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Abstract
In this paper, solution of the following difference equation is examined

Xn—13
b
1+ X1 X0 —3X0—5Xn—7Xn—9Xn—11

Xn+1 =

where the initial conditions are positive real numbers.
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1 Introduction

Difference equations appear naturally as discrete analogs and as numerical solutions of differential and delay
differential equations, having applications in biology, ecology, physics.

Recently, a high attention to studying the periodic nature of nonlinear difference equations has been attracted.
For some recent results concerning the periodic nature of scalar nonlinear difference equations, among other
problems, see, for example, [1-33].

Amleh [1], studied the global stability, the boundedness character, and the periodic nature of the positive

solutions of the difference equation:
Xn—1

Xpy1 = O+ X
n

where o € [0,00) and where the initial conditions x_; and xy are arbitrary positive real numbers.
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De Vault [8], studied the following problems

A
Xppl = —+—, I’l:O,l,...,
Xn  Xn-2
and showed every positive solution of the equation where A € (0,00).
Elsayed [15], studied the global result, boundedness, and periodicity of solutions of the difference equation
bx,_1 +cx,—
Xn+1 :a+M, n=0,1,...,
dx,_1 +exp—x
where the parameters a,b,c,d and e are positive real numbers and the initial conditions x_;,x_;y1,...,xo are
positive real numbers where t = max{l,k},l # k.
Ibrahim [18], studied the solutions of non-linear difference equation

XnXn—2
Xn—1(a+ bxpx,—2)

Xnt1 = , n=0,1,...,

where the initial values xg,x_; and x_, non-negative real numbers with bxpx_» # —a and x_; # 0. He in-
vestigated some properties for this difference equation such as the local stability and the boundedness for the
solutions.

Simsek et. al. [25-27] and [30], studied the following problems with positive initial values

Xn—3
Xn-&-l:ma n=0,1,...,
Xn—5
anZTMa n=0,1,...,
Xn—5
Xpr1=———, n=0,1,...
n 1+Xn71x”737 ) )
Xn—3
Xn+1 = , n=0,1,...,

I+ XpXp—1Xp—2
respectively.
In this work, the following non-linear difference equation is studied
Xn—13
1+ Xp— 1 X0 3% —5Xn—7Xn—9Xn—11

Xl = . n=0,1,..., (1)

where x_13,X_12,...,X_1,%9 € (0,0) is investigated.

2 Main Result

Let X be the unique positive equilibrium of the equation 1, then clearly,

x
= = i+¥ =i=>% =0= 70,
1 4 x.3000xx
0, X = 0 can be obtained. For any k > 0 and m > k, notation i = k,m means i = k,k+1,... m.

Theorem 1. Consider the difference equation 1. Then the following statements are true:

a) The sequences (X14y—13), (X14n—12), - - (X14n—1), (x14,) are decreased and ay,...,a14 > 0 is existed in such
that:

lim x14, 1314 = @144, k=0,13.
n—soo
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b) (ay,az,as,as,as,a6,a7,as,a9,a10,a11,d12,d13,d14, - ..) is a solution of 1 having period fourteen.

c)
6
H’}g{}oan—j-&-Zk =0, j=0,1
k=0
or
6

H02k+l _07 1:071
k=0

d) If there exist ng € N such that x,,, | < x,,_; for all n > ny, then,

lim x,, = 0.
n—oo

e) The following formulas below:

X1k X =34k X —5+kX—T+kX—9+kX—11+k
LA X g kX 3 kX5 kX7 kX9 kX — 1 14k

11 ! )

A0imt LA X0 11 kX2 9 kX T AXi -5 A X203k X2i— 1tk

Xdntk+1 = X—13+k (1 -

X1k X —34kX—5+kX—T+kX—9+kX—13+k
D20 kX 3k X 5 kX — Tk X— 9k X— 11 +k
n 7j+1 1 )
)

Xdn+k+3 = X—11+k <1*

<2 11

=0 i=1 L X004 11 kX794 kX2 T4 X245 kX2~ 34k X2i— 1k

X1k X34k X —5+kX—T+kX—11+kX—13+k

L A2 kX 3k X5 kX T4 X9k X — 11k

<) 11

)
=0 i=1 1+X2i—11+kx2i—9+kx2i—7+kx2i—5+kx2i—3+kxzi—1+k)

Xldn+k+5 = X—9+k (1

X1k X34k X —5+kX—9+kX—114+kX—13+k

L A2 kX3 kX5 kX T4 X9k X — 114k
n Tj+3 1

<) 11

)
=0 i=1 L+x2i1 1+kX2i—9+kx2i—7+kx2i—5+kX2i—3+kx2i—1+k)

Xldn+k+7 = X—7+k (1 -

X kX34 kX =Tk X9 kX — 1 1+kX—13+k

L A2 kX3 kX5 kX T4 X9k X — 11k
n Tj+4 1

<) 11

j=0 i=1

Xldn+k+9 = X—5+k (1 -

)
L+ X0 114kX2i— 94k X207+ kX 20— 5+kX2i— 3+ kX2i— 1 +k )

XN kX =54k X —T+kX—9+kX— 1 14+kX—13+k

L4 X kX3 kX5 X T kX =9k X — 114k

<2 11

)
i 1 +x2i711+kx2i79+kx2i77+kx2i75+kx2i73+kx2i71+k)

Xldnth+11 = X_31k (1
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X34k X 54k X —T+kX—9+kX—114+kX—13+k

14 X kX3 kXS kX T kX9 kX — 114k

< 11

)
oim 1 +x2i711+kx2i79+kx2i77+kx2i75+kx2i73+kx2i71+k>

Xldntk+13 = X_14k (1 -

k=0,1, holds.

£) If Xians14k = Qi1 7 0, Xians34k — a3 7 0, Xidngs+k — Qrgs 7 0, Xang74k — A7 7 0, Xidnto4k —
a9 # 0, X14n1 111k — axr11 7 0 then X141 1344 — 0asn — o,k =0, 1.

Proof.
a) Firstly, from 1,
Xn1 (1 4 Xp— 1% 30— 5Xn—7Xn—9Xp—11) = Xpn—13,

is obtained. If x,_1X,—3%y—5Xy—7Xp—9Xn—11 € (0,400), then 1+ x,_1x,—3X,—5Xp—7Xn—09Xy—11 € (1,400).
Since
Xnt1 < Xp—13,

neN,
’}E}}oan—l?:-&-k =aywk, for k=0,13
existed formulas are obtained.

b) (a1,az,as3,as,as,a¢,a7,as,a9,a10,a11,d12,d13,d14, - ..) is a solution of 1 having period fourteen.

¢) In view of the 1,
X14n—13
5 .
1+ Hk:O limy, o0 X14n-11 +2k

is obtained. If the limits are put on both sides of the above equality,

n=14n= X14n+1 =

9

6 6
I1 121(}0x14n—13+2k =0 or [Jaws1=0,
k=0" k=0
is obtained. Similarly for n = 14n+1,
X14n—12

n=14n+1= xap42 =
5 . b
1+ 11— limy oo X140 1042k

is obtained. If the limits are put on both sides of the above equality,

6 6
[Tlimxi40-12026 =0 or JJaos+2=0,
k=0"" k=0

is obtained.
d) If there exist ng € N such that x| < x,_; forall n > ng, then, a1 < a3 <as <a;<ag <ayy <aizLa,

ar <ag < ag < ag < ajp < app <ay < ap. Using (¢) we get

6
Ha2k+i =0, i=1,.2.
k=0

Then we see that,

lim x, = 0.
n—soo

Hence the proof of (d) completed.
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e) Subracting x,,_3 from the left and right-hand sides in 1,

1
I+ Xp— 1X0—3X0—5Xn—7Xn—9Xn—11

— Xy 12 = 1 —Xp—
Xn+1 —Xn—13 (xn 1 —X 15)7

is obtained and the following formula is produced below, for n > 2

n—2 1

Xon-3—Xon-17 = (x1 —x_13) [ |
i1

1 )
+ X0 1X2i—3X2i—5X2i—7X2i{—9X2i—11
n—2 1

X2 —Xom16 = (1 —x-12) [ | ;
i1 1 X0ix0i—2X0i—4X2i—6X2i—8%2i-10

7j inserted in 2 by replacing n, j = 0 to j = n is obtained by summing, for k =0, 1,

Xtan itk — X134k = ek —x-310) Y [ ]

j=0i=1 1 X041 kX0 3 kX0 5 A X0~ T+ A X209+ kX 2i— 11 1k

Also, 7j+ 1 inserted in 2 by replacing n, j = 0 to j = n is obtained by summing, for k =0, 1,

n 7j+1 1

Xtans3ik —X 114k = (e —x-1114) Y [ ]

j=0 i=1 1 X0 1 kX2 34k X i — S X2i— T+ K X2i—9-+hX2i— 11 +k

Also, 7j+2 inserted in 2 by replacing n, j = 0 to j = n is obtained by summing, for k =0, 1,

n Tj+2 1

Xlant5+k —X—9+k = (X504 —X_94%) )
j;) ,IJI 1 4 X0 1 kX2~ 3+ kX205 +kX2i—T-+kX2i— 9+ kX2i— 114k

Also, 7j+ 3 inserted in 2 by replacing n, j = 0 to j = n is obtained by summing, for k =0, 1,

n 1j+3 1

Xdnt 71k — X714k = (X74k —X_74%) .
Jg{) ,IJ] L+ X0 14k X0 34 kX2 — 51k X 20— T+ kX2~ 9+kX2i—11+k

Also, 7j + 4 inserted in 2 by replacing n, j = 0 to j = n is obtained by summing, for k = 0, 1,

n 7j+4 1

Xlant9+k — X541k = (Yo 1t —X_541) :
j;) ,IJI 1 000 1 kX203 kX254 KX T+ X209+ X2i— 114k

Also, 7j+ 5 inserted in 2 by replacing n, j = 0 to j = n is obtained by summing, for k =0, 1,

Xtanii+k — X3k = (i —x300) Y [

=0 i=1 L+ 20 14 kX020 31k X2i— 5-4-kX2i—T-+kX2i—9+kX2i— 11 +k

Also, 7j+ 6 inserted in 2 by replacing n, j = 0 to j = n is obtained by summing, for k =0, 1,

Xtanp i3k — X1k = (3 — 2100 Y [ ]

320 it L X0 Lk 3k X5 kX2 T kX2 91k X2i 114k

Now we obtained of the above formulas:
X1k X =34k X —5+kX—T+kX—9+kX—11+k

LA X 1 kX 3 kX5 kX7 kX — 9k X — 1 1k

<2 11

)
oimt 1 +x2i711+kx2i79+kx2i77+kx2i75+kx2i73+kx2if1+k)

Xldntk+1 = X—13+k <1 -

489
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XNk X =34k X —5+kX T +kX—9+kX—13+k

14 X kX3 kXS kX T kX9 kX — 114k
n 7j+1 1

<Y 11

Y
=0 i=1 I+ x0i-1 1+kx2i—9+kx2i—7+kx2i—5+kx2i—3+kx2i—1+k)

Xldn+k+3 = X—11+k (1 —

X1k X =34k X —5+kX—T+kX—11+kX—13+k

L A2 kX 3k X5 kX T4 X9k X — 114k
n Tj+2 1

<) 11

)
j=0 i=1 1+x2i—11+kx2i—9+kx2i—7+kx2i—5+kx2i—3+kx2i—1+k)

Xldn+k+5 = X—9+k (1

X1k X34k X—5+kX—9+kX—114+kX—13+k

L X kX3 kX 54 X7k X9k X — 11k

< 11

Y
=0 i=1 1 +x2i711+kx2i79+kx2if7+kx2i75+kx2i73+kx2i7l+k)

Xldnth+7 = X—T+k (1

X1 +kX—34-kX T +hkX—9+kX—114+kX—13+k

L4 X kX3 kX5 kX T A X9+ kX — 114k
n Tj+4 1

<) 1

Y
j=0 i=1 1 +x2i711+kx2i79+kx2if7+kx2i75+kx2if3+kx2if1+k)

X1dn+k+9 = X—5+k (1 -

X1 +kX— 54k X —T+hkX—9+kX—114+kX—13+k

14 X kX3 kXS X T kX =9k X — 114k

<2 11

)
=0 i=1 1 +x2i711+kx2if9+kx2if7+kx2i75+kx2i73+kx2if1+k)

Xldnt+h+11 = X_31k <1 —

X34k X —54-kX —T+hkX—9-+kX—114+kX—13+k

LA 2 kX3 kX5 kX =T X9k X — 11 +k
n 7j+6 |

<2 11

i 1 +x2i—11+kx2i—9+kx2i—7+kx2i—5+kx2i—3+kx2i—1+k)

Xldn+k+13 = X—1+k (1

f) Suppose thata; = a3 = as =a; = a9 =a;; = a3 =0. By (e), we have

X_1X_3X_5X_7X_9X_11 n 1j 1

limn — X 14p+1 = lim X_13 1—
n—yoo I+x1x 3% 5x X 9x 11 =i |+ X0 1X0i-3X0i-5X2i-7X2i-9X2i 11

X_1X_3X_5X_7X_9X_11 7) 1
ar=x_13(1—

Ixpx3xsxgxox—11 =iy L X2 1020 3X0i - 5X0i-7X2i-9%2i 11

1 - -~ - - -~ - n 7] 1
4 =0= +X_1X_3X_5X_7X_0oX 1122 3)

X_1X_3X_5X_7X_9X_]] 107t | X0 1X0i-3%2i-5X0i-7X0i—9X2i 11

§ sciendo


https://www.sciendo.com

Solution of the Rational Difference Equation

X_1X_3X_5X_7X_9X_]3

I+ x_1x_3x_5X_7X_9x_11 _

X_1X_3X_5X_7X_11X_13

1 +x_1x_3x_5x_7x_9x_11

X-1X-3X_5X_9X_11X-13

1+x_ 1X—3X_5X_7X_9X_1] .

X_1X_3X_7X_9X_11X_13

Similarly,

a;=0=
Similarly,

as =0=
Similarly,

a;=0=
Similarly,

ag=0=
Similarly,

Similarly,

From 3 and 4,

14+ X_1X_3X_5X_7X_9X_1]

14+ X_1X_3X_5X_7X_9X_1]

X—1X-5X_7X—9X_11X-13

1 +X_1X_3X_5X_7X_9X_1]

X_3X_5X_7X_9X_11X—

n 1j

X_1X-3X_5X_7X_9X_11

13

7j+1
1+x_1x_3x,5x_7x_9x_11 . i ﬁ

j=0 i=1

'M=
. N
[em}

]:O i=

1

1

1+ X2 1X2-3X2;—5X2i—7X2i—9X2i 11

1

1+ X2 1X2-3X2i—5X2i—7X2i—9X2i—11

1

1+ X0i—1X2—3X2i—5X2i—7X2i—9X2i—11

1

1+ X2 1X2-3X2i—5X2i—7X2i—9X2i 11

1

T 14 X020 1X2i-3X0i - 5X0i—7X2i—9X2i 11

:;)Hl—i—xz

1 +X_1X_3X_5X_7X_9X_]]

i—1X2i—

3X2i—

5X2i—7X2i—

X_1X_3X_5X_7X_9X_13

thus, x_13 > x_1;. From 4 and 5,

1 FX_1X_3X_5X_7X_9X_11

n Tj+1

X_1X_3X_5X_7X_9X_13

J=0

=) I1

>
9X2i—11

n 7j+1

1

1+x21—1x21 3X2i—5X2i—7X2i—9X2i—11

491

“4)

6))

(6)

(7

®)

(&)

i=1

thus, x_1; > x_9. From 5 and 6,

1+x_1x_3x_s5x_7x_9x_11

X_1X_3X_5X_7X_11X_13

1 )
+ X2 1X2i—3X2i—5X2i—7X2i—9X2i—11

1
=L 11 >
120 i1 | X2 1X2i-3%2i-5X2i-7X2i-9X2i~ 11
1 F X X_3X_5X_7X_9X_1] i 1
X_]X_3X_5X_7X_11X—13 0 it LA X 1x0i-3%0i5X2i-7X2i - oX2i-11
n 7j+2 1
=X 115 >
G0 =1 L X2im1X2i-3X2i-5X2i—7X2i—9X2i—11
14+ X_1X_3X_5X_7X_9Xx_11 T3 1

X_]X_3X_5X_9X_11X_13

n
2
j=0

1

1 )
+ X2i—1X2i—3X2i—5X2i—7X2i—9X2i—11
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thus, x_¢ > x_~7. From 6 and 7,

7j+3
14+ X_1X_3X_5X_7X_9X_11 B i ﬁ 1 S
X—1X-3X_5X_9X_11X-13 j=0 i= 1 + X0i— 1 X2i—3X2i—5X2i—7X2i—9X2i—11
l+Xx_1Xx_3x_5X_7X_9X_11 i 1

X-1X-3X_7X-9X_11X-13 =1 1+ X2 1X0i-3%X0i— 5X2i—7X2i—9X2i—11

thus, x_7 > x_5. From 7 and 8,

14+ XX 3X_SX_7X_oX_11  <n W4 1
=2 I1 >
~ 111

X1 X-3X_7X-9X_11X-13 + X2i—1X2i—3X2i—5X2i—7X2i—9X2i—11
I+x_jx_3x_5x_7x_9x_11 i [asy 1
X—1X-5X-7X-9X_11X-13

120 i1 L Xi1X0i-3X2i5X0i-7X0i-9X2i 11

thus, x_5 > x_3. From 8 and 9,

7j+5
1+x71x73x_5x,7x,9x,11 B i ﬁ 1 >
X1 X-5X_7X_9X_11X-13 —0 j— 1+x2i71x2i73x2i75x2i77x2i79x2i7l1
1+x71x73x_5x,7x,9x,11 B i ﬁ6 1

X_3X_5X_7X_9X_11X—13 1+ X0 1X0i—3X2i—5X2i—7X2i—9X2i 11
thus, x_3 > x_;. From here we obtain x_13 > x_1; > x_9 > x_7 > x_5 > x_3 > x_1. Similarly, we can
obtainx_j» >x_19 > x_g > x_g >x_4 > X_5 > x9. We arrive at a contradiction which completes the proof
of theorem.

Example 2. If the initial conditions are selected as follows:

X_13 = 0.98, X_12 = 0.97, X_11 = 0.96, X_10 = 0.95, X_9 = 0.94, X_8 — 0.93, X_7= 0.92,
x_6=091, x_5=0.9, x4 =0.89, x_3=0.88, x_» =0.87, x_; =0.86, xo = 0.85.

The graph of the solution is given below, x, = {0.62601, 0.634341, 0.701375, 0.701974, 0.737178,
0.734195, 0.753815, 0.748866, 0.759718, 0.753567, 0.759006, 0.752062, 0.753929, 0.746432, 0.535307,
0.545309, 0.621059, 0.622964, 0.664753, 0.66286, 0.687738,0.683736, 0.698929, 0.693618, 0.702724,
0.696539, 0.701557, 0.694753, 0.487602, 0.498104,0.576757, 0.579084, 0.623219, 0.621705, 0.64857,
0.644917, 0.661839, 0.656857, 0.667494, ...}

Fig. 1 x, graph of the solution.
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