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Abstract

In the current paper, we carry out an investigation into the exact solutions of the (3+1)-dimensional space-time fractional
modified KdV-Zakharov—Kuznetsov (fractional mKdV-ZK) equation. Based on the conformable fractional derivative and
its properties, the fractional mKdV-ZK equation is reduced into an ordinary differential equation which has been solved
analytically by the variable separated ODE method. Various types of analytic solutions in terms of hyperbolic functions,
trigonometric functions and Jacobi elliptic functions are derived. All conditions for the validity of all obtained solutions
are given.
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1 Introduction

Fractional differential equations (FDEs) have become under remarkable consideration as being the gener-
alisation form of the differential equations of integer order and due to their roles in the modelling of several
physical processes. Many nonlinear phenomena in physics can be described via FDEs such as chemical physics,
optical fibers, plasma, electromagnetic waves, diffusion processes, vibrations in a nonlinear string and etc [1-5].
Seeking different types of solutions to FDEs for such phenomena has become the subject of interest for re-
searchers. Thus, a lot of powerful mathematical methods have been applied to obtain exact analytic solutions
of FDEs, namely, the extended tanh-function method [6, 7], the exp-function method [8, 9], the sub-equation
method [10, 11], the improved tan(¢/2)-expansion method [12, 13], the (G’/G)-expansion method [14, 15],
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the modified trial equation method [16, 17], the new extended direct algebraic method [18, 19], the extended
sinh-Gordon equation expansion method [20,21], the unified method [22] and so on.

One of the important physical model is the (3+1)-dimensional space-time fractional modified KdV—
Zakharov—Kuznetsov (fractional mKdV-ZK) equation [23-25] of the form

Dlu+ §u>D%u+ D}*u+ D¢Di*u+ DD %u =0, (1)

where 0 < o < 1 and 6 is an arbitrary constant. This model is developed for a plasma comprised of cool and hot
electrons and a species of fluid ions [26]. Recently, Sahoo and Ray [10] have applied the improved fractional
sub equation method with the aid of Jumarie’s modified Riemann—Liouville derivative for space-time fractional
mKdV-ZK equation and they derived exact solutions. Then, the fractional derivatives in the sense of modified
Riemann-Liouville derivative and three different solution methods have been employed by Guner et. al. [27]
to obtain a variety of exact solutions to equation (1). Moreover, using the ansatz method and the functional
variable method, Guner [28] examined exact analytic solutions for equation (1) and constructed singular soliton
solutions. In the two latter studies, the fractional complex transform method is used to reduce equation (1) into
ordinary differential equation (ODE). However, in a recent study, this transformation has been proved to be
incorrect by Herzallah [29]. Subsequently, all obtained solutions by means of this method are wrong.

The present study focuses on investigating the exact analytic solutions to space-time fractional mKdV-ZK
equation using the variable separated ODE method [30,31]. The structure of this work is organised as follows.
In Section 2, we introduce the definition of conformable fractional derivative [32] and its properties which will
be utilised to reduce FDE into an ODE. Section 3 contains the description of variable separated ODE method and
the technique of implementing it to ODEs. In Section 4, the proposed method will be applied to construct the
solitons and periodic wave solutions of space-time fractional mKdV-ZK equation. Then, the behaviour of some
obtained solutions is displayed graphically. Finally, our discussions and conclusions are presented in Section 5.

2 Conformable fractional derivative
Khalil, et. al. [32] introduced a completely new definition of fractional calculus with the limit operator which

is more natural and effective on satisfying some conventional properties than the existing fractional derivatives.
The definition of conformable fractional derivative is given as follows:

Definition 1. Let f : (0,00) — R, then the conformable fractional derivative of f of order o is defined as

DEf(r) = tim LD I

2

forallz >0, o € (0,1).

It is said that if the conformable fractional derivative of f of order ¢ exists, then f is ¢¢-differentiable. The
conformable fractional derivative satisfies the properties shown in the following theorems:

Theorem 1. Let a € (0,1] and f = f(t),g = g(t) be o-differentiable at a point t > 0, then:
1. D¥*(af +bg) =aD¥*f+bD%g, forall a,b € R.
2. D¥(t*) = ut*=%, forall u € R.
3. DY(fg) = fDj*g+ gDy f.

Da_Da
4. D?(Jgj) _ & tfng i 8
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e . _ad
Moreover, if f is differentiable, then D% (f(t)) = t'~¢ (T{'

Theorem 2. Let f: (0,00) — R be a function such that f is differentiable and also a-differentiable. Let g be
a function defined in the range of f and also differentiable; then, one has the following rule:

DY (fg)(t) =1~ (1) f (s(1)), 3)

where prime denotes the classical derivatives with respect to t.

Remark 1. We may use the notation % f for D¥(f(¢)) to denote the conformable fractional derivatives of f
with respect to the variable ¢ of order «.

3 The variable separated ODE method

In this section we shall describe the technique of implementing the proposed method to FDEs in order to
extract exact analytic solutions. Suppose that a nonlinear conformable fractional partial differential equation,
say, in four independent variables x,y, z and ¢ is given by

A% % % 9% 9*%u 9*%u %%y %%y

P
(u, 01% Jx%’ Py’ 970 G4’ 9y2a’ gy2a’ g’ )

=0, 4)

where u(x,y,z,t) is an unknown function, P is a polynomial in « and its partial derivatives, in which the highest
order derivatives and nonlinear terms are involved. This method consists of the following steps:
Step 1. Using the wave transformation

o o o o

X y Z
1) = =ki—+hky—+ks—+Vv— .
M(-xay7zv ) ¢(§)7 é ](x + Za + 3(X + a’ ( )

where ki, k;, k3 and v are constants to be determined later, one can find

&—v% &— % &— % &— % azau—vzdzi (6)
Jte — TdE’ ox®  'dE) gyx  PdE’ 9% PdE’ ore | dEY
Employing (5) and (6), equation (4) is reduced into the following ODE
dp  d¢  d¢p  d¢ ,d’¢ ,d*¢ ,d%¢ ,d%¢
P — ki—k— ks—, V" — k| —= k5 —— k5 —,...) = 0. 7
(¢7vd§7 ldgv Zdév 3d§7v d§27 1d€27 2d§27 3d§2a ) ()

Step 2. Assuming that equation (7) has the solution of the form

N
0(8)= Y a(d+F(&)), ®)

j=—N

where a_y or ay might be zero, but both of them could not be zero simultaneously. The coefficients a; (j =
0,£1,+2,...,4£N) and d are constants to be determined, whereas F (&) satisfies the general elliptic equation of
the form

F(&) =co+c1F(§)+aF (&) + e3F> (&) + cuFH (&), )

where ¢; (i = 0,1,2,3,4) are constants. Recently, Sirendaoreji [31] presented five classifications of solutions
for equation (9) in accordance with the presence of coefficients ¢; (i = 0,1,2,3,4) and they are given as: (1)
c0=¢c1=0,2)c3=c4=0,3)c1=c3=0,(4) co =c4 =0, and (5) ¢9 = 0. Herein, we only concentrate on
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two cases which are Case I ¢y = ¢
cases are exhibited as follows.

Casel.co=c; =0:

R(6)=

where A = c3 4cocy, € = £1.

CaseIl.c; =c3=0:

=0 and Case II ¢; = ¢3 = 0, for convenience. Solution structures of both

2
@ A0, >0,
€V Acosh(\/c28) —c3
2
=2 JA<0, ¢ 0,
—Asinh(y/c2&) — 3
2
- @ JA>0, ¢ <0,
eV Acos(/—c26) —c3
2
@ JAS0, ¢ <0,

"~ eVAsin(yv—cE) — 3

= —Cj [l—l—stanh <ﬁ§>:| s A:O’ (&) >07
c3 2
= —2 |:1+8C0th <\/C>25>:| 3 A:OJ 2 >O7
c3 2
£ 0,¢4>0
—_— C C.
\/aé, 3 s C4 )
dcs
- :0
62 4C4 €2 ’

=¢&,/— e anh( —§> A1 =0,0<0, cqg >0,

Fio(§) =¢ 2cc4 0th< —22§>7A1=0, 2 <0, ¢4 >0,
Fui(§)=¢ ;ian< ?é)aAF:QCZ>QC4>Q

c
Fp(§)=¢ 2724 ( J§>,A1=0,cz>0,c4>0,

2 2.2

—Com —C) com
F S =27
13(§) C4(m2+1)sn< m2+1§>,co C4(m2+1)2,C2<0,C4>0,
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Fiy(&) = 64(;;122’71_21)%( 2m2_1§> _%,czm,mw, (23)
Fis5(& 2 mz ( 7 m2 > OZM,CQ>O,C4<O, (24)
Fis(€) = ’% _2C2 ZLZZ ) , o= 4‘%T422, ¢2<0,¢4>0, (25)
)1 +dn —c2§> c4(2—m?)
n (et
F7(8) = % C4(12_C2:2m2) HECH( 22';!;;2&> co = dea(l C_%zmz)y ¢ >0,¢4 >0, (26)
Fis(€)=¢ (—i?) % ds ((—4c0c4)izg, ?) , e2=0, coes <0, 27)
Fio(&) =¢ (2)31 [ns (2(COC4)i§ ) toes (2(COC4)i§7‘£§>] 2 =0, coca >0, (28)

where Aj = ¢3 — 4cocs, € = +1. Here, sn(&) = sn(&,m),cn(&) = cen(&,m),dn(€) = dn(&,m) are called the
Jacobian elliptic sine function, the Jacobian elliptic cosine function and the Jacobian elliptic function of the third
kind and 0 < m < 1 is the modulus of Jacobian elliptic function. The other Jacobian functions are generated by
these three kinds of functions as follows:

ns() = 1/sn(§), ne() = 1/en(G), nd(§) = 1/dn(5),
sc(§) =sn(6)/en(§), sd(§) =sn(G)/dn(§), ¢ (5)—Cn(€)/dn(é),
cs(§) =cen(§)/sn(§), ds(§) = dn(G)/sn(5), de(§) = dn(G)/en(E). (29)

Step 3. The value of the positive integer N can be determined by balancing the highest order linear terms
with the nonlinear terms of the highest order emerging in equation (7).

Step 4. Substituting (8) and (9) into equation (7), we collect all terms with the same power of (d + F(&)).
Equating each coefficient of the resulting polynomial to zero, yields a set of algebraic equations for a; (j =
0,£1,£2,...,£N),¢; (i=0,1,2,3,4), k; (I=1,2,3),d and v.

Step 5. Substituting the values of the constants obtained by solving the algebraic equations extracted in Step
4 together with the solutions of equation (9) into (8), we arrive at different types of solutions for equation (4).

4 Application of the method to the (3 + 1)-dimensional space-time fractional mKdV-ZK equation

Now, we aim to solve the fractional mKdV-ZK equation (1) by applying the variable separated ODE method
described above. Thus, to deal with the complex form of equation (1) we will reduce it to an ODE using the
transformation (5). The substitution of the transformation (5) into equation (1) leads to

Vo' + 8k 9?0 + ki (kT + K5 +k3)9" =0, (30)
where prime denotes the derivative with respect to £. Integrating equation (30) once with respect to £, we obtain
vo +A¢> +B¢o" =0, (31)

where A = 8k /3, B = ki (k} + k3 + k3) and the integration constant is taken to be zero. Now, we assume that
equation (31) has a solution in the form of equation (8). The homogeneous balance between the term ¢” and the
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term ¢> in equation (31) gives rise to N = 1. Hence, the solution to equation (31) is given in the form

9(8) =

a—
(d+F(S))

where a_1, ag, a; are unknown constants to be computed. Substituting equation (32) into equation (31) and
using equation (9), we obtain polynomials in (d + F(&))/ and (d + F(&))~/, (j = 0,1,2,3). Collecting all
coefficients of identical power of the resulting polynomials and equating each coefficient to zero, yield the
following set of algebraic equations

+ap+a(d+F(&)), (32)

B(2a_yc4d* —2a_yc3d® +2a_1crd* —2a_jc1d +2a_1cy) +Aa® | =0, (33)
B(—6a_jcsd® + ga,mdz —3a_jcd + %a, 1¢1) +34d% 1ap = 0, (34)
B(6a_jcyd* —3a_ic3d +a—1c2) +A(3a* jay +3a_1ad) + va_; =0, (35)
B(—2a_jc4d + %a_lc3 —ajcyd + %alcw’z —2aycqd’ + %alcl) +A(6a_apa —l—aé) +vay=0, (36)
B(—3ajc3d +6aycsd® +ajcr) +A(3a_jat + 3a(2)a1) +va; =0, (37)
B(—6ajcsd + %am) +3Aayat =0, (38)
2Bajcy +Aa} = 0. (39)

Solving equations (33)—(39) gives the following cases of solutions.

Case L. In this case, co = c; = 0. This case has seven different sets of coefficients for the solution of equation
(32) displayed as follows.

Set L. ap = —d\/—zx‘B, ay = \/—ZC:B, a1=0,v=—cB,c3=0

6c; (k? + k% + k2
u(x,y,z,t):e\/ 2 ‘;ﬁ 3)sech(\/a.§), (40)
where ¢; > 0and 6 > 0.
605 (K2 4+ k2 4+ k2
u(x,y,z,r):e\/— o 12 2* 3)csch<¢c35), 1)
where ¢ > 0and 6 < 0.
6¢o (k2 + k2 + k2
u(x,y,z,t>=e\/ 2 1;” 3)560(\/—025)7 (42)
60y (K2 + k2 + k2
u(x,y,z,r)—e\/ 22 ”;ﬁ 3)05‘3(\/—025)7 (43)

where ¢; < 0 and 8 < 0. In solutions (40)—(43), & = k1% + ka2 + k3% — coky (K3 + K3 +K3) 2.

_ (C3—4C4d) _ 2c4B _ _ 2c4B _ __ B _ é
SetII-aO— 4C4 A 7a1_ A ’afl_oﬁv_ 2 7C4_402

1 6¢y (k? + k2 + k2 1

u(x,y,z,t) = ~€\| — ca(ki+h+ 3)tanh —Jaé ), (44)
2 ) 2
1 6¢ (k% + k2 + k? 1

u(x,y,z,t)—ZS\/— el 1—; 2+ 3)coth (2\/02§>, (45)
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where ¢; >0, 6 <0and & :kl% +k2% —i—l@%—k%(k%—k%—i—k%)%

_ _(s-4cd) [ 2eB _ glea2ad) [ 2B |, _ B . _ G
Set I1I. ay = dcs A ,a1=0,a_1=d 2ca 12 V=73 ,C4—402

u(eyat) = 1 _602(k + K3 +K3) e2+ (2 — c3d) tanh (5./2§) 46)
RERE) 8 (c2—c3d) +catanh (3,/c2€)’
u(ry,2,1) = 18 _6cz(k%+k%+k§) 2+ (c2 — cad) coth (3/02€) @7
e 2 0 (Cz—Cg,d)—l—CzCOth(%\/ag)’
where ¢; >0, 6 <0and & :kl’% +k2% —i—l@%—k%(k%—k%—kk%)%.
SetIV.ag = —\/ZA—B(cz—a;dz), a1=0,a_1=d %B(cz—mdz), V=—0B, 3= zdﬂ
This gives us the solutions (40)—(43).
SetVao :()7 a) = —26237 a_q :d2\/ 2648 , V —2C2B c3 = 72, C4 = ﬁ
M@yzﬂzlg_ﬁq@ﬂ%%%@LHmﬁ@¢6ﬂ 48)
IRARS) 2 s tanh(%ﬁf,) 3
o)< Loy ST E) Lot (1) o
#4073 5 eon(lvag) |
where ¢ >0, § <0and & = k% + k> + k3% + 202k (I3 + 13 +13)
Set VI.ap =0, a; = — —2‘/';‘3, a—i =d2\/—2‘,'T4By V=—0B,c3=%,ca= 1
u@yu%:% 602 (K} +K3 +K3) sech? (3/c2§) 50)
R 2 1) tanh(%f )
o)< L[S ) () o
220 =3 v

where ¢ >0, 8 <0and & = k1% + koo + k3% — oy (K3 4+ K3 +43)

_ 2c4B _ 2c4B ) 2c4B _ _ _ C
SetVII.ao_—2d,/— A4 , a1 =1/ — X ,a_l—d \/— X ,V——402B,C3—72,C4——ﬁ

60, (k2 + k2 + k2 1
u(x,y,z,r)zzs\/ alithth) > : (52)
0 2cosh” (\/c2&) —

where ¢ > 0and 6 > 0.

6¢ (kT + k3 +K3) 1
=2 53
u(x%,y,2,1) 8¢ B 2c0s? (v/—c2&) — 1 63

where ¢; < 0 and 8 < 0. In solutions (52) and (53), & = k1< 7 Sy 7 —i—k;— —4eorky (k2 +k2 +k2)
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Case II. In the second case, ¢; = ¢3 = 0. This case has five different sets of coefficients for the solution of
equation (32) shown as follows.

SetLag=—d\/—248 a1 =/-2%8 4 1 =0,v=—cB

6¢2 (k3 + k3 +k3)
= 4
u(x,y,z,t) sm\/ S+ 1) sn m2+ 15 (54)
where ¢y = %, ¢ <0and 6 <0. As m — 1, solution (54) reduces to
3co (k3 + k2 + k2
u(x,y,z,t) =€ (ki +k+ 3)tanh —C—zé . (55)
9] 2
62 (k2 + k3 + k3)
u(x,y,z,t) = em\/ SnE 1) cn 2m2 5 (56)
where ¢y = %, ¢cp >0and 6 > 0. As m — 1, solution (56) reduces to solution (40).
6C2 (k% + k% + k%) )
t) = d — 57

¢y >0and 6 > 0. As m — 1, solution (57) reduces to solution (40).

2 [3ea(k}+k3 4k3) S“( T ‘5)
m 52— ) E (58)
(2—m 1+8dn< e é)

cZ(1—m?)
where co = m,

u(x,y,z,t) = €

where ¢y = %, c» <0and 6 <0. As m — 1, solution (58) becomes
3¢y (k3 +k3+k3)  tanh (/-2
()C y,Z7t):8 C2( 1+ 2+ 3) ( ng) ) (59)
K 1+ esech (v —=2c2€)
2¢)
3cy (k3 4 k2 + K2 Sn( zé)
(w3 2,1) = 8\/— athih) =, (60)
(1-2m2) 1+scn( 1,22?,125)
where ¢y = ﬁ, ¢, >0and 6 < 0. As m — 0, solution (60) degenerates to
3cy (k3 +k3+k2)  sin(y/2
u(x V.2 f) —et/— CZ( 1 + 2+ 3) ( C2§) , (61)
B 1+ ecos (v2e2€)

and as m — 1, solution (60) reduces to solution (59). In solutions (54)—(61), & = k; % +k2% + k3 % — ok (k% +
BR)G

SetILay=0,a1=0,a_1=1/-2% v=—0;B,d=0

_ . [6ealk] +i5+K3)
u(x,y,z,1) —8\/ ST 1) ns m2+1§ (62)
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where ¢y = %, ¢y <0and § <0. As m — 0, solution (62) degenerates to solution (43) while as m — 1,
solution (62) reduces to
3¢y (k3 + k2 + k2
u(x,y,z,t) =€ (ki + K+ 3)coth —C—zé . (63)
o 2
6c2(m? —1)(k2 + k3 + k2)
t)= 64
u(x,y,z, ) 8\/ 5(21’)12—1) ne 2m 2_15 ( )

cEm?(m*—1)

a1 €2 >0and 0 > 0. As m — 0, solution (64) degenerates to solution (42).

_|6ea(1—m?) (k3 + kS +Kk3)
u(x7yaz’t)_8\/ 5(2—1’}’12) nd

where ¢y =

5) (65)

2m2

2012
whereco:%,cz>0and5>0.

2cy
3 k2 k2 k2 1+é&dn [ g
(x,y,z,t) _ 8\/ CZ( 1 + 2 + 3) ( - ) (66)

6(2—m?) sn( 2c2 §> ’

where ¢y = %, ¢y <0and § <0. As m — 0, solution (66) gives rise to solution (43) and as m — 1,
solution (66) changes to

u(t,y,2.1) = 8\/302(1(%—}—1(% +k§) 1+ €esech (\/—262§).

67
0 tanh (v/=2c2€) (67)
2cy
3co (k2 + k2 + k2 1+e€cn ng
(e =gy —2l B EE) /s ) (68)
6(1—2m?) ( 2¢) 5)
—2m?
where ¢y = ﬁ, ¢y >0and 6 < 0. As m — 0, solution (68) transforms to
3¢y (k2 4+ k3 +k3) 1+ ecos (/2
()C .2 I):S o CZ( 1+ 2+ 3) + COS( 025), (69)
0 sin (v/2¢2€)

and as m — 1, solution (68) degenerates to solution (67). In solutions (62)—(69), & = k; % + kz% + k_o,% —
Czkl (k% —|—k§ + k%)%

2 B _ _ (e 42c4d?) 2e.B |, _ &
SetIIl. ag = —d n 1—0,a,1—T —= ,v——czB,co—ﬁ

u(x,y,z,1) s\/6cz(k%+k§+k§)\/?204+\@C4dtanh(\/_7022g)
y Yol ) =

7 70
5 2ead +/=2erea tanh (/= FE) "

ux t>—s¢ 6ca(kf 415 1K) V/=eacs + V2esd eoth (= 5E) -
Y Z,l) = o 2C4d+\/T2c4COth(\/_7%€) |
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where ¢ < 0, ¢4 > 0 and 6 < 0. Note that when d = 0 solution (70) converts to solution (63) whereas solution
(71) turns to solution (55).

T+ Kk +43) V2cqdt aE)
u(x,y,z,t):g\/_6C2(k1+k2+k3)\[04 an(\/;f) m’ .
S Vaaatn({/58) +2d
24 k2 4+ k3) V2cqd cot (/ZE) -
u(x,y,z,t):g\/_6C2(k1+k2+k3)\[C“ co (\/Zg) \/m’ .
0 V2ercseot (y/56) +2eud

where ¢ > 0, ¢y > 0 and 8 < 0. In solutions (70)~(73), & = ki + koo + ks — coky (k + K3 +K3)

Set IV. ag = — 31/~ 2L (c2 +2c4d%), a1 =0, a_y = dy/ 2 (2 +2c4d?), v = B(e2 — 6cad?), co = cad®

(74)

u(xvyaz7t) =&

m+1\/_6cz(k%+k§+k§)l—v—’"sn( mz+15)
2 S0 +1) 1y (/=)

02<0,8>0and & = k1% + ko ka4 TP (2 LR 4IRS Asm— 1,

csm?
ca(m2+1)2? 2(m2+1)

solution (74) becomes

where co =

2 2 2 1—1i h /2
u(x,y,z,t) :8\/_3C2(k1+k2+k3) l.tan ( 25) (75)
0 1+itanh (\/—%&)

where & = k% + k¥ 4 ksl — ook (K2 + K3 + K3)
converts to

Using the relation tanh(0) = —itan(i0) solution (75)

L
o

B _3cz(k12—|—k§+k%) l—i-tan(\/%é)
u('x7y7zvt)£\/ 6 l—tan(\/%é)’ (76)

where ¢; > 0and 6 < 0.

8\/m2—1+m\/_6cz(k%+k§+k%)1_\/_\/mm21 ( i 15)

1) = 77
I/l(x7y7Z7) 2 6(21112—1) e p g ( )
1 ¢ m2 1
AEm?(m2— X% o o 2m2— mv/m2—1
where ¢ = U 63 >0, 5 <0and & = k% +holy +hay + 2SIt o (12 42 4 K3) 5
Vi—m? 2 242y 1= —7Ldn< 622§>
u(x,y,z,t) = € Lom +1\/—6cz(kl+ 2 1K) L — (78)
R 2 5(2—m2) 14 _ 1 dl’l( [ é)’
VT Vi 2
(1—m? x% o o —m?—6v/
whereco:af((zlfimz))z,02>0,5<0and§:k13+k2%+k3% 2= 2(26m2) “eoky (B + 13 +13)5.
2¢p _ 2¢y
u(xyzt):8\/_3C2(1_m2)(k%+k%+k§)1+8cn< it~ i) 19
o SU=2m) ieen(\fi8) +on (/iZmg)
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where ¢y = ﬁ, c2>0,0<0and § =k —i—kza +k3——(1+m )czkl(k2+k2+k2) .Asm—0,

solution (68) transforms to

(x,,2,1) —s\/_3cz(k%+k§+k%) 1+ ecos (v/2c2€) —sin (v2c2€)

0 1+5005(\/E§)+sin(\/5§)’ (80)
where § = k1% —i—kza +k3*—02k1(k2+k2+k2)
(x Zt)_gd\/_3c4(k%+k%+k§)I—Mds(d\/jc@’\zﬁ> o
o 0 L+ V=2ds (dy/=2e8, )
where co =0, ¢4 <0and 6 > 0.
(x,3,2,1) :sd\/_3c4(k%+k§+k§) 1—ns (2dy/eaE, 3) —os (24 /€, ) o

6 1+ns<2d\/a§, 2)—&-08(20»'\/&‘:7 2)

where ¢ =0, ¢y > 0 and § < 0. In solutions (81) and (82), & = k1%s + ko2 + ks & — 3ead®hy (K} + K3 +K3)

SetV.ap=0, a; = —2623, a_| = 1/—2623, V=B(6,/C()C4—Cz), d=

6 k2 k2 k2 l—msn ( 2 15)
u(x,y,z,t)ze\/ C2( 1+ 2+ 3) T om+

; (83)
o(m?+1
(m ) SH( m2+1€>
2,2 o o2 o
where ¢y = %, cr <0, 6 < 0 and é = kl% —i—kz% +k3% 6mm2ri1 C2k1(k2+k2 —‘rkz)ta. Asm — 0,

solution (83) converts to solution (43) while as m — 1, solution (83) degenerates to

2 2 2 2 )
M(x,y,Z,I)ZS\/?)CZ(kl +k2+k3) SeCh ( 26)7 (84)
0 tanh (\/—%&)

where & =k < —i—kz% +hs S+ 200k (K + K3 +K3) 5

. )_8\/6cz(k%+k§+k§) Vi =T—men? (| [5e¢)

(85)
2 bl
o(2m?>—1) ( e 6)
2202 o o o
where co = % c2>0,8>0and & = k% kol 4 ky 4 OV g (k3 4 K3 4 K3) L As
m — 0, solution (85) converts to solution (42) while as m — 1, solution (85) degenerates to solution (40).
602 (K2 4+ K2+ k2) V1 —m? —dn’ ( zfinzé)
(v,y,2.1) =€ " : (86)
6(2—m?) dn( 622§>
n

where ¢g = S0 6,50, 6> 0and & = kil + kol +ha %y + VL2001 (B 4B +R)y . Asm— 1,

solution (86) reduces to solution (40).
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3ea (k3 + k3 +K3) 2¢;
t)=12¢&y/— 87
u(x,,z,t) \/ s -2 "\ ViTames ) (87)

2>0,8 <0and & = k1% 4 koo 4 ks 4+ 250 0k (2 + I3 +K3) . As m— 0,

where ¢o = 0 1-2m2

)
4 1—2m2)2 ’
solution (87) reduces to

2 2 2
u(x,y,2,t) = 28\/ dalk fs'% H) cse (v2e). (88)

tO{

where & =k % + kz%a + k3% + 2¢7k; (k% + k% + k%)a. As m — 1, solution (87) becomes

ey (k2 + k2 + K2
u(x,y,z,t):28\/ el 14; 27K5) o (\/—2@5), (89)
where ¢ <0, § <0and & = ki + k¥ + k3% —derky (kK2 + K3 +K3) 0.
ey (k3 + k3 +K2) 2¢;
1) =2¢ ds [ /- 90

where ¢y = %, c2<0,0>0and & = k1%+kz% +k3%+ 42’"_2n;22czk1 (k%+k%+k§)%. As m — 0,

solution (90) turns to solution (43) while as m — 1, solution (90) reduces to

3co (k3 + k2 + k2
u(x,y,z,t)zze\/ el 1—:5 2+ 3)csch (\/—2cz§), 91)
where ¢; <0, d <0Oand & = kl% —HQ% +k3% +2c02ky (k% +k% +k§)%.
a2 (0 1/4g V2
o 14 3(k2+ I3+ K2) 1+ 2ids (( degey) HE, 2)
u(x,y,z,t) = €(—coca) 5 7 , (92)
dn ((—4COC4)1/4§, 7)
where ¢, =0, cpcy < 0and 6 > 0.
2
s |6y 1+ (s (2Aeocs)! V4, 22) + s (2coen) 2. ) )
u(x,y,z,t) = S(COC4) - K V2 V2 ’ (93)
ns <2(COC4)1/4§7 72) +cs (2(6‘06‘4)1/457 72)

where ¢, =0, cgcs > 0and § < 0. In solutions (92) and (93), & = k15 +ko > + ks & +6,/Cocaki (kK] +K3+K3) L.

In what follows, we depict the dynamics of solitons and periodic waves in the model of the (3+1)-
dimensional space-time fractional modified KdV-Zakharov—Kuznetsov equation to show a clear understanding
of the physical properties of obtained results. The numerical results of some of the derived solutions are exhib-
ited by selecting different values for the constants €,8, o, ¢, and k; (I = 1,2,3). For example, the 3D and 2D
plots of the bell-shaped solitary wave solution (40) are displayed in Figure 1 with € = 1,k; = 1,k = 1.2,k3 =
2.2,¢p =1.5,0 = 2.5 when a = 0.95. Figure 2 shows the 3D and 2D plots of the kink-shaped solitary wave
solution (44) fore = —1,k; =0.2,ky = 1.5,k3 = 0.25,¢, =0.5,6 = —1.2 when a = 0.9. In Figure 3, the 3D and
2D plots of the singular soliton solution (49) are depicted for € = 1,k; = 0.5,k = 1.5,k3 =0.3,c, =1.3,6 = —1
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0 2 4 6 8 10

x=1 x=2 —— x=3 —— x=4 —— x=5

(a) 3D (b) 2D
Fig. 1 The solitary wave solution (40) for k; = 1,kp = 1.2,k3 =2.2,¢c0 =1.5,6 =2.5,a = 0.95.
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Fig. 2 The kink wave solution (44) for k; = 0.2,ko = 1.5,k3 =0.25,¢, =0.5,6 = —1.2,¢ = 0.9.
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Fig. 3 The singular soliton solution (49) for k| = 0.5,k = 1.5,k3 =0.3,c, =1.3,6 = —1,0¢ = 0.95.

when o = 0.95. Further to this, the 3D and 2D plots of the singular periodic solution (69) are described in Figure
4fore=1,kj =1,kp =0.5,ks =1.5,co =2,6 = —0.5 when a = 1. Figure 5 shows the 3D and 2D plots of the
singular periodic solution (88) for € = 1,k; = —1.5,k; =0.75,k3 = 1,c; = 1.1,6 = —1.2 when a = 1. Figure 6
presents the 3D and 2D plots of the singular soliton solution (91) with € = —1,k; =0.5,k; = —0.5,k3 =0.5,¢c, =
—12,6 =—1.5whena =1.
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~504

-100

-150-

x=3 —— x4 x=5

(a) 3D (b) 2D
Fig. 4 The singular periodic solution (69) for k; = 1,ky =0.5,k3 =1.5,¢c; =2,0 =—-0.5,ax = 1.
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Fig. 5 The singular periodic solution (88) for k; = —1.5,k =0.75,ks =1,co =1.1,6 = —1.2,a = 1.
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Fig. 6 The singular soliton solution (91) for k; = 0.5,k = —0.5,k3 =0.5,co =—-1.2,6 = —1.5, = 1.

Remark 2. All of the results are calculated by using Maple, when # = 1 and z = 2 with the interval 0 < x, y < 10.
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5 Conclusions

In this study, we have investigated the exact analytic solutions to the (3+1)-dimensional space-time fractional

mKdV-ZK equation. By means of conformable fractional derivative and wave transformation, the fractional
mKdV-ZK equation is changed to an ODE. Then, the resulting ODE is solved by applying the variable separated
ODE method. All obtained solutions are verified by utilising symbolic computation. To shed light on the
behaviour of extracted results, some of derived solutions are displayed graphically. Moreover, it is found that
the implemented method is a powerful mathematical tool for solving ODE and provides more exact solutions
such as solitary, kink and periodic waves. Consequently, it can be applied to different physical models to generate
various types of solutions.
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