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Abstract

In this study, motivated by the frequent use of Fox-Wright function in the theory of special functions, we first introduced
new generalizations of gamma and beta functions with the help of Fox-Wright function. Then by using these functions,
we defined generalized Gauss hypergeometric function and generalized confluent hypergeometric function. For all the
generalized functions we have defined, we obtained their integral representations, summation formulas, transformation
formulas, derivative formulas and difference formulas. Also, we calculated the Mellin transformations of these functions.
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1 Introduction

On the last quarter century, some generalizations of special functions, which frequently used in applied
mathematics, have been studied by many scientists [1, 7-14, 17, 19-29, 31-33]. Chaudhry and Zubair [10]
defined the extended gamma function in 1994 as

T,(x) = /Omt"“ exp [—t — ?]dt,

where Re(p) > 0. Three years later, Chaudhry et al. [7] defined the extended beta function as

Bp(x,y):/Oll‘x_l(l—t)y_lexp {_t(lp—t)}dt’
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where Re(p) > 0, Re(x) >0, Re(y) > 0. It clearly seems that, for p =0, I'y(x) = I'(x) and By(x,y) = B(x,y),
where I'(x) and B(x,y) are the classical gamma and beta functions [6].

In 2004, Chaudhry et al. [8] used B, (x,y) to extend the Gauss and confluent hypergeometric functions as
follows:

> B,(b+n,c—b) 7"

ba,b;c;z) = ; —(bc_b) bt (1)
= Bp(b+n,c—b) "

pbie2) = ; B(b,c—b) n!’ @

where p > 0, Re(c) > Re(b) > 0. In the same paper, the authors also gave the integral representations of (1) and
(2) as

1 ! , p
F che o) — b—1 1— c—b—1 1—71)"¢ _
p(a,b,c,z) B(b,C—b)/O t ( t) ( Zt) exp l(l—t) dtv

where p >0, p=0and |arg(l —z)| < < p, Re(c) > Re(b) > 0, and

1 ! p
o o b—1 1 c—b—1
p(b,c,z)f—( 7 )/ 7 (1—1) exp |zt ) dt,

where p > 0, p =0 and Re(c) > Re(b) > 0. Here (a), is the Pochhammer symbol which defined as

I'(a+v)
(a)y = T a,veC
with the assume (a)p = 1.
The Fox-Wright function is given in [18] as
=) é n
is O 17 T(ain+pBi) z
éan(Z) zé\Pn |:(B V)lé Z:| — Z 7 1 7', (3)

(K5 )1 a=o [1j_ T(kjn + ;) n!

where z,B;,uj € C, o, x; € R,i=1...& and j = 1...1. The asymptotic behaviour of the above function was
studied by Fox [15, 16] and Wright [34-36] for the large values of z, considering the condition

] an

Ye-
If these conditions are met, for any z € C the series (3) is convergent. For k, 1,z € C,Re(k) > —1, the classic
Wright function [18]
n

0‘1’1(2):0%[( ” i Kn+u

can obtained by choosing & = 0 and 11 = 1 in equation (3).
Inspired by the aforementioned studies and motivated by the frequent use of Fox-Wright function in the
theory of special functions, we defined two new functions as generalizations of gamma and beta functions.
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2 Generalized functions and their properties

149

Throughout the study, we assume that x,y,z € C, k,m,n € N, a;,k; € R, B, uj,a,b,c,p € C, Re(p) > 0,
Re(x) > 0, Re(y) > 0, and Re(c) > Re(b) > 0. For the sake of shortness, we did not wrote these conditions for

the rest of the article, unless otherwise stated.
Let us defined the new generalizations as

[t [ ()
Y8 (x.y) == B [([31',061')1,&

1
x—1 -1 p
x,y| = t 1=t ¥, | ——— | dt
|1 y} [t “( r<1—r>>

We called them as ¢'¥'y-gamma and ¥, -beta functions.
Our first theorem is about the current relationship of the two ¢'¥'y-gamma functions.

and

Theorem 1. The following equality holds true:

YL, ()Y, () :4/02/0 P21 (cos 0) 2! (sin §) > !

ngpn( 2 (cos B)? - (Pe))
><5‘P,7< 2(sin6)? — (8519)2>drd9.

Proof. Substituting t = u? in (4), we get

3 R P
'*T,,(x)zZ/O TRPS O (—uz—;> du.

Therefore,

‘Pi" / / 2=l 2= 15‘1’ ( %)::Tn (—vz—é)dudv.

In the above equality, taking u = r(cos 0) and v = r(sin 0) yields

YL, ()Y, (y) :4/02/0 P20 (cos 0)2 ! (sin 0) 2!

2 2 4
X éan <—r (COS 9) _}"2(0056)2>

20 2 p
Xglpn <—r (Slne) _7‘2(511’19)2> drd@,

which completes the proof.

Theorem 2. The ¢\V'y-beta function has the following integral representations:

(SR

¥B,(x,y) = 2/0 (sin8)> ! (cos 6)2%15‘1’” (—p(sec 6)>(csc 0)2) de,

N °° A 1
¥h :/ e (—2p— ~) )4
P(xay) o (1+M)x+y ELn pP—D M+u u,

Byt = =) [ e g (2

u—a)(c—u

4

&)
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Proof. Taking ¢t = (sin8)? in (5), we get
¥ e 1 p
B = [ 1= e, (- t
p(%) /0 =0 n< f(l—t)>d

_ 2/02 (sin8)>(cos 8)> Wy (—p(sec)*(csc6)*) 6.

Taking # =
o 1 yl( 1 )2 p

— ) ¥y | ————— |du
/o<1+u) <1+u> ) S () ()
oo xl 1
- v e (2 () e

Taking t = 2=2 in (5), we get

e[ (25) (=0) aem (@t
p(c—a)® )) .

which gives the result.

Theorem 3. The following derivative formula is provided for Re(x) > m,Re(y)

S o [(a,-m—&-ﬁn%)u; ]
LY, (xy) b = (1 Ty
dp’"{ p(xy)}=(=1) Pl(ejm+ wj, k)1 g

>m:

Proof. 1t is done by induction. The first order derivative of (5) is as follows:

i By = g { [t (o)

i+ Bi, o)
—(—1)¥B [(a e, —1].
(=1)"B, (Kj+1j, k)1 Y

Let us assume that the k-order derivative of (5) is

d* ps _ kwp, | (0ik+Bi,0y) ¢
TPk{ Bp(x7y)}_(71) P [(Kjk‘l'l»ljﬂfj)l,n kayk:| . (6)

From the first order derivative of (6), the k + 1-order derivative is found as follows:
dk+1 d dk WA
—1 B
7y)} dp{dpk{ P(x>y)}}

dpkﬂ {l{“
(ai(k—Fl)—l—ﬁi’ai) 7
’ [(Kj(k+1)+u.,-,;<j)lli x_(k+1),y—(k+1)] ,

This gives the result.
Theorem 4. The following equality is provided for Re(s) > 0:

M [YBy(x,y)] = B(x+5,y+9)¥T,(s).
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Proof. If we apply Mellin transformation according to argument p in equation (5), we have

\PB X y / s— 1/ £~ 1 y léqul ((;)) dldp
— x—1 y—1 s—1 Wy
/0 (1 —1) /0 P ey ( - t))dpdt 7

Letting v = =0 in (7), we get

1 1)

oo

1
///[Tép(x,y)] :/ tx“_](l—t)y*"_]dt/ vs_lg‘l’n(—v)dv.
0 0
Thus, we have
M [*By(x,y)] = B(x+s,y+5)Ty(s),

which completes the proof.

Remark 1. By using the inverse Mellin transform, it is easy to see

1

¥B,(x,y) = =

+ioco R
1/ B(x+s,y+s)¥T,(s)p~*ds

for Re(s) > 0.

Theorem 5. The following equality holds true:

A

¥B,(x,y) = B, (x+1,y)+ B, (x,y+1).

Proof. Direct calculation yields

¥B,(x,y) :/Olt"l(l—t)ylg‘l’,7 <—t(1p_t)> dt
:/Oltx(l_t>yt(11—[) £¥n (_t(lp—t)> dt
/Olt"(l—t)y [(1=t)""+7 1] o2y <_t(1p—t)) dt

I
(1=~ 1 (1=1)] ) <_t(1p_[)> dt

1
(=gt (P d/"ll—y‘P R
*(1—1) 571( t(l—t)> t+0t (1—1)" ¥y =0 t
:‘Pép(x—i-l,y)—i-\yl%p(x,y—i-l),

/01
/

which is the result.

Theorem 6. The following summation formula is provided for Re(y) < 1:

¥B,(x,1—y Z O)uy B,(x+n,1).
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Proof. From the definition of the ¢ ¥, -beta function, we obtain

¥B,(x,1—y) —/OltXI(l—t)y;‘I‘n <_t(1p—t)>dt'

With the help of the following series expression

o n

(=07 =Y 0, <1,

n=0

we obtain

)

1 o
Y _ _ % x+n—1 _ p

This completes the proof.

Theorem 7. The following equality holds true:

\Pép(x,y) = Z lPI§ID(x—|—n,y+1).

n=0

Proof. From the definition of the ¢ ¥y -beta function, we get

‘I’Ep(x,y)—/oltx1(1—t)ylé‘P,7 <_t(1p—t)>dt‘

With the help of the following series expression

oo

(1= == Y 1", <1,

n=0

we obtain

Z B, (x+n,y+1),
n=0

which gives the result.

Theorem 8. The following relation is provided for Re(x) > 1,Re(y) > 1:

x,y—l]

—l,y—l].

x*By(x,y+1) = y'Bp(x+1,y)
+2p¥B, I:(ai+ﬁivai)l,§
(Kj+ 1) Kj)1n
—p¥B |:(ai+ﬁi7ai)l,§ X
P+ 1y, k)1
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Proof. (5) equality provides the following equation
¥B,(x,y) =M [f(t:y;p):x]

where

fleyip)=(=t) " H(1=1) £y <_r(1pt)>

and
0, t>1,
H(l_t)_{ 1, <l

The derivative of f (t:y; p) according to the parameter ¢ provides the following equation:

%{f(try;p)}Z—5(1—t)(1—f)y71€‘*’n <t(1_i)>

==y (-1) g (2 )
+M(I—I))’1H(l—t) £y (ﬁ) ,

where £H(1—t) = —8(1—1t) and § represents the Dirac delta §(1—) = §(t — 1) = 0 for ¢ # 1. The relationship
between the derivative of a function and the Mellin transformation is as follows:

Mf(x):s| =F(s) = Af (x):5] =—(s—1)F (s—1).
From here, by arranging, we find that
*(X*I)Wép(xflay) :*(Y*I)Tép(xayfl)
vy | (@it Bi04) ¢
+p'B [ Clx=2,y-2
L+ 155 K5) 10
) “’Bp[(“i+ﬁi’“i)‘vé x—l,y—Z].
(15 K1,
Finally if x replaced by x+ 1 and y replaced by y + 1 we get (8).

3 ¢¥y-generalization of Gauss and confluent hypergeometric functions

We used the ¥y -beta function (5) to define the generalizations of Gauss and confluent hypergeometric
functions as

YB,(b+n,c—b) 7"

wp v (B g R ha
F,(a,b;c;z):= Fp[ a,b,C,Z]Z(a)n Blb,c—b) nl

(W), &)1 =

and

Yo, (bic;z) =T, [(ﬁi’ ai))hé

= YBy(b+n,c—b) "
(W5 Kj)1n nl’

b;c;z]zz B(b,c—b)

n=0

respectively. We call ¥F,(a,b;c;z) as ¢ ¥y-Gauss hypergeometric function and Yd,(b;c;z) as ¢'Wp-confluent
hypergeometric function.

The following two theorems are about the integral representations of ¢'¥'n-Gauss and ¢'¥'n-confluent hyper-
geometric functions.
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Theorem 9. The ¥y -Gauss hypergeometric function has the following integral representations:

P C) 1 /1 b—17q _ \e=b—1(/1 _ _.\—a I 4
Fp(a,b,c,z)— B(b,C—b) 0 ! (1 t) (1 Zt) élPT] t(l—t) dta (9)
- 1 “ 1
v ) b—1 a—c _ \]—a G T -
Fp(a’b’c’z)_B(b,c—b)/o W (14 u) 14 u(l—2)] 5‘Pn< 2p p<u+u)>du,
¥F,(a,b;c;2) = B(bzcb)/z(sm )~ (cos 8)* 2"~ (1—z(sin 9)2)7%‘1‘" (—p(sec8)*(csc)?) do.
(A 0

Proof. Direct calculation yields
> YB,(b+n,c—b) "

\IIA
F,(a,b;c;z) = —
plasbic2) n;)(“)” B(b,c—b) n!

= 1 n
B B(b,l—b) Z’(a)"/o AT ey <_t(1p—t)> %dr

n=0

:B(b,cl’—b)/oltbl(l_tyblélyn <_t(1p—z)>§6(a)" ot
)

1 o b p
:B<b,c—b>/o 0T ey (‘r(l—r)

Setting u = - in (9), we get

. 1 e » 1
WFP(a7b;c;Z>:B(bC-b)A Mbil(l—i-u)aic[]ﬁ‘u(]—Z)} élpn <—2p—p<u+u>>du.

Besides, substituting t = (sin8)? in (9), we have

YE (a,b;c;2) = 2 /2 (sin@)%~!(cos @) 220! (1—z(sin 9)2) 7a5‘Pn (—p(sec 0)*(csc6)?)do.

B(b, Cc— b) 0
Similarly, the ¢¥'n-confluent hypergeometric function is also performed.
Theorem 10. The ¢¥y-confluent hypergeometric function has the following integral representations:

. 1 1
‘Pq) caen) — / b—1 1— c—b—1 zt Wy . p 1
(b c;52) Blb.c—D) J, 77 (1—1) e =0 dt, (10)

. 1 1
¥ Che o) — c—b—171 _ \b—1 _z(1-u) R
D, (b;c;z) Blb.c—b) /Ou (I—u)"""e e¥n ( 7u(1 —u)> du.

In the following theorems, we obtained the derivative formulas of ¢ ¥y -Gauss and ¢¥y-confluent hyperge-
ometric functions with the help of the following equations:

B(b,c—b):%B(b—H,c—b), (11)
(@)1 =ala+1),.

Theorem 11. The following equality holds true:

% {¥F,(a,b;c;2)} = (azzgf)" [Fp(atn,btmctniz)].

§ sciendo


https://www.sciendo.com

Generalized Special Functions defined by Fox-Wright function

155
Proof. The derivative of the ‘Pﬁp (a,b;c;z) according to the argument z is as follows:
d vp = p(b+n,c—b) 7"
b; il
gz U rlabied) {25 B(b,c—b) n!}
_i B,(b+n,c—b) 7!
_n: B(b,c—b) (n—1)!"
Replacing n — n+1, we get
d ru; (@)() & ¥By(b+nt1c—b) 2"
- Fplabiciz)y = 1)n
dz{ plabieid)) (c) nz:‘b(a—i— ) B(b+1,c—b) n!
b) rgn
_(a()c() ) [‘PF,,(CH— 1,b+1;c+1;z)] . (12)

Thus, the general form of the above equation is

c?; {¥F,(a,b;c;2)} = (azzgf)" [YEp(a+n,b+nc+n;z)].

This completes the proof.
Theorem 12. The following equality is provided for Re(b) > 2,Re(c) > Re(b+2):
(b—1)B(b—1,c—b+1)¥F,(a,b—1;c;2)
=(c—b—1)B(b,c—b—1)¥F,(a,b;c—1;2)
—azB(b,c—b)¥F,(a+1,b;c;7)
— pB(b—2,c~b-2)"F, {(“"*ﬁf’“i)l,a
(Kj + M), )1

+2pB(h—1,c—b—2)"F, [(a’+[3”°">1~’3 ,b—l;c—3;z]
(K + M) Kj)1n

Proof. Since B(b,c—b)¥F,(a,b;c;z) is the Mellin transform of

a, b—2;c—4;z]

Junelt:z:p) = (1= (1) H(1=1) ¥y (7 )
t(1—1)
B(b,c—b)*F,(a,b;c;z) has the Mellin transform formula
B(b,c—b)*Fy(a,b;c;2) =M [fupo(t:2:p):b].

Differentiating fa,bm (t:z; p) with respect to t we obtain

A funetizip)} == (c—b-1)(1- >0“<1—zr>“H<1—r>¢wn<‘f<1p—t>>

+az(1_t)c_b_l(1—zt)‘(“+”H(l—t)g‘Pn( (1 t))
—i—Ptlz(l—t)cfbﬁ(l—zt)*aH(l—t) W [(%iﬁj’, ,J)) (ll,t)}

o (S ]
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AL 0 by === D)t {1(0): b1},

(b—1)B(b—1,c—b+1)¥F,(a,b—1;c;2)
= (c—b—1)B(b,c—b—1)*F,(a,b;c—1;2)
—azB(b,c—b)¥F,(a+1,b;c;z2)

— pB(b—2,c—b—2)"F, {(O"JFB““’M ,b2;c4;z]
(Kj+ 1, Kj)1n

Qi+ Bi, 04) ¢
+2pB(b—1,c—b—2)"F, [( ' Sla,b—1;¢-3;z] ,
PB( ) (K5 + M) Kj) 1y

which gives the result.

Theorem 13. The following equality holds true:

jz'; o bea)} = O [F®,(b+n;c+n;2)] .

Proof. The derivative of the \Pci)p(b; ¢;7) according to argument z is

d d [ & ¥B,(b+n,c—b)7"

Yé, (b, L ’ =

zz L Brbied) = dz{z B(b,c—b) n!

> \FB (b+n,c—b) 1
B(b,c—b) (n—1)!

Replacing n — n+ 1, we get

R < YB (b+n c—b)7"
i{wq)p(b?az)}:@z g ((bt—lj_cl—b) )fz!

= [\Pép(b—i— Lie+1;2)]

Thus, the general form of the above equation gives

which is the result.

4" . b, o
Tﬂ{wép(b;c;z)} _ &) (Y, (b+nc+mz)],

Theorem 14. The following equality is provided for Re(b) > 2,Re(c) > Re(b+2):

§ sciendo

(b—1)B(b—1,c—b+1)¥d,(b—1;¢;2)
= (c—b—1)B(b,c—b—1)¥*®,(b;c—1;z)
—2B(b,c—b)*d,(b;c;2)

— pB(b—2,c-b-2)¥®, [(O“+ﬁ”°" lﬁ‘b 2ic—4; z]
(Kj+ 1j, Kj)1n

+2pB(b—1,c—b—2)D L(giiz ‘li’b e 32}
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Proof. Since B(b,c—b)*®,(b;c;7) is the Mellin transform of
otz p)=(1—1) LT H(1—1) Wy | — P
Feltszip) =107 1m0 9 ().

B(b,c—b)¥®,(b;c;z) has the Mellin transform formula
B(b,c—b)q’ﬁ)p(b;c;z):///[fbjc(t:z;p) :b].

Differentiating f}, .(t: z; p) with regard to ¢ obtain
4 {foc(t:zip)} =—(c—b—1)(1—1)""2e"H(1—1) ;¥ P
dr V7 T\ t(1-1)

+z(1-0) e H(1-1) ¢ ¥y <_(lp—z‘)>

1 i iy K —
MR GO R et iaFeer]
(ai+Bu l) 4 :|

) —_— .

1
2p—(1— c—b-3 ZZH 1— Wy
pl( 1) e“H( t)é n|:(1(]—|-‘u],K‘J t(1—1)

Since
AL )by === D) {f(0): b1},
we get
(b—1)B(b—1,c—b+1)¥d,(b—1;¢;2)
= (c—b—1)B(b,c—b—1)¥®,(b;c—1;2)
—2B(b,c—b)*d,(b;c;2)
- - A 4 (az+ﬁual 1,¢
pB(b—2,c~b—2)¥®, [(KJHLJ’KJ ln‘b 2ic— 4z]

(al—i_ﬁl?alli’b 1C 3Z:|

+2pB(b—1,c—b—2)¥®,
PB( ) LK/‘H‘J’K/ )in

which completes the proof.
In the following theorems we obtain the Mellin transform formulas of the ¢'¥'n-Gauss and ¢'¥'y-confluent

hypergeometric functions.
Theorem 15. The following equality is provided for Re(s) > 0:

¥I(s)B(b+s,c+s—b)
B(b,c—D)

M [YEy(a,b;ciz) 15| = 2Fi(a,b+si0425;2).

Proof. By applying Mellin transformation to equality (9), we get

M[¥F,(a,b;c;2) ¢ 5] :/ p* ' [¥F,(a,b;c;z)] dp
0

> YB,(b+n,c—b) b

s—1
n—d
/ Bloc—b) WP
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Substituting u = ;>4 —L

=0 in the above equation gives us

ety =t

Thus, we get

YT (5)B(b+s,c+s—b)

Fi(a,b+s; 28;7).
B(b,C*b) 2 1(a, +s;c+ SZ)

M [‘Pﬁp(a,b;c;z) ts] =
Corollary 16. The following equality is provided for Re(s) > 0:

2F1(a,b+s;c+2s;2)p~*ds.

1 /*i“ YT(s)B(b+s,c+s—Db)

-
Fpla,biciz) = o—
labie=n] B(b,c—b)

Theorem 17. The following equality is provided for Re(s) > 0:

YT (5)B(b+s,c+5—b)

M [FDy(biciz) 15| = Blb.c—b)

D(b+s;5¢+2532).
Proof. By applying Mellin transformation to equality (10), we get

.///[\Pﬁ)p(b;c;z) : s] :/0 p Y, (bie;z)] dp

:/“’ 1w 1B, b+nc b)idp
—b) n!
1 b—1 —b—1 zt /oo -1 —p
=— 1—1)° : ST Wy | —— |dp]|dt.
B(b,c—b)/ot (=07t | P e { ;ayy ) 4P| 4t

Substituting u = ( ) in the above equation we get

ot (‘r(lpﬂ) dp =2 (1= *1(s).

Thus, we have

YT (5)B(b+s,c+s5—b)

M[FDy(biciz) 15| = Blb.c—b)

Db+ 550+ 2532).

Corollary 18. For Re(s) > 0, we have the following equality:

i If(S)B(b+S c+s—>b)
Y 4 ’ —5
P D(b+s;¢+2s; .
p(bsc32) = z/ b, ) (b+s;c+2s;z)p *ds

The following two theorems are about the transformation formulas of ¢ ¥,-Gauss and ¢ ¥y -confluent hyper-
geometric functions.

Theorem 19. The following equality holds true:

Yy (a,byc;2) = (1—2)° [\Pﬁp <a,c—b;b;zl>] .
—
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Proof. By writing

[—2(1—£)] "= (1—2) <1 + th> -

and replacing t — 1 —¢ in (9), we obtain

¥E (a,b;c;2) = B((lb,_CZ)—Z)/Oltc_b_l(l —1)b! <1 — Zitl)aélyn <t(1p—t)> dt.

Then we have

lIII:"p(a,b;c;z) =(1—-z) [lPF <a c—b;b;f)] ,
which is the result.
Theorem 20. The following equality holds true:
Y&, (byeiz) = & [‘P(i)p(c— b;b;—z)].

Proof. From the definition of confluent hypergeometric function, we have

. > ¥B,(b+n,c—b) 7"
k3 Cae ) — p )
Cbp(b,C,Z) —r;) B(b,C—b) E

_ 1 : b+n—1 c=b—1 p
_3(1770—17)/0t (1—1) e Wy ( t(l—t))dt' (14)

Replacing ¢t = 1 —u in (14), we obtain

. 1 1 _
‘I’q) Coe ) — / c—b—1 1— b+n—1 z(1—u) V7] p
(D5 ¢;52) Blb.c—b) ), u (1—u) e ePn (- du
= [Yd,(c —b;b;—2)]

which gives the result.
The following theorems are about the differential and difference relations for ¢'¥'n-Gauss hypergeometric
and ¢ ¥y -confluent hypergeometric functions.

Theorem 21. The following relations hold true:

A [YEy(a,bic;z)] = ‘PF (a+1,b+1;c+1:2) (15)
al, [¥F; p(abie;2)] =2 {‘PFabcz)} (16)
bAb[ p(bic+1:2)] = —cA [¥®,(b;c:2)] (17)
{‘I’cp biez)} = - ‘Pcp (bsc+1;2)—Ac YD (bici2)] (18)

where A, denotes the difference operator defined by

Agf(a,...)=fla+1,...)— f(e,...).
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Proof. Ttis seen from (9) and the difference operator A, that

AEF (a,bic;2) =YF(a+1,b;¢:2) — YF (a,b;c:2)

Z

1
c—b— —a— p
:B(b,cb)/o (1= (1 =) ey, <_z(1t)> dt. (19)

If we write a+ 1,b+ 1 and ¢+ 1 instead of a,b and ¢ in equation (9), we get the following equation:

N 1 1
YE(a+1.b+1:c+1: :/ b(1—) 11—y, (—— P ar 20
(a+1,b+1;c+1;2) BlhT1.c—b) )y t’(1—1) (1—z2)" " ¥y =0 t (20)

Now using (11) and (20) in (19) we get (15). Using differentiation formula (12) proves (16). Using the difference
operator and (10), we obtain (17). Using differentiation formula (13) with n = 1, and considering (17) gives us
(18).

4 Results and Recommendations

In this study, we introduced new generalizations of gamma, beta, Gauss and confluent hypergeometric func-
tions with the help of Fox-Wright function. We also obtained some of their integral representations, Mellin
transformations, derivative formulas, transformation formulas and reduction relations.

When the special cases of these functions are examined, it is seen that these functions are the generalizations
of the following predefined functions which can be found in the literature:

For p =0:
£ ="na [0
B(x,y) ="By {8:8;11 ‘x’y] ’
F(a,b;c;2) ="Fy [8:8;11 a,b,c;z] 7
®(b;c;27) =" Do [88311 b’c;z] '
For p # 0:
Ip(x) =*T [88%11 H |
o) =", [0 o]
Fy(a,b;c;z) =*F, [8:8;11 ‘a,b;c;z} ’
®,(b;c;z) =", [8:8%11 b’c;z} .
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And also for p # 0:

(@.8) LB (a, 1,1 .
F,""(a,b;c;z) _71"(05)WFP [([3, O a,b,c,Z]a
(a.B) _TI'(B) (o, 1)1,
@\ P (b;c:z) r‘(OC)\PQDP[(ﬁ’l)LHb,C’Z]a

where I', B, F and @ are the classic gamma, beta, Gauss and confluent hypergeometric functions; I, B, F), and

@, are the functions defined in [7, 8, 10]; Fg,a’ﬁ ), BE,O"B ), F,Sa’ﬁ ) and CIDE,a’ﬁ ) are the functions defined in [25].

Besides, the generalized beta function described in this study can be used to define similar generalizations of
multivariate hypergeometric functions, which also known as Appell, Lauricella, Horn and Srivastava functions
(see [3,5] and the references therein). Further properties of these functions can be examined and they can also
be used in fractional theory (see for example [2,4,30] and the references therein).
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