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Abstract

We study the class of finite additive shift invariant measures on the real separable Hilbert space E. For any choice of such
a measure we consider the Hilbert space .77 of complex-valued functions which are square-integrable with respect to this
measure. Some analogs of Sobolev spaces of functions on the space E are introduced. The analogue of Gauss theorem
is obtained for the simplest domains such as the rectangle in the space E. The correctness of the problem for Poisson
equation in the rectangle with homogeneous Dirichlet condition is obtained and the variational approach of the solving of
this problem is constructed.
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1 Introduction

The studying of a random processes in infinite dimension Banach spaces and its description by a partial
differential equation for a functions on the Banach space are the important topics of contemporary mathematics
(see [4,8,9]). To the investigation of the above topics and to construct the quantum theory of infinite dimension
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Hamiltonian systems the analogs of the Lebesgue measure on the infinite dimension linear space are introduced
in the works [1, 10, 13, 17].

To study the random walks in the real Hilbert space E we introduce a class of measures on the Hilbert space
which are invariant with respect to a shift on an arbitrary vector of the space E (see [10, 14]). For any choice of
such measure we construct the Hilbert space 7 of complex-valued functions any of each is square integrable
with respect to this measure. We study operators of argument shifts on the spaces 7.

We study the random shift operator on the vector whose distribution on Hilbert space E is given by a semi-
group %, t > 0, of Gaussian measures with respect to the convolution. We prove that the mean values of the
random shift operator form the one-parametric semigroup U(z), t > 0, of self-adjoint contractions in the space
. The criteria of strong continuity of this semigroup U is obtained.

We prove that if the semigroup U is strongly continuous in the space .77 then for any ¢ > 0 the image U(¢) f
of any vector f € J¢ has the derivatives of any order in the direction of any eigenvector of covariation operator
D of Gaussian measure ;. Therefore the space of smooth functions is defined as the image of the space ¢
under the actions of the operators U(z), r > 0, of semigroup U.

For any non-negative non-degenerated trace-class operator D in the space E the Sobolev space W,7, (E) is

defined as the space of functions u € # such that (J)'u € 2 for any [ € {1,...,m} and any k € N and the
following series converges

Y don|(B0)"ul|%p < oo
k=1

Here {d} is the sequence of eigenvalues of the operator D and {e;} is the sequence of corresponding eigenvec-
tors. The function u € 5 has the derivative dyu € 5 in the direction of the unite vector & € E if the following
equality lim 11(Sih —T)u — Apul| » = O holds.

We study the connection of the random walks in the space E with the self-adjoint analogue of Laplace
operator whose domain is the Sobolev space. We prove that the analogue of Laplace operator is the generator
of the semigroup of self-adjoint operators arising as the mean value of random shift operators. The properties
of smooth function space embedding into the Sobolev spaces are studied. The analogue of Gauss theorem
is obtained for the simplest domains such as the rectangle in the space E. The correctness of the problem for
Poisson equation in the rectangle with homogeneous Dirichlet condition is obtained and the variational approach
of the solving of this problem is constructed.

2 A class of shift invariant measures on a Hilbert space

According to A. Weil theorem there is no Lebesgue measure on the infinite dimensional separable normed
real linear space E, i.e. there is no Borel o-additive o-finite locally finite measure on the space E which is
translation-invariant. Therefore an analogue of the Lebesgue measure is defined as an additive function on
some ring of subsets of the space E which is translation-invariant. In this paper we present the analogue of the
Lebesgue measure which is o-finite and locally finite but not Borel and not ¢-additive measure (see [10-12]).
In the papers [1, 16, 17] the analogue of the Lebesgue measure is considered as the measure which is Borel and
o-additive but not o-finite and not locally finite.

We study invariant measures on a real separable Hilbert space E, which are invariant with respect to any shift.
In this article finite-additive analogues of the Lebesgue measure are constructed. The non-negative finite-additive
translation-invariant measure A is defined on the special ring Z of subsets from a space E in the work [10]. The
ring Z contains all infinite-dimensional rectangles whose products of side lengths are absolutely convergent.

Now we describe some class of translation-invariant measures on separable Hilbert space E any of each is
the restriction of measure A from the work [10] on a ring Z¢ depending on the chois of an orthonormal basis
& = {e;} in te space E. Let .7 be a set of orthonormal bases in the space E. Firstly we describe a class of
measures on the space E which are invariant with respect to the shift on any vector of this space.
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Let us introduce the following family of the elementary sets. Rectangle in the real separable Hilbert space

E is the set IT C E such that there is an orthonormal basis {¢;} = & in E and there is an elements a,b € l., such
that

M={x€cE: (xe)€lajbj)VjeN} (1)

The rectangle (1) is noted by the symbol Ils , 5.
The rectangle (1) is called measurable if it either empty set, or the following condition holds

ilmax{o,ln(bj—aj)} < oo (2)
=

Let A(IT) = 0 if IT= @, and let

A(Tg.0p) = exp (iln(bj—a») 3)

J=1

for any nonempty measurable rectangle Il , .

For any orthonormal basis .% = {f;} of the space E the symbol K(.%) note the set of measurable rectan-
gles with the edges collinear to the vectors of ONB .%. Let the symbol rz notes the minimal ring of subsets
containing the set of measurable rectangles K (.%).

Theorem 1. [/1] For any orthonormal basis % = {fi} of the space E there exists the unique measure Az :
rg — [0,400) such that the equality (3) holds for any rectangle 11z ., € #z. The measure Az has the unique
completion onto the ring Z. which is completion of the ring r z by measure A z.

Note 2. Here the ring %5 consists on the sets A C E such that Az(A) = Az(A) € R where Az(A) =

inf  Az(A),Az(A)= sup Az(A)areexternal and inner measure of a set A with respect to the measure
Bergz,BOA — Berg,BCA

Az.

Note 3. Note that there are translation-invariant measures on the space E of another type which is countable
additive but not o-finite (see [17]). There are measures on infinite dimensional topological vector spaces which
are translation-invariant with respect to only some subspace of acceptable vectors (see [14]).

2.1 Quadratically integrable functions

Now we define space of quadratically integrable functions with respect to A¢. Since we will use it very
often, we define it concisely % = L,(E,%Z¢,As,C).

Let .Y (E,Z¢,C) be the linear space hull over field C of indicator functions of the sets from the ring
Rg. Let Bg be the sesquilinear form on the space . (E,%s,C) which is defined by the following con-
ditions: ﬁg(}(A,XB) = As(ANB) for any sets A,B € #g; for any functions u,v € .¥(E,Zs,C) such that

u= Z CiXaj, V= Z bixp, the value B (u,v) is given by the equality
Ji

ﬁg(u,v) = (u)v)jf(E) = (ZC/.XA/W ZkaBk> = Z Z kCj XANXB]( (1)
j=1 k=1 k=1 j=1

This sesquilinear form on the space . (E, % ,C) is Hermitian and nonnegative.

The function u € . (E, %, C) is called equivalent to the function u € . (E, Z¢,C) iff Be(u—v,u—v) =0.
The linear space .3 (E,Zs, As,C) of the equivalence classes of functions of the space . (E,Zs,C) endowing
with the sesquilnear form B¢ is the pre-Hilbert space. The Hilbert space L, (E,Z¢,As,C) = % is defined as
the completion of the space % (E,Z¢s,As,C).
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Thus for any ONB & in the space E there are the ring of subsets Z,+ of Ag-measurable sets, the measure
Ae 1 Zgs — [0,4o0) and the Hilbert space .7 of complex valued Ag-measurable square integrable functions
on the space E. Since the pre-Hilbert space .2 (E, Zg,As,C) of a simple functions is dense linear manifold in
the space .77 then the Hibert space .7¢% is the space of continuous linear functionals on the pre-Hilbert space
S (E, Reg, e, C).

Lemma 4. [/0] The space 7¢s is not separable.

2.2 The products of the spaces with finite additive measures

Let & = {ey, €2, ...} be an ONB in the space E. Let E; be the Hilbert space with the ONB & = {e», e3, ...}.
Then E =R®E,E>x=(x,§) ERBE|, where x; € R; & € E.

Let ¢ be the isomorphism of the Hilbert space E onto the Hilbert space E; such that & = #(&). Let
A¢ be a complete translation invariant measure on the space E such that the measure A is defined on the ring
s by the theorem 1. Let Zs, = ¥ (Zs) and A4 is the measure on the space (E, %) such that A4 (A) =
Ae( FHA)VAERs,.

Let Ig be the Jordan measure on the real line R. Let #(R) be a ring of measurable by Jordan subsets of
real line R. Remind that K¢ and K, are the collections of measurable rectangles in the spaces E and E; whose
edges are collinear to the vectors of ONB & and &7 respectively; rs and r, are the minimal rings containing the
collections of sets K¢ and K¢, respectively.

We will use the following notations IT = IT x IT” C R x E; where IT the finite segment of real line and
I1,I1” are the measurable rectangles in the spaces E, E| respectively.

Lemma 5. ( [2], lemma 3.3) The inner measure of the set X C E is defined by the equality

Ae(X)=  sup M(O@)

n
U QiCX, Oveks k=1

where supremum is defind over the set of finite union of measurable rectangles but not on the hole ring re.

Lemma 6. ( [2], lemma 3.4). Let A= g x1II, where I1 € %z and Ag (I1) #0. Then A € Zs iff g € r(R). In
this case the following equality Ag(A) =g (g)Ag (IT) holds.

The collection %z of measurable rectangles is the part of the following collection of sets {Ag X Ay, Ap €
r(R),A| € Zg, }; the last collection of sets is the part of the ring Z,s. Since the ring rs is the minimal ring
containing the collection of sets .#¢ and the ring %« is the completion of the ring rs by the measure Ag,
then the ring Zs is the comletion by measure A¢ of the minimal ring, containing the collection of the sets
{Ag x A1, Ag € r(R),A| € Zg, }. Hence the following statement holds.

Lemma 7. The space with finite additive measure (E,rg,Ag) is the prodict of the spaces with finite additive
measures (R,r(R),Ir) and (E1,rg ,Asg)

Proof.  According to the lemma 1 [5] (page 222) the space with finite additive measure (E,rg,As) is the
product of the spaces with the finite additive measures (R, 7(R),lg) and (Ej,rs,As ). In fact, since the rings
Fe and Hg is obtained by using of completions by measures As and A5 procedure from the rings rs and
rg respectively then the measure A¢ be a unique finite additive measure which is defined on the ring % and
satisfies the conditions Ag(Ag X A1) =1r(Ag)Ag (A1) YV Ag € r(R),A| € Zg,.

Definition 1. A tensor product of the finite additive measures it = U; ® Uy on the space X = X x X is the
measure ( on the space X which the completion of the measure tt; x . Here p; x u, is the measure which
satisfies following two conditions:

1) it is defined on the minimal ring containing the collection of sets {A; X Ay, A| € R, A, € Ry},

2) it satisfies the equality My X ‘le(Al XAQ) = U (A]),llz(Az) VAl €R|,Ay ERs.
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Lemma 8. The following equality As = lr @ Ag, holds in the sense of definition 1.

Proof.  In fact, the procedures of definition of the measure A, and the measure Iz ® As have the following
common constructions.

The definition the measure A consists of three parts:

1. The function of a set is defined firstly on the collection of measurable rectangles Z;

2. the function %z — R is extended onto the measure A on the minimal ring r¢ containing the collection of
sets He;

3. the measure A : rg — R is extended onto the ring % which is completion of the ring r¢ by measure A.

In the case of the measure Iz ® A, the collection of a sets {A; x Ay | A; € r(R),As € g } is used instead
of the collection %z on the first step. According to definition the equality Iz ® Ag, (I} X IT}) = Ag(; x IT;)
holds for any measurable rectangle I; x ITy where I; € r(R), I € . Therefore the inequalities 4 o(A) <
Ir ® g (A) <lg @ Ag (A) < As(A) hold for any set A C E. Hence if a set A C E is measurable with respect to
the measure As then it is measurable with respect measure Igx ® A, and the the extensions of the measures A
and Ig ® A, coincides on the ring Ze.

On the other hand any set of type {A; x Ay | A; € r(R),A, € %z } belongs to the ring Z, and in this case
the equality A¢(A| x Az) = (Ir ® Ag, ) (A1 X A2) holds. Since the measure A : Zs — R is complete then the
continuation of the function of aset (Ig ® Ag, ) : {41 x A2 | A1 € r(R),As € #z } — R by means of continuation
on the minimal ring (steps 2)) and completion (step 3)) coincides with the measure As.

Lemma 9. The linear space span({xm, Il € #z}) is dense in the Hilbert space L,(E,Zs,As,C).

Proof. 1In fact, according to definition the Hilbert space L(E,Zs,As,C) is the closure of the linear space
span({xa, A € Zs}) endowed with the norm of the space L, (E,Zg,As,C). Since the ring Z is the completion
of the ring ¢ by the measure A, then the following equality L, (E, %z, As,C) = span({ x4, A € r¢}) holds. Note

N
that any set A € r¢ is the finite union of disjoint sets A = J By where By is the complement of a measurable
k=1
R my -
rectangle to finite union of measurable rectangles: V k € 1,N By =TT o\ U Iy j, Ik,i € e Vi€ 0,m. So,
j=1
Xa € span({ xm, I1 € #z}) for any A € re. Consequently, Ly (E,%Zg,Ag,C) = span({xm, I1 € #z}).

Theorem 10. Morphism % mapping element of Ly(R) ® Ly(Ey, %, As,,C), which is limit of fundamental
sequence fi @ vy, into limit of sequence fi Qvy in space Ly(E,%Zg, Ags,C) provides us with canonical isomorphism
between these two space.

Proof. Space Ly(E,%s,As,C) according to lemma 9 is a completion of span({xa,A € #z}) with respect to
norm || - ||,(g %, 2.,c), defined by sesquilinear form Be, see (1). So, Ly(E,Zg,As,C) is completion of the
space span({Xa,xa,, Ao € AR, A1 € Hg }) with respect to norm || - ||, (£, 4. ,c)» defined by sesquilinear form
Be. (Here we define by i a set of all bounded intervals of R).

Space L (R) ® Ly(E1, %, , As,,C) is completion of linear span .Z of elements f @ v, where f € L,(R), v €
Ly(E\,Zg,,As, ,C) with respect to norm || - ||z, defined by sesquilinear form B on £ with restriction B (fi ®
v, 2@v2) = (f1,2) 1, ®) (V15 V2) 1y (B, s, 2 ) Note that in space L, (R) linear span % of set of characteristic
functions from %% is dense linear submanifold, and in space L,(E|,%s,, s, ,C) according to lemma 9 linear
span .7 of set of characteristic functions of set from %, is also a dense linear submanifold. That’s why space
L(R) @ Ly(E1,%es,, A, ,C) is exactly a comletion of linear span span{xa, ® xa,, Ao € HRr, A1 € Kz} with
respect to norm || - || .

Since for any interval A € % and any measurable rectangle I € %z holds |xa ® xrle =
|11l L (£,2, 2 ) Where TT = A X IT', then for any sets Ag € H#g, A1 € Hg holds

1 Xa0 ® Xl = [1Xaoxa | 1o (£, 20.,C) - (2
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Since linear span span({)a,xa4,, Ao € H#r, A1 € H#g}) is dense in space Lr(E,Zs,As,C), and linear span
span({xa, ® Xa,, Ao € Hr, A1 € Hg}) is dense in space Lr(R) ® Ly (E1,%s,,As,,C), then (dee equation 2)
spaces Ly (E,Ze¢,As,C) and Lr(R) ® Ly (Ey,Zs As, , C) are isometrically isomorphic and
Ly(E,Ze,Ae,C) = I (Lr(R) Q Ly(Ey,Zg s, ,C)).

2.3 Partial Fourier transforms

. Fourier transform of the the space L(IR) is unitary mapping of the space L,(R) into itself. Therefore
the partial Fourier transform .%; with respect to the first coordinate is defined on the space L,(E,Z¢,As,C) =
L)(R) ® Ly(Ey,%s,,As,,C). The partial Fourier transform .%#; is defined on the linear hull of the elements of
type w1 (x1)uz(&), uy € La(R), up € Ly(E1,%s,, As,, C) by the equality

n n

6\ A

71 (Z uLk”Lk) = Z Uy U,
k=1 k=1

where i ; € Lp(R) is Fourier transform of the function u; 4 € L,(R). Since the linear hull of the elements of
type ui(x1)uza(§), u1 € La(R), uz € Lr(E1,%es,, A, C) is dense in the space L,(E,Zg,As,C) then the partial
Fourier transform .% has the unique continuation up to the unitary transform of the space L, (E, %, A¢,C) into
itself.

Analogously, partial Fourier transform .#, with respect to first n coordinates is defined on the space
Ly(E,Zg,As,C). According to the properties of Fourier transform of the space L,(R") with some n € N
the following statement holds: partial Fourier transform of the space L(E,Z¢,As,C) with respect to first n
coordinates is unitary mapping of the space L,(E, %, A¢s,C) into itself for any n € N.

Partial Fourier transform will useful in the studying of the operators of multiplication on coordinate and
momentum operator with respect to direction of a vector e; of the basis &'. It also be used further in the studying
of generators of diffusion semigroups and its fraction powers.

3 Sobolev spaces and spaces of smooth functions

3.1 Averaging of random shifts and space of smooth functions

Let D € B(E) be a nonnegative trace class operator with the orthonormal basis & of eigenvectors. Any
operator D of the above class defines the centered countable additive Gaussian measure vp on the space E such
that the measure vp has the covariance operator D and zero mean value.

Shift operator on the vector 4 € E is defined on the space ./ = Ly(E,Zs.As,C) by the equality

Spu(x) =u(x—h).

It is obvious that for any & € H operator S;, belongs to the Banach space B(.7Z%) of bounded linear operators in
the space 7% endowed with the operator norm; moreover S;, is the unitary operator in the space 2. Let h be
a random vector of the space E whose distribution is given by the measure v. Then the mean value U € B(7%)
of random shift operator S;, is given by the Pettis integral

[siavin=v = (Ur.0)= [Gireavin) vr.g e .
E E
According to the paper [12] (see also [15]) the following statement holds.

Theorem 11. Let D € B(E) be a nonnegative trace class operator with the orthonormal basis & of eigenvectors.
Then one-parametric family of operators

U; = /Sth,D(/’l), t>0,
E

§ sciendo


https://www.sciendo.com

Dirichlet Problem for Poisson Equation on the Rectangle in Infinite 335

is a one-parametric semigroup of self-adjoint contractions in the space 7. The semigroup Uy, t > 0, is strong
. . . el
continuous in the space 75 if and only if D2 is trace class operator.

Definition 2. A function u’j € % is called the derivative of the function u € .7#% in the direction of a unite
vector e; if the following equality holds lir% |1 (Sse;u—u) — || . = 0.
Nrd

Lemma 12. [see [1]], lemmas 7.1, 7.2]. Let {e;} = & be the orthonormal basis of eigenvectors of positive

trace class operator D. If vp be a probability Gaussian measure on the space E with covariance operator D and

(t) = [S jdvp(h),t >0, u € Hy then for any | € N there is the number ¢; > 0 such that for any u € H,
E

Jj €N, t > 0 there is the derivative of the power [ 8} U (t)u € Hs and the following estimates take place

0 % ()it < ——Nlue|| .. 3

19} eyl < sl ®

Let D be a positive trace class operator in the space E. Let Cy;(E) be a linear hull of the following system

of elements {Zp(t)u, t > 0,u € H%}. The linear manifold Cjj(E) is called the space of smooth functions
according to lemma 12.

3.2 Sobolev spaces and embedding theorem

For any a > 0 the symbol WZI’DL, (E) notes the linear space of elements u of the space 7% such that the
following two condition hold
1) for any j € N there is the derivative u; = %ju € J; with respect to the direction of eigenvector e; of

operator D;
n

2) Y dfllujlS, < +eo. 4)
j=1

The space WZI’DH (E) endowed with the norm Hu||W21Da
which is continuously embedded into the space 2% (see [3, 1 1]).
For any numbers a > 0 and any / € N the symbol WZIQDa (E) notes the linear space of elements u of the space
F¢ such that the following two conditions hold:
1) for any j € N there is the /-order derivative %u € Hr;
j

n
E) = (||u\|2%? +j§'1d?”uj”§fg)% is the Hilbert space

2
n

2 Ldj

J=1

al
ae"

J

< oo, 4
A

Analogously, the space Wzl p«(E) endowed with the norm

1

[NT]

el

n ; al
(E) = (HMH% + Zldj Hw””iﬁ)
J= J

is the Hilbert space which is continuously embedded into the space 7% (see [3, 11]).

Theorem 1.13. [see [11], lemmas 7.1, 7.2]. Let u € 5€s. Let D be a positive trace class operator in the space E
such that D2 is the trace class operator. Then for any t > 0 the inclusion ?/D 1 (tue WzlﬁD (E) holds.

Theorem 14. Let D be a positive trace class operator in Hilbert space E such that DY is trace class operator
with some y > 0. Let | € N. If b > la.+y with some o € [Y,+o0) then Cjo(E) C WZZ oo (E)-

If, moreover, o0 > 2y then the linear manifold Cjy. (E) is dense in the space Wzl oo (E)-

The proof of this theorem is published in the work [3].
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3.3 The traces of a functions on the codimension 1 hyperplane

Let & be an orthonormal basis in the space E. Let e; € & and & = &\{e;}. Let E; = (span(e;))* and
He =Lr(E1, %, As,C). Let Z(R) be aring of Lebesgue integrable subsets of the space R with finite Lebesgue
measure. Let A, be the Lebesgue measure on the space R.

Then accordind to the theorem 10 7 = Ly (R, Z(R), A1, #%)) where Ly(R,Z(R), A, 7%, )) is the space
of integrable in Bokhner sense with respect to Lebesgue measure A; mappings R — 7%, .

We define a linear space W, (R, Z(R), A, #5,) = {u € Hs a‘%}u € %} endowed with the Sobolev norm

D=

’uHWZI(R,%(R),)LL,t%I)) = (Hu”éfg + \\Telu”%) : (6)

According to the definition of partial Fourier transform

oy = [ (1€ B, 0
R

for any u € W) (R, Z(R), A, #% ) where it = % (u). Hence the space W, (R, Z(R), AL, #%)) endoved with
the norm (6) is the Hilbert space.

Theorem 15. If u € W, (R, %Z(R), AL, #%,) then the equivalence class u contains the continuous function ii €
C(R, %, ). Moreover, there is the constant C > 0 such that

o, o) < Cllwllw & 2®).00,2,)- 0

Proof. In the case of separable space .77, the proof of this theorem is given in the monograph [6]. In the case
under consideration the space %, is not separable. But according to the condition u € W, (R, Z(R), AL, #%,)
there is the separable subspace of the space .7#%, containing the values of the mapping u : R — 7%, . Therefore
the proof of the theorem 3.1 by [6] can be applied to the obtaining of the statement of theorem 15.

If u e WZI,D (E) then the function u can be considered as the function of the space W, (R, Z(R), A, #%,).
Therefore the function u € W21!D (E) can be considered as the continuous maping & : R — %% according to
theorem 15. Hence we can use the following definition of the trace of function.

Definition 3. The trace of the function u € Wzl,D (E) at the hyperplane x; = f, fo € R, is the value of function
i€ C(R, 7% ) at the point .

Corollary 16. [fu € W) (R, Z(R), A, #%,) then for any ty € R the estimate ||ii(to) [, < Cllullyy (R2(R) AL, ,)
holds.

Corollary 17. Ifu € W) (R,%Z(R), A1, %) and %Ssel u=veL(R,ZR),AL ), then for any t,,t, € R the
equality holds

[5)

u(ty) —u(n) = /v(s)ds.

151
4 The analog of Gauss theorem for rectangle
Let & be the ONB of positive trace-class covariation operator D of Gaussian measure . Let I1,, € 2 (&)
be a measurable rectangle. For any j € N the equality E = R & E; where R = span(e;) and E; = (span(e;))™.

Let & = {e1,...,¢j_1,€j41,...}. Therefore the following equality I, , = [a;,b;) X ﬁﬁ/-f;/ holds where ﬁd/ b €
J (&) is the measurable rectangle in the space E ;. o '
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Letu e WZZ.D (E). Then for any j € N and any a € R there is the trace ul,,—, € 7, of the function u according
to the theorem 3.4. Since for any j € N the function d;u has the derivative 8]-214 € % in the direction e, then
according to the theorem 3.4 there is the trace (dju)|y;=a € Hz,.

Theorem 18. Let D be a positive trace class operator in Hilbert space E. Let u € W227D (E), letTl,p, € K (&) be
a measurable rectangle. Then the equality

/ Apuddie = — / (Vu,DV)pdAs + / (n,DVu)pds, (8)

Ha,l; Ha.h ana,b

holds for any function ¢ € W217D (E). Here

[ 00vweds= Y a; [ (9], ~ (9 9ulims s, ©
=

J .
ana.b Hﬁj j’j

Proof. Since ¢ € W;’D (E) then the condition ¢ |y;—4 € 7 holds for any j € N and any a € R according to the
theorem 15, moreover

1
2

10x=allz, < C(H‘l’”i(u&,%(m,h,y@;j) + Haj¢||%2(Rﬁ(R),xL,%j))
according to theorem 15 and corollary (16). Therefore
| / [(9 9jut) [ej=p = (¢ Iju) | x;=aldAj| = |(|x=p, Djttl=p) s, — (@l1=a; Djttla=a) e, | <
ﬁab

A

< 2[|9jullc, ) 9l ez,

for any j € N. Hence the estimates

| / (0 910) L, — (6 Bju) sy —ald| <
L. -

ajbj

1 1
< 2C%(|1911% + 11901132 (197ull 2 + 1197 ul2,) <

< C(1915, + 195011 +19;ull %, +1197ul%,)
hold for any j € N. Let us note that

Y. 411013, +1291,) = (TD— 1)[19]%, +11013, )
=1 ’

Since partial Fourier transform with respect to coordinate x; is unitary operator in the space .7 and accord-
ing to the inequality k> < 14 k* k € R, we obtain

- 2 - 2 2112
Y dilldjull%, < Y di(llull3, + 197ul%,)
=1 =

Hence

oo

Y di(l10ull’e, +197ull’s,) < 2llullfs, &) + (TD =2)ull%,.
j=1 "
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Therefore the series in the right hand side (9) converges.
Since

8j(¢)dj8ju) = dj8j¢8ju+dj9jzu¢7

then according to the corollary 17 the equality

/(n,ejdjaju)(pds: /d,ajzu¢dl+/djajua,¢dk (10)

M, Mgy I,

holds for any j € N. As it shown above, under the summation of the equalities (10) by j € N the series of
left hand side absolutely converges. The series of first components in right hand side absolutely converges by
definition of the space W22.D (E). Hence the series in right hand side of (10) absolutely converges and the equality
(8) takes place. /

5 Dirichlet problem for Poisson equation

Let us consider the unique rectangle ITy; € #z. Let symbol L,(ITp ) notes the subspace of the space 7%
with the support in the set ITo ;. Let us note that f = x,, f for any f € Ly(ITo,1).
Let symbol WZI’D(HQ 1) notes the space of function Wzl_’D (E)NL2(ITy,;) with the support in the set ITp ;. It

should be note that for any u € Wzl,D(HO.,l) the following statement holds:
”‘81’10‘1 =0; axku S L2(H()7]) VkeN.
We also introduce the space Wy, (ITo,1) of functions u € Wy p,(ITo 1) such that

gk € Lry(To,1) : (DO, 9;00) = —(gjx, ) V ¢ € Wy (o 1), Vj,k € N;

- 2
Y llgjillZe, < +ee.
=1

We pose the following problem. For a given function f € Ly (Ilp ;) and a given number a > 0 we should find
a function u € W227D(H071) such that

Apu=au+f, (11)

ulr,, = 0. (12)

To investigate the above problem we apply the variation approach (see [7]). At first we study the space
Wzl.,D(HO,l)-

Let us introduce the trapezoid-like function yg : R — R which is given by the equalites yg(x) = 0,x €
(—o0,0]U[1, +o0); Ws(x) =1,x € [5,1—8]; ws(x) = 5x,x € (0,8); ws(x) = —5(x—1),x € (1—8,1) for any
& € (0,3). Then ys € W5 ([0,1]), [1Wsllz,0.17) € [1 =28, 1], 0¥l 10,17 = /2/8.

Let D a the nonnegative trace-class operator such that D: is trace-class operator. Let {e;} be the ONB
of eigenvectors of the operator D and {d;} be the corresponding sequence of eigenvalues. For any sequence
{8} :N— (0,3) the function W5y (x) =TII7_, W5, (x;) is defined.

Lemma 19. If {§} :N— (0,1) and )oi 0 < +oothen V5, € Hy and the estimates TI;_; (1 —28;) < ||¥s]|1, <
=
1 hold.

§ sciendo


https://www.sciendo.com

Dirichlet Problem for Poisson Equation on the Rectangle in Infinite 339

Proof. The inclusion W (s, € 7 for the nonnegative function W5, is equivalent to the condition

Ve>0dg,Ge e gS‘P{g}SG and |

Let us define
G (x) = Ty W, (i) T 1 Xjo0,1) (%)
and g, (x) = IT;_, ws, ()T, X(5.1-s,) (xk) for some n € N. Then g, < W5, < G, and [|G,, — gullr <1 -

exp( E In(1—26)) for any n € N. Since lim Z O = 0 then hm |Gy — gnll # = 0. Therefore W5y € 2.
k=n+1 n—=p—pi1

Let us note that 0 < yr1;, , < W¥s < xm,,. Hence Ag(Ils;_5) < |Ws]1%, < Ag(Io1). Therefore the state-
ments of the 19 are proved. O

Note that A (I1s ;_5) = exp( In(1—26)). Since & € (0,4) for any k € N then the series E In(1—26)
1 k=1

oo

converges if and only if the series Y, & converges. In this case A (IT5 ;_s) > 0. In the other case A (Il5 ;_5) = 0.
k=1 '

H["]8

Lemma 20. The condition kgl %i < oo is necessary and sufficient to the inclusion ¥ (s, € W217D(H0,1).

Proof. We should proof that 8j‘I’{5} € % for any j € N and the series
Y 41195117
j=1

converges. Note that ¥(s)(x) = s, (x;)¥ {3}(A) x € E, for any j € N where £ = {x,...,xj_1,Xj41,...} and
5= {61,...,6j-1,8;11,...}. Therefore for any j € N the following equality holds

&j‘P{S}(x) :aj‘l’s,-(xj) {5}( %),x€E.

Hence 0;'¥(sy € 7 for any j € N and
1
10;¥ 5y Lz = 119V, | o) 1W 5y [l oz, < (2/65)>

Therefore the series Z d;||0;¥sy|%, converges if and only if the series Z 4 . converges. U

= j
Note 21. Let D be a positive operator in the space E such that /D is trace class operator. Then there is
the sequence {8} : N — (0,3) such that Z 0j < o0 and the condition Z £ < oo satisfies. For example,

j=1
5k = \/ch, keN.
Lemma 22. Let f € WZI,D(E) Let the sequence {8} : N — (0,1) satisfies the condition Z dk < o0, Then
\P{g}f S W21 (H()J).

. < ||fllz according to Cauchy inequality and lemma 1. Since d;(¥(s}f) =
aj‘P{g})f—i- q’{g}ajf then

1
I / / (0P, (%)dx; <

1-6;

19;(¥ 16313 §2Sl€l£|‘1’{5}( )|||f||W1 +
X ]

O\S’

E

<
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2
<271y, + 5 171
? J

Therefore

(e} (o] d'
Y di19;(® 6,1, <2ATIAR, + Y LI713)
j=1 P =19

Thus we obtain that lP{g}f S W2]7D(E). Since (lP{S}f)me = T{5}|BHO‘1f|¢9Ho‘1 then (T{S}f)bHOJ =0 and
Y5 f € Wzl,D(E)-

{ v d : _
Lemma 23. Let f € W, (E) and kgl 5 < too. Then 811)120 1f —ets1flLamg,) = O

Proof. In fact,

1P = W) 2 ) = / PO~ W) dAs < / F(0)PdAs.
Iy

o1 \Ie(sy,1-¢{5}

Since {0} € I; then lim Ag (ITp,1 \ITg(sy,1-¢(sy) = lim Ae (Ilo 1 \Ip 1 2¢{5}) = O according to the theorem ? in
-0 ’ -0 ’ ’

[10]. Since f € S then for any ¢ > 0 there is the simple function g € S(E,Zg,A¢,C) such that || f —g||.» < ©.

Since the function g has the finite number of values then M = sup |g(x)| € [0, +e0). Therefore
xek

f(X)[?dAs <

o1 \ILe(5),1-e(5)

I1f =8l + / 18(x)PdAs < ||f = 8l15 + M Ae (o1 \Tg(5).1—e(5})-
o1 \Ieg5).1-¢(5)
Hence for any 6 > 0 there is a number & > 0 such that i |f(x)[?dAs < 20 for any € € (0,&).

o, 1 \Ief5),1-¢{5)
Therefore glg«r:o If = Yersyfllm,,) =0. O

The consequence of the lemma 4 is the following statement.

Theorem 24. Let D be a nonnegative operator in the space E such that \/D is trace class operator. Then the
set of functions

1 > dy
Sy = {TS{S}J[7 fere WZI,D(E)v o€ (075)7 {6} : Z gk < +°°}
k=1
is dense in the space L, (I1y ;).
Leta > 0and f € Ly(Ilp, ). Let the functional J; : WJ’D(HOJ) — R be defined by the equality
1 -
Jaglu) = / (Va,DVi)g +alul + af +ufldh, u € Wip(Tp,). (13)
o,

Theorem 25. Leta > 0 and f € Ly(Ily ;). Letu € WZ%D(H071) be a stationary point of the functional J, . Then
u is the solution of Dirichlet problem (11), (12).
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Proof. Let u € WZZ,D(HOJ) be a stationary point of the functional (13). Then the function J, s(u+1¢),r € R
satisfies the equality £J, ;(u-+t¢) =0 for any ¢ € S;. Therefore

/[(vé,nvu),; +adu+ ¢ fldA + /[(Vﬁ,DV(b)E +aiig + foldA =0
Iy, o,

for any ¢ € S;. Hence [ [¢(Apu— f—au)ldAs =0 for any ¢ € S; according to the theorem 24. Since the set
Iy,

S is dense in the space .77 then the function u satisfies Poisson equation (11). Since u € WZ%D(HOJ) then the

equality (12) is satisfied. O

Theorem 26. Let u € W22(H07 1) be the solution of Dirichlet problem (11), (12). Then it is the critical point of
the functional (13).

Proof. Let ¢ € Wy y(Io,1). Then the function J, s(u+1¢), ¢ € R, has the derivative

dJaf(u+1t9)

ar li=0 = /[(V@DVM)EJFMISM—H?;JC]CM‘*‘/[(Vﬁ,vap)E%—aﬁﬁb + fldA. (14)

Iy, o,

Then according to the theorem 18

Sustut 1o =~ [ (§(@ou—au—plai— [ lo(apa-an— 2.
11,

Iy 0,1

Since u € W}(Ip,1) be the soluion of Dirichlet problem (11), (12) then the equality %Ja, r(u41¢)]i=0 = 0 holds
for any ¢ € Wzl,D(HO.,l) and the function u is the stationary point of the functional J, r. O

The inequality ||u||,» < ||u\|W21 holds according to the definition of the space W,. Let f € H. Then for any
u € W, the inequality |(f,u)| < c||uHW21 take place where ¢ < || f||». Then according to R theorem there is the
element v € W,' such that (f,u).» = (v, M)Wzl VueWw,).

Let us endow the space Wzl,D(HO.,l) with the equivalent norm

- 1
lullyy = (allull>g, + Y dilloull’,)? (15)
2.D,a
o k=1

for arbitrary a > 0. The space Wzl,D (ITy,1 ) endowed with the equivalent norm (15) is noted by Wzl,D, (Io1). The

inequalities
1

l+a
holds according to the definition of the space Wzl,D(Hoﬁl). Therefore the space Wzl,u ,(ITo 1) is the Hilbert space.

1
2 2 2
luly, < Il < (1 )luld,

Theorem 27. Leta > 0 and f € Ly(Ily 1). Then the functional (13) has the unique point of the minimum in the
space Wy (o, 1).
Proof. Let f € . Then for any u € Wzl,D,a (ITo,;1) the inequality |(f,u)| < CH“HW;_M take place where ¢ <
|| f|| 7 - Then according to Riesz theorem for any a > 0 there is the element v, € W215D7 ,(IIo 1) such that (f,u) » =
(v, M)WZI,D,a VueW,p, (o).

Therefore for any u € W21 p(E) the following equality holds

1 1 1 1 1
‘]th(u) = 5(”7“)W2{D‘a - E(Vv M)Wl - E(uvv)Wl = E(u —Vu-— V)W‘ - E(vvv)Wl

2.D.a 2D 2D, 2Da

Therefore the functional J, ¢ has the unique point of the minimum in the space W, which coincides with the
elementv € W) . O
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Definition 4. The function v € W217D (ITp,1 ) is called the generalized solution of the equation (11) with the Dirich-
let condition (12) if the equality

(V’ ¢)W21,D,H<H0‘l) + (a +f ¢)L2(1‘[0_|) =0 (16)
satisfies for any ¢ € W217D70(H071).

Theorem 28. Leta > 0and f € Ly(Iy,1). Then the function u € W217D(H071) is point of minimum of the functional
(13) if and only if it is the generalized solution of Dirichlet problem (11), (12).

Proof. If the function u € WZI’D(HQ 1) is point of minimum of the functional (13) then %Ju, ru+td)li—o=0
for any ¢ € W,y ,(IT,1). Hence the equality (16) satisfies for any ¢ € W,'p, ,(IT,1) according to the expression
(14). Therefore u is is the generalized solution of Dirichlet problem (11), (172).

Let u is is the generalized solution of Dirichlet problem (11), (12). Then the right hand side of the expression
(14) is equal to zero. Therefore for any ¢ € W217D7 .(ITo 1) the folowing equality holds

1
Jag(u+9) =) = 5103y

Hence the function u € W217D(H071) is point of strong minimum of the functional (13).0

6 Conclusions

In this paper we show that the theory of Sobolev spaces and its application to partial differential equation can
be constructed for the function on domains in infinite dimension Hilbert space endowing with finite additive shift
invariant measures. We study the class of finite additive shift invariant measures on the real separable Hilbert
space E. For any choice of such a measure we consider the Hilbert space 77 of complex-valued functions which
are square-integrable with respect to this measure. Some analogs of Sobolev spaces of functions on the space
E are introduced. The analogue of Gauss theorem is obtained for the simplest domains such as the rectangle in
the space E. The correctness of the problem for Poisson equation in the rectangle with homogeneous Dirichlet
condition is obtained and the variational approach of the solving of this problem is constructed.
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