®

CrossMark

» sclen d (@) Applied Mathematics and Nonlinear Sciences 5(2) (2020) 85-98

APPLIED MATHEMATICS AND
NONLINEAR SCIENCES

Applied Mathematics and Nonlinear Sciences

https://www.sciendo.com

On Solutions of Fractional order Telegraph Partial Differential Equation by Crank-
Nicholson Finite Difference Method

M. R. Rajesh Kanna!! R. Pradeep Kumar?} Soner Nandappa®® and Ismail Naci Cangul®1
'Department of Mathematics, Sri D Devaraj Urs Government First Grade College, Hunsur-571105

India

*Department of Studies in Mathematics, University of Mysore, Mysuru-570 006
India

3Bursa Uludag University, Faculty of Arts and Science, Department of Mathematics, Gorukle 16059 Bursa
Turkey

Submission Info

Communicated by Juan Luis Garcia Guirao
Received april 4th 2019

Accepted April 17th 2019

Available online August 10th 2020

Abstract

Three main tools to study graphs mathematically are to make use of the vertex degrees, distances and matrices. The classical
graph energy was defined by means of the adjacency matrix in 1978 by Gutman and has a large number of applications in
chemistry, physics and related areas. As a result of its importance and numerous applications, several modifications of the
notion of energy have been introduced since then. Most of them are defined by means of graph matrices constructed by
vertex degrees. In this paper we define another type of energy called g-distance energy by means of distances and matrices.
We study some fundamental properties and also establish some upper and lower bounds for this new energy type.
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1 Introduction and preliminaries

Let G be a graph with n vertices and m edges and let A = (a;;) be the adjacency matrix of G. The eigenvalues
A1, A2,. .., A, of A in non-increasing order are called the eigenvalues of the graph G. As A is real symmetric, the
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eigenvalues of G are real with sum equal to zero. The energy E(G) of G is defined by I. Gutman, [7], to be the
sum of the absolute values of the eigenvalues of G, i.e.

E(G) =i|x,~|.

For details on the mathematical aspects of the theory of graph energy, see the review [9], papers [4, 5, 8] and
the references cited therein. The basic properties including various upper and lower bounds for the energy of
a graph have been established in [16, 18], and the notion of graph energy has been found to have remarkable
chemical applications in the molecular orbital theory of conjugated molecules, [6, 10]. In [11], a QSPR study is
made for the energy of certain graph theoretical matrices. In [17], some graph operations are realized.

The distance matrix of G is the square matrix of order n whose (i, j)-th entry is the distance between the
vertices v; and v; which is defined as the length of the shortest path between these two vertices. Let iy, ta, ..., U,
be the eigenvalues of the distance matrix of G. The distance energy DE is defined by

DE =DE(G):=)_ |u;l.
i=1

Detailed information on distance energy can be found in [3, 13, 14,21]. The distance energy of the join of two
given graphs can be found in [20]. In [19], a generalization of the distance notion is given.

Recently R. B. Bapat et al., [ 1], defined a new distance matrix, called as the g-distance matrix denoted by
Aq(G) = (4ij)-
For an indeterminate ¢, the entries g;; of this new matrix are defined by
g+ ++g ifk=dy,
9ij = 0, ifi=j,

where k = d;; is the distance between the vertices v; and v;. Each entry of A,(G) is a polynomial in g. Observe
that A,(G) is an entry-wise non-negative matrix for all ¢ > —1.

The characteristic polynomial of A,(G) is defined by
£1(G 1) = det(ul — 4,(G)).
The g-distance eigenvalues of the graph G are similarly the eigenvalues of A,(G). Since A,(G) is real and

symmetric, its eigenvalues are also real numbers and we label them in non-increasing order iy > Uy > -+ > lW,.
The g-distance energy of G is denoted by E,(G) and is defined by

E,(G) =irui|.

Note that the trace of A,(G) = 0 and also if ¢ = 1, then the g-distance energy coincides with distance energy of
a graph.

Example 1. Consider a crown graph Sg as in Fig. 1.1.
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Vi Va Vs

Figure 1.1 The crown graph Sg

As
0 1+g l+qg 1+g+q* 1 1
I1+g¢g 0 I1+g¢g 1 14+q+¢* 1
A4,(59) = 1+gq l+gq 0 1 1 1+qg+q°
716 l+g+q¢* 1 1 0 1+gq l+q |’
1 l+q+¢* 1 l+gqg 0 l+g¢
1 1 l+g+¢* 1+gqg 1+g¢g 0

the characteristic polynomial of SS is

(M+q* =g+ 1)(n—q" =3¢ =5) (1t +q*+2q+ 1) (1t —¢*+1)*.

Then the g-distance spectrum of Sg would be

g1 +3q+5 ¢ 2141
1 1 2 2

and therefore the g-distance energy of Sg is found as
Ey(S§) == (¢ =g+ DI +|g* +3q+5|+2-| = (¢° +2¢+1)[ +2]g> 1]
=@ —q+1+¢*+3q+5+2¢> +4q+2+2¢* -2

= 64> + 64 + 6.

2 Properties of the g-distance eigenvalues

Here we study some fundamental properties of the g-distance eigenvalues. We start with the following
well-known lemmas:

Lemma 2. Let G be a graph with the adjacency matrix A and the spectrum spec(G) = {1, Uz, ..., U, }. Then it
is well-known that

det A= IﬂI‘ul
i=1

In addition, for any polynomial P(x), the value P(l) is an eigenvalue of P(A) and hence
n
det P(A) =] P(w).
i=1
By By

B By
spectra of By + By and By — Bj.

Lemma 3. Let B = ( > be a symmetric 2 x 2 block matrix. Then the spectrum of B is the union of the

We can now prove the following results on g-distance eigenvalues:
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Theorem 4. Let G be an (n,m) graph of diameter 2 with the q-distance eigenvalues 1, L, ..., U,. Then

n
W =2m+ (n* —n—2m)(144q)*
i=1

1

Proof. In a g-distance adjacency matrix A,(G), there are 2m elements equal to 1 and n* —n —2m elements equal
to (14 ¢g). Therefore

qijqji

M=
;:N
I
-
D=

I
_
Il
—
~
Il
_

I
™=
=

Il
—_

(Qij)z
j

= (2m)(1)* + (> —n—2m)(1+q)
=2m+ (n* —n—2m)(1+q)%

Il
_

Theorem 5. Let G be an (n,m) graph of diameter 2 and let |1 be its greatest q-distance eigenvalue. Then

- n(n— 1)(1+q)—2mq.

n

Proof. Let G be a connected graph of diameter 2 with its vertices labeled as vy, v,,...,v, and let d; denote the
degree of v;. As G is of diameter 2, it is easy to observe that the i'" row of A, consists of d; times 1sand n—d; — 1

times 2s. Let X = [1,1,1,...,1] be a vector containing only 1s. Then by the Rayleigh principle, we have

XAXT
o d

Uy =

L (di(1)+(n—di—1)(1+q))

n

2m+ (n—1n(1+q) —2m(1+q))

n(n— 1)(1—|—q)—2mq.

n
Theorem 6. Let G be an r-regular graph of diameter 2 with r, |y, . .., I, as its eigenvalues. Then the g-distance
eigenvalues of G are —rg+ (n—1)(1+), g2 — (1+q),—qits — (1), .., —qtn — (1+q).

Proof. Let G be an r-regular graph with diameter 2 and adjacency matrix A. A is the adjacency matrix of G.
Then the g-distance adjacency matrix of G will be

A;=A+(1+q)A. (1)
Ifr,uo,...,u, are the eigenvalues of A withr > tp > --- > u,, thenn—1—r,—pp — 1, —u3 —1,...,—u, — 1 are
the eigenvalues of A. By Eqn. (1), the theorem is proved.

Theorem 7. Let G be a connected r-regular graph of diameter one or two with the adjacency matrix A and
spec(G) = {r,lp,U3,...,Uy}. Then the product graph H = G x K, is (r + 1)-regular and of diameter 2 or 3
with spec(H) = {—rq(1+q) +2n(1+¢) +¢*(n—1) = 1, —qu:(1 +¢) — (1 +2¢+¢*), —rg(1 —q) +¢*(1 —n) -
1, —qui(1—q)—(1—¢*)} fori=1,2,3,...,n.

Proof. Since G is of diameter 1 or 2, its g-distance matrix is A + (1 +g)A. Then the g-distance matrix of H is of
the form

A+(1+9A J+qA+(g+q")A
J+gA+(qg+)A A+ (1+qA ‘
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By Lemma 3, the spectrum of H is the union of the spectra of (14 ¢)A+ (1+2g+¢*)A+J and (1 —q)A +
(1—g>)A—J. If r,uy,..., U, are the eigenvalues of A with r > iy > --- >y, thenn—r—1,—ppy — 1, —p3 —
1,...,—u, — 1 are the eigenvalues of A. Also we know that 1,0,0,...,0 are the eigenvalues of J. Therefore, the
theorem follows.

3 Bounds for the g-distance energy

In this section, we find several bounds for the g-distance energy E,(G). The first one is a sequel of the work
of McClelland’s, [18].

Theorem 8. Let G be a simple (n,m) graph with diameter 2. If P = |detA,(G)

, then

\/Zm—l— (2 —n—2m)(14q)?+n(n—1)Ps < E,(G) < \/n(Zm—l— (n* —n—2m)(1+q)?).
Proof. Recall that the Cauchy-Schwarz inequality states that
n 2 n n
(Rer) < (L) ()
i=1 i=1 i=1
If we substitute ¢; = 1 and b; =| ; |, then we obtain

(; " I)2 < (;1) (;uz)

Hence by Theorem 4, we have
2 2 2
Eq(G) <n(2m+(n"—n—-2m)(1+q)°)

and therefore we obtain

E/(G) < \/n(2m+ (n? —n—2m)(1 +¢)%),
Since the arithmetic mean is not smaller than the geometric mean, we have

1

. 1

2(n—1) | n(n=1)
= [0 P

= _H?:l | i

— | )

= |detA4(G)]
2

= P; .

2

}H

2
n

2

n

Therefore

2
Y | it |= nln—1)Pr.
i#j

Now consider )
EXG) = (T 1wl )
=Y P Y i | ]
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Therefore, by Theorem 4, we obtain
2

Ej(G) >2m+ (n® —n—2m)(1+q)* +n(n—1)P

and hence

E,(G) > \/2m+ (n> —n—2m)(14¢)>+n(n— I)P%.
Now, we find another bound for E,(G) which is a sequel to the work of Koolen and Moulton’s, [12].

Theorem 9. If G is an (n,m) graph with diameter 2 so that

n(n—1)(14+q) —2mgq >

L
then

E,(G) < "n= DL +g) = 2mg —i—\/(n— 1) [(2m+(n2—n—2m)(1 +q)? - (n(”_ 1)(1+q)_2mq)2}.

n n

Proof. By substituting a@; = 1 and b; =| 1; | in Cauchy-Schwarz inequality, we have

2
(; | ki I> < glguf[Eq(G) — ]’ < (n=1)2m+ (n* —n—2m)(1+¢)*).

]

Hence

E,(G) <t/ (n—1)@m+ (02 —n—2m)(1 + )2 — ).
Let

) =24 (0= 1) @mt (2 —n—2m)(1 +q)% —2).
Then for a decreasing function f(x), the fact f/(x) < 0 implies that
x(n—1)

1—
V(n—=1)2m+ (n2—n—2m)(1+q)? —x2)

<0.

From this we obtain

2_ 4, 2
x> \/Zm—i— (n? —n—2m)(1+q) .
n
Therefore the function f(x) is decreasing in the interval

(\/2m+(n2—n—2m)(1+4)27\/2m+(n2—n—2m)(1+q>2>-

n

Clearly the number (n(n—1)(14¢q) —2mq) /n belongs to that interval and since y; > (n(n—1)(1+¢q) —2mq)/n,
we have (n(n—1)(14q) —2mq)/n < py < \/2m+ (n2 —n—2m)(1 + ¢g)%. By Lemma 5.3, we can write f(1;) <

f((”(”— 1)(1+4¢q) —2mq)/n>. Hence

E(G) < f(wn) < f((n(n—1)(1+q) ~2mg)/n)
implying the result.

Bapat and Pati, [2], proved that if the graph energy is a rational number, then it is an even integer. A similar
result for g-distance energy can be given as follows:

Lemma 10. Let G be an (n,m) graph. If the g-distance energy E,(G) of G is a rational number, then
E,(G) = |0]| (mod?2).

Proof. Proof is similar to Theorem 5.4 of [15].

§ sciendo


https://www.sciendo.com

On g-Distance Energy of a Graph 91
4 Join of two graphs

One of the ways of studying graphs is to make use of smaller graphs usually those subgraphs whose own
are the components of the given graph. Similarly to this idea, many graph operations, sometimes called graph
products, are defined to make the necessary calculations on some given graphs by means of similar calculations
on some smaller graphs. In this section, we shall study one of the most practical of these products, called the
join, of two graphs and calculate the g-distance energy of it. Other operations can be applied similarly to obtain
some other properties.

Definition 1. The join of two graphs G and G, denoted by G1 VG, is a larger graph obtained from G and G,
by joining each vertex of G to all the vertices of Gy.

Vi u:

Vv Uz V2 (¥}

v Us V3 Us
3

Gi Gz G/ G

Figure 4.1 Join of two graphs

Theorem 11. Let G be an ri-regular graph on ny vertices having diam(G) < 2 and G, be an rp-regular
graph on ny vertices having diam(G,) < 2. Let further §(G : ) and ¢ (G : 1) be the g-distance characteristic
polynomials of G| and G», respectively. Then the g-distance characteristic polynomial of the g-distance matrix
of G1VGy is

(w=0+gm-1)+ng)u—>_10+¢q)(n2—1)+rq) —nin
(W—(+q)(m—1)+rg)(u—(1+¢q)(n2—1)+ryq)

Proof. Let us assume that vy, v, ..., v, be the vertices of the graph G and u1, uy, ..., u,, be the vertices of
the graph G,. Let g;; denote the g-distance between the vertices v; and v; in G and q;- ; denote the g-distance
between the vertices u; and u; in G. In Gy, every vertex is at distance 1 from r; vertices and at distance 1 + ¢
from the remaining n; — 1 — r; vertices. Therefore fori =1, 2, 3, ..., n;, we can write

(G :p)9(Ga: ). ()

i‘lij =1(r)+(1+q)(nm—1-r)
=1

=rn+(1+q)(n—1)—r —rygq

= (I+g)(m—1)—riq

and similarly, for i =1,2,3,...,n,, we have
ny ,
Z%‘j =(1+g)(n2—1) —rag.
j=1

Let E;(G1VG>) be the g-distance adjacency matrix of the join graph G| VG,. Then this matrix A,(GVG>)
has the form
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VI V2 V3 ...V Ul U U3 ... Up,
wf 0 g2 q1i3 ---quny| 11 1 1
vl @21 0 g3 ...q0| 1 1 1 1
vl 931 9322 0 ...ogz| 11 1 1
Vi qni1 9n2 dny3 - - - 0 1 1 1 ... 1
wf 11 1 1 9 G2 913 - Dy
ul 1 1 1 1 431 9 423 --- Do,
uy 11 1 1 1g3 g3 0 ...q3,
w111 U |Gyt Gy Gy -

(n14n2) % (n1+n2)

Let ¢(G1VG; : u) denote the g-distance characteristic polynomial of G;VGy; i.e.,
¢(GIVGr: p) = |1 — Eg(GIVGy)|.

This polynomial is equal to the following determinant

L —q12 —q13 - —qin| =1 -1 —1 -1
-4 M —q3 ... —qm| -1 -1 -1 -1
—q31 —qx M ... —qym| —1 -1 -1 -1
—qnil —qn2 —qn3 -+ H —1 —1 -1 ... —1

-1 -1 -1 —1 u/ —q, _q/l3 —q/ln2

-1 =1 -~ -1 ‘—6131 qxn K43y,

-1 -1 -1 —1 |~y —dpp Gz -~ M

(n1+n2)x (n1+n2)

M. R. R. Kanna, R. P. Kumar, S. Nandappa and 1. N. Cangul. Applied Mathematics and Nonlinear Sciences 5(2020) 85-98

Applying the row operations R:“Jrz =Rp 42— Ry +1; R;z1+3 =Rp+3—Ryj41:-+- ;R;H_n2 =Ry 4n, —Rn 41 10
the above determinant, we see that the determinant becomes

K —q12 —q13 ... —qin,|  —1 —1 -1 —1

—q21 u —q23 ... =2 —1 —1 —1 —1

—q31 —q3 H ... —q3p —1 -1 —1 —1

—Adn1 —qn2 —49n3 --- H —1 —1 —1 —1
-1 -1 - -1 /‘u _qlg /_q13 ’ /_qln2 /
0 0 0 ... 0 Ty —H BT qn T4tz o T T
0 0 0 ... 0 |—=g3—HM —gp+q,, H+4q; Q3n, T 1,
0 0 0 0 _qlnzl —Mu —‘1;122 +4qys —9;23 + q,13 s M qlmz
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Applying the column operation C 1 =Cn41 + G2+ + Gy

n
equations above, the same determinant becomes

93

using the fact that q; ;= q/ﬁ and the

K —q12 - —qin —n -1 -1 -1
—q21 M ... —qop —ny -1 -1 -1
—q31 —q32 ... —q3p —ny —1 —1 —1
—qnil —qn2 --- H —ny -1 —1 -1
-1 -1 ... =1 |ju=(1+g)(m2—1)—rq _611% /—q13/ /—ql,,zl

0 0 ... 0 0 K¥dn  —dntdiz -~ T4,

0 o0 ... 0 0 —qntdn Htd4i -, T4,

0 0 .. 0 0 I A/ N T/

U —q12 —q13 -+ —q1n, —ny
—q21 H  —q23 - —qwmy —ny
—q31 —q3 M - —q3p —ny
= |Bl,
—qnm1 —qnm2 9n3 - M —ny
—1 -1 -1 —1 [.L—(1+q)(n2—1)+r2q

where

—q3t+4q

Applying the row operations R’2 =R, —Ry, R; —R3—Ry,---,R

to

—1 —1 —1

H+q1,  —dx +/413 _q/2n2+q/ln2
H+q;

“GupT4912 ~dn3t 912 K4y,

u —q12 —q13
@1 —H H+q12 —q3+q13 -
31— M1 —qnt+q12 U+q13

—qn;; —H —4qnyy +4q12 —qny3 +4q13 -+

T3y, + 9in,

nj

—q1n, —ny
. _Qan +CI1n1 O
_q3n1 +CI1n1 O
:u“ +q1n1 0

—1

(na—1)x(n2—1)

u—14q)(na—1)+nrq

= Ry, — Ry, the above determinant transforms

8.

Applying the column operation C,1 =C1+Cy+---+C,, and using the above equations, the determinant becomes
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pu—+q)(m—1)+rqg —q2 —q13 —qin —ny
0 Htqi2  —q3+q13 - —qon +qin 0
0 —gn+qi2 H+q13 o~ TG 0
; : : : : |B|.
0 —Aqn;, 912 —qn;; +4q13 - U+ qin, 0
—ny -1 -1 -1 U—(14+q)(na—1)+nrg

Expanding it along the first column C, we obtain

0(GIVGa: 1) = {1 — (1+g)(m — 1)+ r1g)Ay — (—1)"m A} B,

where
w+qi2 —q23+413 - —qon T qin 0
—qn+tq12 H+q13 - —q3n T qin 0
A= : : : :
—qn, +q12 —qn; +Q13 et .u' +q1n1 0
S el (g~ 1) g
= (U —(1+q)(n1 — 1) +rq)|A|(=1)"F"
= (U —(1+q)(n —1)+nrq)Al
and
—q12 —q13 - —{qln —n
U+qgi2 —q3+q13 - =G +q1n, O
A =|—92+tq2 H+q3 - —q3,+qin O
—Yqn;, +QI2 —qn3 +413 Ut ‘LL +q1n1 0

= (=17 (=m)|A]

= nz(—l)”l ‘A’
Therefore we have

¢(Gi1VGr:u) = (L= (14+4q)(m = 1) +r1g) (1 — (1+¢)(n2 — 1)+ rq)|A])
— (=1)"mna(=1)"[A[) B,

1.e.
¢(G1VGy: ) = |A[|B|[(1 — (1 +¢q)(n1 — 1) +119)
(= (1+q)(n2— 1) +r2q) —nin]
where
UW+qi2  —q3+413 - —q2m, +qin
A= —q3+tqi2 U+q13 - —q3n +4q1n

_q}’llz +q12 _ql’llj; +q13 e ‘LL +q1n1
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Clearly
1
Al =
A= T D rng)
u—(1+q)(n—1)+rqg —qn —q13 - —qin
0 H+qr2  —q3+4q13 - =G T 4qin, |
X 0 —qn+qi2 U+q13 o —q3 T qin
0 ~Gni, 912 —Gnis @13 - U+ G

Applying the operation Cl1 =C; — (C2+C3+---+Cy, ), the determinant becomes

1
Al = X
A= i am -1 na
u —q12 —q13 —q1in
—U—gan MK+qi2 —q3+q913 - —qwm TG

—U—qn;;, —q32+q12 H+q13 - —q3n, T q1n |.

—U—gn1 —Gn2+4q12 —qn3+q13 -+ U+gin
Applying the operations R = Ry +Ry; R/3 =R3+Ry;--- ;R/n = Ry, + Ry, we have

U —q12 —q13 - —qin,
| —q21 M —q23 " —qop
—q31 —q3 H - —(q3p

X
p=1+g)(m—1)+rq

Al =

. —qm1 —qn2 —qn3 -+ H

S E (Ut gm 1) irg’ )

Similarly,
1

Bl —
Bl = =1 +rq

By substituting these values in the above equation, we have the required result.

O (G ).

Theorem 12. Let G| and G, be r\— and ry—regular graphs with ny and n vertices, respectively. If diam(G) <
2 and diam(G») < 2, then

E (G G ): Eq(G1)+Eq(G2), if RK > niny,
ATV S =N B (G) + Ey(Ga) — (R+K) + /(R+K)2 —4(RK —mina), if RK < nina,

where R=(1+¢q)(ni —1)—rigand K = (1+¢q)(np — 1) — rag.
Proof. From Theorem 2, we have

(u=(+g)(m —1)+rg)(u—(1+g)(na—1)+rg) —mm))

(1= (T+g)(m —1)+rg)(u—(1+q)(n2—1) +r2q) 9(G1;1)9 (3 1)

¢(G1VGys ) =

implying that
(U =R)(u—K) —nmnm)¢(G; )9 (Gas )
(L —R)(1—K) ’

¢(G1VGo; ) =
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where R=(1+¢)(nj—1)—rigand K = (14+¢q)(no — 1) — rog; i.e.,

(L =R)(u—K)$(G1VGa ) = ((u —R) (1 — K) —mim2)§(G1; 1) §(Go; ).
That is,
(u—R)(u—K)9(G1VGa:p) = (u* — (R+K) i+ RK — ninz) ¢ (G1; 10)9(Gas ).

Let
Pi(R) = (1 —R) (1 — K)$(GIV G )

and
Py(u) = (> — (R+K)u +RK —nin2) (G5 1) 9 (Go; ).

The roots of the equation P () = 0 are R, K and g—distance eigenvalues of G;VG,. Therefore, the sum of the
absolute values of the roots of P (i) =0is

R+K+E, (G VG,) 4)

and similarly the roots of the equation P;() = 0 are g—distance eigenvalues of G| and G, and hence

R+K++/(R+K)2—4(RK —niny) R+K—+/(R+K)>—4(RK —niny)
2 ’ 2

Therefore, the sum of the absolute values of the roots of P,(u) =0 is

R+K++/(R+K)2—4(RK —nin
Eq(G1)+Eq(G2)+’ VA 2) ( )
+’R—|—K—\/(R+K)2—4(RK—n1n2)
5 )

Since P (1) = P>(u), from above equations, we get,

R+K+E (GIVGy) = Ey(G1) +E4(Ga)
N ’R+K+ V(R+K)2—4(RK —niny)
2
N ’R+K—\/(R+K)2—4(RK—n1n2)
5 :

Case 1: If RK > njny, the last equation reduces to

R—I—K—i-Eq(G]VGz) = Eq(Gl) —I—Eq(Gz)
R+K++/(R+K)2—4(RK —niny)

* 2
N R+K—+/(R+K)2—4(RK —niny)

)

and therefore
R+K+E (GIVGy) =Ey(G1) +Ey(G2) +R+K

implying that
E((G1VGa) = Ey(G1) + Ey(Ga).
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Case 2: If RK < njny, this time the last equation above reduces to

R+K+E;(GIVGy) = Ey(G1) + E4(Ga)
R+K+/(R+

i 2 4(RK—n1n2)

K)?—
2

N R+K—+/(R+K)?—4(RK —niny)
5 )

Hence we get

R+K +E(GIVGa) = Ey(G1) + Ey(Ga) +/ (R+K)? — 4(RK — nyny)

and finally

E(GIVG2) = Ey(G1) + Ey(Ga) — (R+K) 4/ (R+K)? — 4(RK —mimy).

5 Brief summary and conclusion

Energy is a very important subject of graph theory with many applications in physics and chemistry. Sim-

ilarly to the classical graph energy, there are a few other types of energy in graphs which are similarly defined
by means of some other matrices. In this paper, we have defined a new type of energy called g-distance energy.
As the distances are calculated between the vertices of the graph representing the atoms in the corresponding
molecule, the g-distance energy is expected to have applications in chemistry due to its effect on the intermol-
cecular forces which affect the graph energy. The g-distance energy has been obtained for the join of two graphs.
Similar studies can be made for other graph operations. Also, we have established lower and upper bounds for
this new energy.
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