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ON POPOVICIU-IONESCU FUNCTIONAL EQUATION

JOSE M. ALMIRA

Abstract. We study a functional equation first proposed by T. Popoviciu
[I5] in 1955. It was solved for the easiest case by Ionescu [9] in 1956 and, for
the general case, by Ghiorcoiasiu and Roscau [7] and Radé [17] in 1962. Our
solution is based on a generalization of Radd’s theorem to distributions in a
higher dimensional setting and, as far as we know, is different than existing
solutions. Finally, we propose several related open problems.

1. Motivation

We study the continuous solutions of the functional equation

f(z) flz+h) f(z +nh)
f(z+h) f(x+2h) o fl@+ (n+1)h)
(1.1) det : : . : =0
flx+nh) flr+m+Dh) - f(x+2nh)

for all z, h € R. This equation was proposed by T. Popoviciu [15] for functions
f: R — R and was studied by several Romanian and Hungarian mathemati-
cians in the 1960’s [0, [7, O, 17, 24]. In particular for the case of continuous
functions f: R — R, Iounescu [9] solved it for n = 1,2 and, later on, as a result
of the joint efforts of Ghiorcoiasiu and Roscau [7] and Radé [17], it was solved
for arbitrary n. Concretely, Ghiorcoiasiu and Roscau proved that, if f: R — R
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is a continuous solution of (1.1)), then there exist H > 0 and continuous func-
tions ay: (0,H) — R, k = 0,...,n, such that (ag(h),...,an(h)) # (0,...,0)
for some h € (0, H) and

(1.2) ap(h)f(x) + a1 (h)f(x+h)+ -+ an(h)f(x+nh)=0

for all z € R and all 0 < h < H, and Rado proved that, for continuous func-
tions f: R — R, the equation characterizes the exponential polynomials
which solve an ordinary homogenous linear differential equation of order n,
with constant coefficients, Agf + Ay f' + --- + A, f™) = 0. These equations
are, furthermore, strongly connected to Levi-Civita’s functional equation

(1.3) Fz+y) = Z k() Pk (y

which may be studied on a much more general setting of functions defined on
groups or semigroups (see, for example, the monographs by Stetkaer [25] and
Székelyhidi [26], or the papers by Shulman [18-23]).

For functional equations like , which can be viewed as depending on
a parameter h, it makes sense to ask about the minimal sets of parameters
{hi}icr with the property that, if f solves the equation with h = h; for all
i € I, then it solves the equation for all h. These kind of results are named
Montel-type theorems after the seminal papers by the French mathematician
Montel, who studied the problem for Fréchet’s functional equation A} f = 0
[12H14] (see also [1-4]).

In this note we use Anselone—Korevaar’s theorem [5] for a study of a
Montel-type theorem connected to Radé’s functional equation , which
we re-formulate for distributions defined on R?, and use the corresponding
result to give a new proof of the fact that continuous solutions f: R — R of
are exponential polynomials. Finally, we propose several open problems
for the higher dimensional setting.

2. Main result

THEOREM 2.1. Let hy,hs,...,hs be such that they span a dense additive
subgroup of R%. Let f be a distribution on R% such that there exist natural
numbers n;, i = 1,...,s satisfying

(2.1) dimspan{f, 7, (f),...,(ms,)" (f)} <n;y, i=1,...,s.
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Then f is, in distributional sense, a continuous exponential polynomial. In
particular, f is an ordinary function which is equal almost everywhere, in the
Lebesgue measure, to an exponential polynomial.

Proor. If f = 0 we are done. Thus, we impose f # 0. Let us assume,
without loss of generality, that n; is the smallest natural number satisfying

, and let
W; = Span{f7 Th; (f)7 s (Thi)ni_l(f)}'

Obviously, dim(W;) = n; (otherwise n; would not be minimal). Furthermore,
implies that 75,,(W;) C W;. Hence 73, defines an automorphism on W,
since 75, is always injective and dim W; < oo. Consequently, (75,,)™(W;) = W;
for all integral numbers m. In particular, for each m € Z there exist numbers
{@i,m} i, such that

nifl

=" aimrln,) ()
k=0
It follows that

Ty hyttmahe (F) = (Thy)™ (Thy) ™ -+ (T0,) " (f)

= (Thy)™ o (Thyy)™ ! (Z Qs mg ks (Ths)ks<f)>

ks=0
ns—1
=" g ()™ - (T )™ ()R ()
ks=0

and, repeating the argument s times, we get

ns—1 ni—1

Tanrbetman (F) = 3 o0 ) <Hm> (7)™ () ().
ke=0  k1=0
In other words, if we consider the space
W = span{f, (7h,)* (7h,)** -+ (1 )* (f) : 0 < a; < mny,i =1,2,...,s},

then

Tmyhytt+moh. (f) €W for all (mq,...,ms) € Z°.
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Hence every translation of f belongs to W, since hq, ..., hs span a dense addi-
tive subgroup of R? and W is finite dimensional. The proof ends by applying
Anselone-Korevaar’s theorem. (]

PROPOSITION 2.2. FEvery open subset V of R® contains a finite set of
vectors {ho, ..., hs} which span a dense subgroup of R%.

PROOF. A well known result by Kronecker states that Z¢+(61,60s,...,04)Z
is dense in R? if and only if {1,0y,...,04} is Q-linearly independent (see [8]
Theorem 442, p. 382]). Of course, the same claim holds true for the subgroup
%Zd + (01,02, ...,04)Z for every N > 0. Hence, every open neighborhood of
(0,0,...,0) contains a finite set of vectors {hg,...,hs} which span a dense
subgroup of R%.

Let V be any open subset of R? and let g € V and € > 0 be such that
xo+ Bo(e) C V. Take {hy,...,hs} C By(e) such that hiZ+---+ hsZ is dense
in RY. Then {xq, 7o + h1,...,20 + hs} C V spans a dense additive subgroup
of R%. O

COROLLARY 2.3 (Rado’s theorem for higher dimensions). Assume that
f:RY = R is a continuous solution of

(2.2) ap(h)f(x) +ar(h)f(x +h)+ -+ an(h)f(z+nh) =0

for all z € R* and all h € U for a certain open set U C RY and certain
continuous functions ar: U — R such that a = (ag,...,a,) does not vanish
identically. Then f is an exponential polynomial in d variables.

PROOF. Let hg € U be such that a(hg) # (0,...,0). The continuity of a
implies that a(h) # (0,...,0) for all h € V for a certain open set V C U. Let
us take {hy,...,hs} C V spanning a dense subgroup hiZ + - - - + h,Z of R%.
Then implies that

(23> dimspan{fvTha;(f)a"'7(Thi)n(f)} <n, 1=1,...,s,

and Theorem [2.T] implies that f is equal almost everywhere to an exponential
polynomial. Since f is continuous, f itself is an exponential polynomial. [J

COROLLARY 2.4. Let f: R — R be a continuous function which solves
(L.1) for all z,h € R. Then f is an exponential polynomial.

PROOF. Ghiorcoiasiu and Roscau’s theorem [7] guarantees that f solves
(1.2)) for some continuous function a(h) = (ag(h), ..., a,(h)) such that a(hg) #
(0,...,0) for some hg € (0, H). Indeed, they prove that we can impose a,(h) =1
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for all h € (0, H) (see [, Theorem 5]). The result follows just applying Corol-
lary to f. O

It is natural to ask what are the continuous solutions of Popoviciu—Ionescu
functional equation in the higher dimensional setting. This problem
seems to be still open. In particular, the technique used by Ghiorcoiasiu and
Roscau to reduce this equation to equation ([1.2)) seems to fail in this context,
since the proof of Theorem 3 of their paper [7] strongly depends on the fact
that all arguments live in the very same line. Hence, without a new proof of a
result of that kind, we can’t use Corollary [2.3]in this context. Does this mean
that Popoviciu—Tonescu’s functional equation admits non-exponential poly-
nomial continuous solutions in the higher dimensional context? We do not
believe it, but a proof is still far away from being at our hands. Consequently,
we state the following

OPEN PROBLEM 1. Is it true that all continuous solutions of the equation

@) faah) e ftnh)
f(z+h) f(z+2h) o fl@+ (n+1)h)

(2.4) det : : . : =0
flz+nh) flr+m+Dh) - f(x+2nh)

for all 2, h € R%, are exponential polynomials?

By the way, we know that every exponential polynomial f: R¢ — C solves
the equation for all n large enough. Indeed, if f is an exponential
polynomial then 7(f) = span{7,f: h € R?} is a finite dimensional space.
Hence, if n = dim7(f) and h € RY, there exist coefficients ax(h) such that
ap(h)f + a1 (R)h(f) + -+ - + an(h)Tan(f) vanishes identically and, henceforth,
f solves .

On the other hand, we can demonstrate the following (almost trivial) re-
sult.

PROPOSITION 2.5. Assume that f: R — C is a continuous solution of
(2.4). Then f, restricted to any line L, defines an exponential polynomial.

PROOF. Given xg, hg € R%, we set F, »,(t) = f(xo +tho). Then Fy, p, is
a continuous solution of (1.1)), so that it is an exponential polynomial. O

The result above motivates the statement of another question:

OPEN PROBLEM 2. Assume that f: RY — R, restricted to any line L,
defines an exponential polynomial, which means that all functions F 5, (t) =
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f(xo + tho) satisfy the Levi-Civita functional equation for some n and
some functions g, ¢r, k = 1,...,n. Is it true, then, that f is itself an expo-
nential polynomial? The problem can be stated either for arbitrary functions
f, in which case being an exponential polynomial should be understood as
being a solution of Levi-Civita functional equation in R?, or for functions f
satisfying some restriction, like being continuous, in which case the exponen-
tial polynomials are just finite linear combinations of exponential monomials
2% @M with o € N? and \ € C?.

For polynomial functions, a result of this type was demonstrated by Prager
and Schwaiger in 2009 |16, Theorem 14]. Concretely, they proved that if K is
a field and f: K% — K is an ordinary algebraic polynomial function sep-
arately in each variable (which means that for any 1 < k < d and any
point (ai,...,ap_1,ax11,-..,aq) € K1 the function f(ay,...,ar_1, 2k,
ak+1,---,0q) is an ordinary algebraic polynomial in z) then f is an ordinary
algebraic polynomial function in d variables provided that K is finite or un-
countable. Furthermore, for every countable infinite field K there exists a func-
tion f: K? — K which is an ordinary algebraic polynomial function separately
in each variable and is not a generalized polynomial in both variables jointly.
Of course, the result does not assume continuity of f nor any common upper
bound for the degrees of the polynomials f(a1, - ,ax—1, Tk, a1, ,aq). It
turns out that a similar result can be demonstrated for trigonometric polyno-
mials.

THEOREM 2.6. Let f: R? — C be a function satisfying that there exist
Ty,...,Tqg > 0 such that for any 1 < k < d and any point (ay,...,ax_1,
Apit,---5aq) € RITY the function f(ai,...,ap_1,%k, Gks1,--.,aq) is @ Tg-
periodic trigonometric polynomial in xy. Then

2mixy _ 2mimy 2mix g _ 2mimy

f=Ple T je Tt ,...,e Ta je Ta

for a certain ordinary algebraic polynomial P (i.e., f is a trigonometric poly-
nomial of several variables).

PRrROOF. The proof follows the very same steps of the demonstration of
[16, Theorem 14]. We include it here for the sake of completeness. We proceed
by induction on the dimension d. For d = 1 there is nothing to prove. Let us
assume the result holds for d — 1 variables and let us now assume that our
function depends on d variables. For each by € [0, T}), the induction hypothesis
confirms us that

2miby o 127rib(171
f(b17"-7bd—1abd): Z Aa(bd)eal T ...eYd— Ty

aezd—l
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for certain functions A, with the property that, for each £ € [0,T}), I(§) =
#{a : Ay(§) # 0} < oo. Given p € N we define F,, = {£ € [0,Ty) : I(§) C
{-p,-p+1,...,-1,0,1,2,...,p}*"'}. Obviously, [0, Ty) = |, F}, and [0, Ty)
is uncountable. Hence F;, is uncountable for some m. In particular, F;, is
infinite and

27ib
f(bi,... ,bg_1,bq) = Z A(bg)e®™ T Lt

ae{-m,...,—1,0,1,...,m}d—1

for all (by,...,b4—1) € [0,T1) x[0,T5) X ...x [0,T4—1) and for all by € F,,. We
can choose some sets of points Qx C [0,T%), k =1,...,d — 1, with cardinality
#Qr = 2m + 1 such that, if we set Q = Q1 X Q2 X ...Q4_1, the system of
linear equations (in the unknowns u,)

o 27iyq ad7127riyd—1
f(yla"‘aydfhbd): E Uq noeeee Ta
ae{-m,...,—1,0,1,...,m}d-1
(y1,---,Ya—1) € Q, admits, for each by € F,,, a unique solution

o (ba) = > calyrse s ya-1)f WY1, ba)-

(Y1,--,¥a—1)€EQ

Hence
a(rq) = Z ca(y1s-- s Ya-1)f (W1, Ya-1,%4)
(Y15e-Ya—1)€EQ
2mizg _ 2mizy
defines an ordinary algebraic polynomial in {e ¢ ,e  7Ta } (since this is the
case for all functions f(y1, - ,yd—1,2q)) and satisfies the identities a,(bg) =
Aq(bg) for all by € F,, and all a € {—m,...,—1,0,1,...,m}% L. Let us now
consider the trigonometric polynomial
2mix 2mizg_q
g9(x1,... Tq—1,24) = Z ao(zq)e™ T T
ae{-m,...,—1,0,1,...,m}d—1

Obviously, g can be written as

r 2wia 2mix 2mizg_y _ 2mizg_y 2rizy
g(xlv"'vxd—lv'rd) = Z gk(e Tll 767 Tllv"'ve a1 , € a1 )6k Td

k=—r
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for certain ordinary algebraic polynomials gi(X1,..., X24—2) and a certain
r > 0. On the other hand, there exist functions fj such that

2mizy  2mwimg 2mizg g 2mizg_ g 2miby
E T, T, —
f(bla'- bd labd fke ie 1oy, e Tdml e d-1 )6 Ta ;

k=—o00

where, for each (by,...,bq-1) € [0,T1) X ...x[0,T4—1), the number of k’s such
that

2mizy 2mimq 2mizg_y _ 2mizg_ g

fule T e T, e Tamr e Tamr ) #£Q

is finite. Now, given (by,...,b4—1), the equality
f(blv ey bd*ly bd) - g(bl) CI )bdfla bd)

holds true for infinitely many points bg € F,,,. This proves that

2mizy  2mimg 2mizg_y _ 2mizg_y
T T
fele T, e Taor e Taon )
2mizy _ 2mizy 2mizg_q _27mzcd 1
=grle ™ ;e T ...,e Tamr e Tao1 )
for |k| <r and
2rizy  2mixy 2mizg_y _ 2mizg_y
fk(e L,e Tio,eee e R , € a1 )ZO
for |k| > r. Henceforth, f = g, which ends the proof. O

Now we can state the following result, which is just a first step for the
study of continuous solutions of (2.4)).

THEOREM 2.7. Assume that f: RY — C is a continuous solution of equa-
tion (2.4). If there exist Ty,..., T4 > 0 such that for any 1 < k < d and

B d_l .
any point (a1, ...,ak—1,0k+1,-..,aq) € R the function f(ay,...,ax—1, Tk,
k41, ---,0aq) 18 Ti-periodic, then
2mixy _ 2mizy 2mizg _27Til‘d
f=Ple™ ;e T ,...,e Ta ;e Ta )

for a certain ordinary algebraic polynomial P.
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PROOF. Given k € {1,...,d} and (ai,...,ax_1,Gks1,...,0q) € RI7L,
Proposition and our assumptions on the periodicity of f(aq,...,ax_1,xk,
ak+1,---,04), guarantee that

2mizy 2mizy,

f(al,...,ak,l,ack,akJrl,...,ad):Q(e Tk ,€ Tk )

for a certain ordinary algebraic polynomial (). Consequently, we can apply
Theorem O

As a particular case of Open Problem 2, we state the following.

OPEN PROBLEM 3. Is it true that all bounded continuous solutions of
([2.4)) are bounded exponential polynomials in R?, which is the same as saying
that they are finite sums of the form

2mizy  2mimg 2mizy  2mizg

m

T T T, T
g Pi(e ™ je T oo e TRd e Thid ),
k=1

with each P; being an ordinary algebraic polynomial in 2d variables? In other
words, we wonder if they are finite linear combinations of functions of the
form ebo) with A € RY, o € Z4, © = (21,...,24). Of course, as we have
already observed, all these functions are solutions of for some n € N,
since they solve a Levi-Civita functional equation.
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