X defined by

Mn(A) = prOb{(l‘nagn) € A)}

for A € Bx can be described by an operator P: M(X) — M(X) such that

Pont1 = Ppin,
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where

(3.1) PM(A):E/X/Ooo/elA(q(Ss(t,iU)ae)vs)eL(t’%k)
X XSk (t, x))prs(x)dr(0)dtdu(x, k)

and its dual operator U: B(X) — B(X) by

(3.2) Uf(x, k)= Z/Ooo /@ Fla(Sa(t, 2), 8), 5)e= L0

X )‘(Sk (t> x))pks(x)d’%(a)dt?

where L(t,x, k) = f(f A(Sk(z,2))dz.

4. Invariant measure and asymptotic stability of P

Let (Y, - ||) be a separable Banach space. In order to get the existence of
invariant measure or asymptotic results for operator P described by (3.1)), we
will need the following assumption:

(a) The transformations S;: Ry x Y — Y,i € I are continuous and there
exists x, € Y such that

(4.1) /000 1S5 (t, ) — 24||e 2 prs (2)dt < o0,
(42) | lata0)ax(6) < .

(b) The functions pgs: Y — [0,1], k, s € I satisfy the following conditions

N
(4.3) > Ipks(x) = prs()| < Wi (llw —yll)  forz,y €Y and k €1,
: s=1

o = inf{pgs(z)} >0,

where ¢ € @ satisfy the Dini condition (2.1)).
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(c) We assume that there are constants L > 1, € R and [, > 0,y > 0 such
that

N
(4.4) > ok @)1Ss(t2) = St y)|| < Le® |z —y|  for z,y €Y,
s=1
(4.5) lg(z,") = (¥, ML) < lglle—yll  for z,y €Y,
and

(A() = A < Dillz =yl for z,y €Y,

4.6 _
(4.6) A= inf A(z) >0, X=sup(z)< 0.
zeY €Y

The proofs of presented theorems are based on techniques shown in [4].
THEOREM 4.1. Assume that the conditions — are satisfied. If

(4.7) LI+ a <A,

then the operator P defined by 18 essentially nonexpansive.

PROOF. Let ¢; € ®y be given by condition (4.3). Define ¢: Ry — R by

D(t) = a(t) + bt

for some b > 0, where Yy = %wl. It is easy to see that i) € ®; and satisfies
the hypotheses of Proposition R-1} There exists ¢ € ® such that

— Li A

(4.8) P(t) + p(at) < @(t), where a= g < 1.

Since ¢ € ® we may choose ¢ € R, such that ¢(c) > 2. Consider the metric p

p(x,0), (y, 1)) = [l =yl + pe(i,j)  for z,y €Y, 4,5 € 1.

Let f € F,. It is evident that U f € C(X), where U is given by equation (3.2)
and

Uf(x, k)| < Z/Ooo/glf(Q(Ss(tw),@),S)eL(t’””’k)/\(Sk(t’f”))pks(fv)\d%(@dt-
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Hence

N oo
Uf(x, k) <) / e FERN(Sk (L, x))dtpys (x)
s=1 0

N oo g
== [ et @) =1
—~Jo dt
To complete the proof it is enough to show that

\Uf(x, k) =Uf(y,s)l < e(p((x, k), (,5)))

for (z,1), (z,7) € X. Since p.(k,s) = c for k # s, ¢(c) > 2, and |f| < 1, the
above condition is satisfied for k # s. For k = s we obtain

U f(z, k) = Uf(y, k)l

< ;/0 /@ |f(Q(Ss(t, l‘), 9), S)efL(t,z,k))\(Sk(t7 $))pkg(x)

— f(a(Ss(t.y),0), s)e “EYRINS, (t,y) )prs ()| dr(0)dt
S Il + I2a

where

n=y / /@ F(@(Sa(t2),0), 8) — F(a(S(t,).6), 5)]

x e LEVRIN (S (¢, y))prs (y)dr(0) dt

and

I :i/om/ewf<q<ss<t,x>,9>,s>|

x |e T EETRIN (S (t, ) )prs(x) — e LEVRIN(SL(t, y))prs (y)|dr(0) dt.
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Since f € F,
a9 n<X [ [ ella(s.0).0) - St o))

x e FEVRIN(Sy (t, y))prs (y)dr(0) dt

oo _ B Li )\
ss@(/ L LAz — yle Mdt) :“0<A—q ’x_y”>'
0 A (6%

We now calculate Is. We have

N )
L<Y / e FETRN (S (t,))pis () — e~ HEVRIN(S, (£, ) pis ()|t
s=1"0
0

N
<3 / e HEER b () N(Sk(t,2)) — A(Sk (L y)|dt

N 00
+ / A(Sk(t,y)le™ " P Ppy (@) — e PPy (y)]dt.
s=170

From the mean-value theorem we obtain that for every fixed ¢ € [0,00), x,y €
Y,and k=1,...,N

e FOR) — e HOU R = B L(t, 2, k) — L(t,y, k)|

where L(t,x,k) < L1(t,x,y,k) < L(t,y, k). Since A > 0, for every t € [0, 0),
xeY,k=1,...,N we have M\t < L(t,x, k). We obtain

e~ Ebok) _ o= L)) < o=A Lt 2 k) — L(t, y, k)|

for every t € [0,00), xz,y € Y,and k=1,...,N.
We go back to calculate I5. We have

L <l / 2y (t, ) — Sk(t,y) |t
0
N 00
#30 [ AS e o @) — (o)l
s=1 0

+/ A(Sk(t,y)) e Ltk _ =Ltk gt
0
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Thus

AL

I\L
I, < — - AT e —
: Sl =yl + el ol + 2 sl = o

T oA«

= Po(llz —yl)) + bllz —yll,

where b = DLOEY) > 0. We obtain that

oA(A—a)
(1.10) o < (e = ) +bllo = .
From , , and we obtain
U@ k) = U0 )] < (2 o = yl) + B = 1)
< (e yl). =

THEOREM 4.2. Assume that conditions (4.1))-(4.7) are satisfied. Then op-
erator P given by equation (3.1) is semi-concentrating.

PRrROOF. We show that there exists a,b € Ry, a < 1, such that
UV(z,k) <aV(x,k)+b,
where
Vi, k) = |||,

for (z,k) € X. We have

Vet <30 [ [ 1a(S.0.2).0) - a(S.t.2) )

x e LRI\ (S (t, ) ) prs (z)dr(0)dt

N oo
+; /0 /@ 1g(Ss(t,2.),8) — g, 0) e~ “EPRIN(Sy (1, 2))pws () dre () dt

+Z:1/Ooo/@||q($*7G)He_L(t’x’k))\(Sk(t’m))pks(m)dlﬁ(G)dt.
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Thus

UV (x, k) < Zl /OOHS (t,z) — Ss(t,3:*)||e_L(t’I’k))\(Sk(t,x))pks(:c)dt
+Zz / 195(t, ) — @] | e FETFIN(S, (¢, 2) ) prs () di

N o0
+;/0 /euq(x*79)H€L(t’w”“M(Sk(tax))pks(x)dn(a)dt

Li )\ o0
<
0

N
S e =+ SR [ ISt~ e M p (o)
s=1

A
+Aéhmmmwmm

We obtain
Li X\
UV (k) < 2%l — ]| + 5" < allal| + b,
A—a
where ILX
a=—2 b=0b"+alz,
-«

Zl )\/ |Ss(t, 24) — xulle™ tpks(m)dt—l—i/@”q(:ﬁ*,@)ﬂd/{(@).

From [9, Corollary 2.4.1] it follows that there exists a bounded set A € X
such that

inf liminf P"u(A) > 0,

peEM; n—oo
which gives us that

E(P)={e>0: inf liminf P"u(A) > 0 for some A € C(X)}

peEM; n—oo

is nonempty. We want to show that inf E(P) = 0.
Suppose, contrary to our claim, that e* = inf E(P) > 0. We consider two
cases: @ < 0 and a > 0, where « is given by condition (4.4)).



76 Joanna Kubieniec

CASE 1: a < 0. We may choose zp € Y and r > 0 such that

inf liminf P"u(B 1) >0.
fnf limin w(B(z,1) x I) >

Fix ¢, > 0 such that
e = 4rLle® <&

and set

Cs = U U U (B(Q(Sl(t7z0)?9)7€) X I)

i€l t€(ty,2t,] 0€O

Observe that C. € C.(Y). From equation (3.1)), for arbitrary p € M; we have

N oo
PrHc) =Y / / / Lo (q(Ss(t, @), 0), s)e 26
—JxJo Je

X A(Sk(t, x))prs(2)dr(0)dt P" u(dx, k).
For x € B(zp,r) and t > t, we define
T, )= {F€T: [1S;(t2)—S,(t, 20)l| < 2Lea—o]l},
Oo(z,t)={0€O: [lg(S;(t,z),0)—a(S;(t, z0), O)I < 21ql|S;(t, x)—S;(t; 20)ll}-

From assumption (4.5)) it follows that k(0 (z,t)) > 3. Since

Zpij(fﬁ) =1,

J€eI
we have, by (4.4]),

foriel.

N |

> pile) >

JEJ (z,t)

Let © € B(zo,7),t € [t«,2t,] and 6 € O¢(x,t). Then for every j € J(x,t) we
have

Hq(Sj (t’x)a 9) - q(Sj(tv ZO)’ 6)” < 2quSj(t7 x) - Sj(tv ZO)H

<l ALe™ ||z — 20| < e.
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This gives (¢(S;(t,z),0),j) € C.. Thus
P”+1,u(C )

2t
/ / / e~ EOTR) N (S (t, ) ) prj (x)dt P™ p(d, k)
B(zo,r) X1 Jt. 0

€®o eJ( t)

—_

> e Mo (1 — e M) P u(B(z0,7) x I).

e

From above we conclude

inf liminf P"u(C:) > 0,
pneM; n—oo

which contradicts the fact that ¢* = inf F(P). By Remark operator P is
semi-concentrating.
CASE 2: a > 0. By (4.7) we have

which implies that

>

«
Li,+=<=<1.
q /\ —

>

We have Li, < 1. Choose 7,0, t, > 0 such that
(1+n)(1+ 6)Lle* < 1.
Finally, choose €y > ¢* such that
e=(1+n)(1+4 )Ll ey < ™.
By the definition E(P) there exists A € C,, such that

g = inf liminf P"u(A) > 0.

pneM; n—oo

Without loss of generality we can assume that

6 Zk,&‘(] XI)
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We now define
c:=J U U UBlsit,z).0),.¢) x I).
JEIt€[0,t.] 0€O k=1

Fix p € M. It follows that there exists k(n) € {1,...,m} such that

(4.11) P"u(B(2k(n),€0) x 1) > %

For & € B(2k(n),€0) and t < t, we define
J(x,t) = {j € T+ ]S;(t,x) = Si(t, zrm) | < (1+0)Le™ (|l — 2yl }
Oo(w,t) = {0 € O : [la(S;(t,x),0) — a(S;(t, z(n)), 0)
< (L4 0)gl1S;(t, ) = Si(t, 2um) -
From assumption ([L.F), x(O¢(z,t)) > 71~ Similarly to the first case
@)> 2 friel
jEJZ(Lt)pU (x) > T ford el
Fix € B(zg(n),€0), t < t. and 6 € ©g. We have
lq(S;(t, 2),0) — q(S;(t, zk(m) ), O < (1 4+ 0)lgllS;(E, 2) = St 2|
<Il,(1+n)(1+8)Le® ||z — Zi(n) |
<lg(1+n)(1+0)Le*ep =e.

Thus (¢(S5;(t,x),0),j) € C. and

ty
Pz Y f [ erehns)
jed (b)Y BErny,e0)xI JO - JOo(z,t)

X prj(x)dr(0)dt P" p(dz, dk)

d n b 3t
> 1 P"(B I
—1+51+n/0 e AP (B 2k €0) X 1)
5

/r} - n
Sy ienm P Bl x D).
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Combining this with (4.11)) gives

lim inf P"p(C) > ——— 199
nosoo mA(1+n)(1+0)

(1 — e ) P"(B(2(ny, 20) x I) > 0,

but 4 € My was arbitrary and € < £*, which is impossible. By Remark [2.3] we
obtain that P is semi-concentrating. O

THEOREM 4.3. Assume that (4.1)-(4.7) are satisfied. Then operator P
defined by (3.1) has an invariant probability measure.

PROOF. By Theorem and [4.2) the operator P is nonexpansive and
semi-concentrating. Using [9, Theorem 5.5 the proof is complete. [l

THEOREM 4.4. Under the hypotheses of Theorem [{.3, suppose that more-
over for a given by (4.4) one of the following holds

(i) @ < 0 and there exists 0y € © such that,
(4.12) k(6p) > 0,
(ii) o> 0 and for every 6 € ©
(4.13) k(0) > 0.
Then operator P given by (3.1) is asymptotically stable.

Proor. By Theorem the operator P admits an invariant measure.
Using [9, Theorems 5.4 and 5.5| it is sufficient to show that for given ¢ > 0
there exists v > 0 such that for any two measures pq, o € My, there exist a
Borel measurable set A C X with diamg_ (A) < e and an integer n such that

Plup(A) >~ for k=1,2.

By [9, Theorem 5.5], the set L(M;) is tight. Thus there exists a compact set
F C X such that

u(F) > for every p € L(M;).

(ST

Consider two cases: o < 0 and « > 0.
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CASE 1: @ < 0. Fix ¢; > 0 and ip € I. There exist € > 0 such that
¢(€) < €. Choose t, € R4 such that

(4.14) — e diam;(F) <

Define
Fy ={z €Y :(x,i) € F for some i € I}.

Clearly Fy is a compact subset of Y.
Since ¢: Y x© — Y and S;: Ry XY — Y,i € I, are continuous, there
exists ¢t > t, such that

(4.15) la(Si(t, 2),00) = a(Si(ts, ). 00)]| <

for every i € I, x € Fy, t € [t., 1], where 6 is given by condition (4.12)). Now
for x € Fy we set

(4.16) U(x) = A{z € Fy : [|q(Si(ts, 2), 00) — a(Si(ts, x),00)[| < g

for every ¢ € I}.

By the compactness of Fy, we choose 21, ..., Zm,, such that F' C GG, where

mo

G=JW(z)xI).

=1

The set G is an open subset of X. Let p1, s € M; be arbitrary. Set p =
(1 + p2)/2. Since L(u) # 0, there exist a subsequence {nx} of {n} and
a measure v € L(p) such that P"y — v (weakly). Since v(F) > 1, the
Aleksandrov theorem implies

liminf P"* u(G) > v(G) >
k— o0

(AR

It follows that there exists ng € N such that

_ P (G) + Pops(G)

pno
w(@) 5

3
> —.
!
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Consequently

(4.17) P™up(G) > for k=1,2.

N | =

From the definition of G and (4.17)) there exist l1,lo € {1,...,mp} and
11,19 such that

1
(418) P"O,uk(vk) > ) for k = 1,2,

mo

where

VE = U(Zlk) X {Zk} for k = 1,2.

From (4.4) we have

L oty
(419) HSio(t*’le) - Sio(t*’zb)” < ;e Rly — le”'
Set

wy = Sy (te,z1,) and  wo = 4 (L, 21,)-

From condition (4.5) it follows that

l
4.2 - <41 — )
(4.20) la(wi,60) = alwz, 60| < sl = we

By (4.20), (4.19) and (4.14) we obtain

I,
or(bo)

oty

l
(w1, 00) — q(ws,00)]] < —I—[[wy — ws| <

x(0o)

e

Rly — zlz” <

N

Define
A= (Bg(w, 60), 1)U Blq(ws, bo). 7)) x {io}.

Observe that diamp_(A) < €1. For z € U(z;,) and ¢ € [t,,?] using (4.15) and
(4.16]) we have

1a(Sio (2, ), 60) = q(w1, bo)|| < [lg(Si, (¢, ), 60) = q(Siy (., ), o) |

€ € €
+ Hq(sio(t*7x)790) - Q(Sio(t*ﬂzll)ﬂeo)H < g + g = Z
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This gives
(4.21) (q(S;(t,),00),i0) € A for x € U(z,),t € [t«,1].
Similarly,

(Q(Sio(tvx)aGO)viO) €A for z € U(Zl2)7t € [t*vﬂ

Using (4.21) and (4.18)), for i = 1,2 we have

N oo
Pt =3 [ [ [ ata(si 0.0 000w
—JxJo Je

X A(Si(t, 2))pis (2)dr(8)dt Py (da, k)

T
- / / / 1A(q(Si0(t’x)700),i0)6_L(t,x,k)
v Sty JO

X NSk (t 2))Priy (2)di(0)dtP™ 1y (de, )

t
> / / (00)e~ LT RN (S (£, 2))prs, (2)dEP™ s (dx, d)
VE t*

7 -
> / / rk(0o)e M Aodt P™ p;(dx, dk)
Vi Sty

o\, ¥ X 1

For i = 1,2 the constant v does not depend on ;. The proof of the first case
is completed.

CASE 2: a > 0. Let €; > 0 and iy € I be fixed. There exist € > 0, such
that ¢(e) < €1. We introduce some further notations

qo(z) = q(q(q(x,01),...),0n_1),0,),
(o 0 Si)(7,2) = q(Si, (Tns q(Si,_, (Tn—1,-- -, Si, (11, %)), 0n—1),0n),
dr =dm - - -dr,,

df =db; - - - db,.
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Next, for n > 2, consider functions: P,: Y x I"T! x Rﬁ_l x @1 — [0,1]
given by

Po(x, ki1, .oy in—1,0n, Ty ey Tne1,01, -+, 0n_1)
= Dkiy (T)Piyin (q(Si, (11,2),61)) -+ pi,,_yi, (0 © Si) (7, 7)),
Ap:Y X I" x R x ©"~1 — (0,00), where
A (o ky ity i1, T1y e s Tne1,Tns 01,y 0 1)
= A(Sk(1, 2))A(Si, (12, (S0, (11,2),01)) - - - A(Si,, (s (@0 © i) (7, 2))),

XY x I X R X O"~! where

En(ac, k,il, e ;in—lyle e ,Tn,el, ceey 9n_1)
— e~ L(m,2.k) o= L(72,q(Siy (11,2),01)i1) |, | o= L(Tn,(@90S:1)(7,%),in-1)
)
where 6 = (01,...,0,-1), 7= (T1,...,Tn-1),1= (i1,...,4p—1). From assump-

tion (4.7) we have that I, < 1. Let n € N be such that
(4.22) 7 diamy(F) < g
By continuity and compactness there exists § > 0 such that

(4.23) (@ 0 Si) (7, 2) = qo(2)]| <

| ™

for every i € I, 0 € ©", 7 € [0,0]" and x € Fy, where

Fy ={x €Y :(z,i) € F for some i € I}.
Given x € Y define
(4.24) Uz) = {z € Fy : |as(z) — as(2)| < g for 0 € O}

Let z1,..., 2m, € Fy be such that F' C GG, where

mo

G =JW(z) xI).

=1
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Let pq,pu2 € My. Set p = (p1 + p2)/2. Since L(p) # 0, there exist a subse-
quence {ng} of {n} and a measure v € L(u) such that P™y — v. There exist
ng € N, l1,la € {1,...,mo} and 41,14 such that

" 1
(425) P OILLg(Ug) 2 m for g = 172,

where
vg =Ul(z,) x {ig} forg=12.
From (4.5)), there exist g o such that

lla(z1,,00,0) — q(215,00,0)ll < lgllz1, — 21, |-

For q(z1,,00,0) and q(z1,,00,0) we choose 61 such that

lla(a(z1,,00,0),00,1) — a(q(215,00,0),00.1)|| < lglla(zi,,00,0) — (215,000l

and so on. Thus there exists g = (6o.0, - - -,00,n—1) € O™ such that

(426) quo (le) S (le)” < ZZHzll — 2y H

Define
€

A= (B(qeo(zh)? 4

) U Blago (1,), 7)) x {io}.

From (4.26) and (4.22) it follows that diam;_(A) < €1. For x € U(z,), g =
1,2,ie€I" and 7 € [0,6]" from (4.23) and (4.24) we have

(@, © Si) (7, %) = ago (21| < [l(ago © Si)(7;2) — qgo ()]
€
+ oo () — qso (1)l < 7 -
This gives ((qg, © Si)(7,),i9) € Aforxz € U(z,),i € I",g =1,2and 7 €
[0, 6]™. Combining this with (4.25) and using

o= Y [ ] 1a((a0 ©9) (7, 2), i)
X R+n @2(91 On)een

i=(41,..,0n )€™ " 701 T ET Ly
X Pn(kaullev s 77—71,71)017 e '797171)‘/\71,(177]{:72‘17 s 77:717177—7 91) B )077,71)

X Ep (@, ki, 1,1y« Tn1)dTR(O) P™° pg(dx, dk),
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we obtain
Prothpg(A) > U"An/ /[ ] La((ago © Sio)(7, 7). 7o)
vy J10,6]"
> e—X(Tl+~-~+Tn)d7-,€(9)Pnolj,g(d.T, dk)

> (oA) [ ROy (v,)
[0,6]"

<ox>”<1—e-kw”
> =) —F =1.
A 2m0N

For g = 1,2 the constant v does not depend on p4. The proof of the second
case is completed. O

EXAMPLE 4.5. In paper [7] there was introduced a model of gene expres-
sion. This model involves three classes of processes: allele activation/inacti-
vation, mRNA transcription/decay, and protein translation/decay process. It
is assumed that, due to binding or dissociation of protein molecules, each of
gene’s alleles may be transformed, independently of the remaining ones, into
an active state or into an inactive state.

In this example we consider similar model like this in [7]. In R? with norm
|z|| = |z1| + |z2|, we consider Lipschitz function A\: R? — (0, 00) such that

0<A<A<oo and A—1<\.
Set © = {1}, let ¢: R? x {1} — R? be such that
la(z,1) = q(y, DIl < lgllz =yl for z,y € R*.

Further, let

1
poo(x) = po1(z) = pro(x) = p11(z) = 3 for all = € R?.

We consider

i
dx} . i
dt =1 xl?
dzxt : )
2 7 (3
=r(z] — 13),

dt
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where i € {0,1} and r € R. The solutions are of the form

xll (t) =i+ (1 — i)e_t,

0 zoe " 4 Lo(xy —i)(e Tt —e ) +i(l—eT),  ifr#£1,

) =
xoe t+ (x1 —)e t+i(1—et), ifr=1.

We only consider the case when r > 1. For ¢ = 0 we set

r
r—1

So(t,x) = (w17 " z0e " + (et —e ")),

and fori =1

r
-1

Si(t,x) = (14 (z1 — 1)e F zoe™ " + " (x1—D)(e " —e ™) +(1—e")),
where ¢t > 0 and x = (21, x2). We calculate

1S0(t, ) — So(t, )|l < e 'ley —ya| + ez — yo

(e e |
= |z1 — y1 2r = 1)e:t1_ re’” + e "ag — yof
<lz1 - y1|W + e "y — yo
= |1 — yi| G 1ie_t + (2TT__lie_t [z2 — Yo
R

and

1t z) =51ty e ey —yi| +e X2 — Yo
151(t,2) = Si(t,y)|| < e | +e™ " |

r —t -t _
+T_1(€ e ")z —
(2r —1)e?

Sf”x_y"

r

We check when the operator P given by (3.1]) for the considered functions
A, q, S0, 51, prs 18 asymptotically stable. It is easy to check that conditions
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(4.1)-(4.6) are satisfied. Moreover, if [; < (r —1)/(2r — 1) then (4.7) holds,

because we have L = (2r —1)/(r — 1), a = —1, and

_ 2% —1) — _
Ll +ao= %lqA—KA—l <A
r —
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