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Abstract

This paper deals with a class of backward stochastic differential equation driven by two mutually independent fractional
Brownian motions. We essentially establish existence and uniqueness of a solution in the case of stochastic Lipschitz
coefficients. The stochastic integral used throughout the paper is the divergence-type integral.
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1 Introduction

Backward stochastic differential equations (BSDEs in short) were first introduced by Pardoux and Peng [7].
They proved the celebrated existence and uniqueness result under Lipschitz assumption. This pioneer work was
extensively used in many fields like stochastic interpretation of solutions of PDEs and financial mathematics.

Few years later, several authors investigated BSDEs with respect to fractional Brownian motion (Bfl ) >0
with Hurst parameter H. Since B is not a semimartingale when H # %, we cannot use the beautiful classical
theory of stochastic calculus to define the fractional stochastic integral. It is a significant and challenging prob-
lem to extend the results in the classical stochastic calculus to this fractional Brownian motion. Essentially, two
different types of integrals with respect to a fractional Brownian motion have been defined and studied. The first
one is the pathwise Riemann-Stieltjes integral (see Young [10]). This integral has a proprieties of Stratonovich
integral, which leads to difficulties in applications. The second one, introduced in Decreusefond and Ustunel [3]
is the divergence operator (or Skorohod integral), defined as the adjoint of the derivative operator in the frame-
work of the Malliavin calculus. Since this stochastic integral satisfies the zero mean property and it can be
expressed as the limit of Riemann sums defined using Wick products, it was later developed by many authors.
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Recently, new classes of BSDEs driven by both standard and fractional Brownian motions were introduced
by Fei et al [4]. They established the existence and uniqueness of solutions.

In this paper, our aim is to generalize the result established in [2] to the following equation called fractional
BSDE under stochastic conditions on the generator:

T T T
A / S50 YorZ1 3,75 — / 2y~ [zt e (o) (1.1

t

where <Bﬂ) o and (Bg?) . are two mutually independent fractional Brownian motions. The novelty in
9 IZ il tZ

these types of stochastic equations lies in the fact of coupling two mutually independent fractional Brownian
motions. In this work, the authors established some properties of solutions of a fractional BSDE with Lipschitz
coefficients. By the help of the fixed point principle, we establish existence and uniqueness of solutions.

The paper is organized as follows: In Section 2, we introduce some preliminaries, before studying the
solvability of our equation under Lipschitz conditions on the generator in Section 3. Using this result, we prove
existence and uniqueness of the solution with a coefficient satisfying rather weaker conditions.

2 Fractional Stochastic calculus

Let us assume given two mutually independent fractional Brownian motions B ¢ {B{{' ,Bg 2} with Hurst
parameter H > % is given.
Let Q be a non-empty set, .# a 6—algebra of sets Q, P a probability measure defined on .% and {.%;, t € [0,T]}
a o—algebra generated by both fractional Brownian motions.
The triplet (Q,.%,P) defines a probability space and E the mathematical expectation with respect to the proba-
bility measure P.

The fractional Brownian motion B is a zero mean Gaussian process with the covariance function

EBIB =~ (P + 5 — |t —s*"), 1,5>0.

| =

Denote ¢(t,s) = H(2H — 1)|t — 5?72, (t,s) € R%.
Let £ and 1) be measurable functions on [0, T]. Define

en= [ t /Ot¢(u,v)§(u)n(v)dudv and [E]2 = (£.£).

Note that, for any z € [0, T], (£, 1), is a Hilbert scalar product. Let 7 be the completion of the set of continuous
functions under this Hilbert norm |[-||, and (&,), be a sequence in % such that (&;,&;),. = &;;.

Let 2% be the set of all polynomials of fractional Brownian motion (Bf{ ) Namely, ¥ contains all
elements of the form

t>0°

F(w) :f(/OTgl(t)dBﬁ,/Ong(z)dB{f,...,/OTgn(t)dBﬁ)

where f is a polynomial function of n variables.
The Malliavin derivative D¥ of F is given by

D?F:j_iaa;;</OT§1(t)dBfl,/0T§2(t)dBf{,...,/OTén(t)dBf{> Ei(s), 0<s<T.
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Now we introduce the Malliavin ¢-derivative D¥ of F by
T
DFF = / ¢ (t,s)DY Fds.
0

We have the following (see[ [5], Proposition 6.25]):

Theorem 2.1. Let F : (Q,.#,P) — S be a stochastic processes such that

T T
1«:(||F||§+/O /O ymfmzdsdt><+oo.

Then, the Ito-Skorohod-type stochastic integral denoted by fOT F,dB exists in L? (Q,.7,P) and satisfies

T T 2 T T
E(/ F,dBf)zO and E(/ deBf?) :E(HFH%Jr/ / Dgfﬁmﬁmdsdz).
0 0 0 0

Let us recall the fractional It6 formula (see[ [4], Theorem 3.1]).

Theorem 2.2. Let 01,0, € J& be deterministic continuous functions. Denote

t t !
X, = Xo+ / o(s)ds+ / o1(s)dBt" / 03 (s)dBL2,
0 0 ' 0 '

where Xy is a constant and (t) is a deterministic function with fé loe(s)|ds < oo
Let F(t,x) be continuously differentiable with respect to t and twice continuously differentiable with respect to
x. Then

F(t,X,) = F(0,Xp) + /a (s,X5) dsqL/(9 (s,X5)d

" 9%F

L2 x| Lo+ Lol ds, 0<i<T.
[ G [ lal+ 4 2||s] s 0si<

Let us finish this section by giving a fractional It chain rule (see[ [4], Theorem 3.2]).

Theorem 2.3. Assume that for j = 1,2, the processes [j, Q; and ¥}, satisfy

E [/OTHJ?(S)ds+/()T OCJZ(S)dS—i—/OT ﬁf(s)ds] < oo,

Suppose that D" at;(s) and D29, (s) are continuously differentiable with respect to (s,t) € [0,T]? for almost all
o € Q. Let X; and Y, be two processes satisfying

X; = Xo—i—/‘u] ds—i—/ OC]()dB +/ 191()‘13257 0<tr<T,
0
Y, = Y0+/[.L2 dS+/ 062 dBH1+/l92 des, 0<t<T.
If the following conditions hold:

T T
E[ / |ID>,H‘a,~(s)|2dsdt]<+oo and E[ / yD{’Zﬁi(s)yldsdz]<+oo
0 0
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then

t t
XY, = XoYo +/ X,dY; —I—/ YidX;
0 0

t
+ / [0 (5)DIY, + an(s)DH X, + 01 (5)DP2Y, + O ()2, dis,
0
which may be written formally as

d (X,Y,) = X,dY; + Y,dX, + [al (DY, + ap (1)DI' X, + 4 (1) D2y, + m(t)oﬁzx,} dr.

3 Fractional BSDEs
3.1 Definitions and notations

Let T > 0 be fixed throughout this paper. Let { 1 t} 0] and {Bgﬁ} 0] be two mutually independent
telo, ") telo,

fractional Brownian motions processes, with respectively H; > % and H, > %, defined on a probability space
(Q,.Z,P). Let N denote the class of P-null sets of .%
we define .

2

B vyfT , selo,7],

Fs =Py,
where for any process {y; };>0, -Z, 37 =o{y,— vy, s<r<t}v.s.

For every .# —adapted random process o = (a(t)),~, with positive values, we define an increasing process

(A(1)),> by setting A(r = Jyo?
For a fixed B > 0, we will use the following sets:

‘5;51([0, T] x R) is the space of all ©''>-functions over [0, 7] x R, which together with their derivative is of

polynomial growth.

Z*(B,Z:,R) = {é :Q — R| & is Z, — measurable, E[¢PAT) |£]7] < +°°},

Yior) = {Y — (1) weE"2([0,T] xR), 2 is bounded, ¢ € [O,T]},

B
Y11

and 7/[ a.p 7] are the completion of ¥ 7| under the following norm

T 1/2 T
HYHaﬁ—(E / a2<r>eﬁA<f>\m2dr) , uzuﬁ—(E / eﬁA<’)|zfert)
0 0

o B2(0,T),R) = Toh x Vb

1/2

x“//ﬁ

0.7] is a Banach space with the norm

1V, 21, 2) 1% = 1Y 175 + 121115 + |22l
Let us consider
t t t
M=o+ /O b(s)ds + /0 o1 (s)dB!" /0 Grs)dBE, 0<i1<T
where the coefficients 1o, b, 01 and 0, satisfy:
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e 7o is a given constant and b : [0, 7] — R is a deterministic continuous function,

e 01,07 :[0,T] — R are deterministic differentiable continuous functions, and oy (r) # 0, and 6,(¢) # 0 such
that

o7 =|la1]} + |2}, 0<r<T, 3.1)

t t
where ||6,Ht2 = H;(2H; — 1)/ / lu—v[*"26;(u)o;(v)dudv, i=1,2.
0 JO

The next Remark will be useful in the sequel.

Remark 3.1. There exists a constant Cy € (0,1) such that info<;<r
where 6;(t) = fé(j)(t,v)a'(v)dv i=1,2.

6i(t)
gi(t) > CO

We are interested in the following one-dimensional fractional BSDE:

T T T
Y, =&+ / F(5,0, Y5, Z1 5, Z0.5)ds — / Z,,dBi" — / Zp,dBY, 1 €(0,T]. (3.2)
t t ’ t ’

Definition 3.2. A triplet of processes (Y,Z\,Z) is called a solution to fractional BSDE (3.2), if (Y,Z1,Z;) €
#*([0,T],R) and satisfies eq.(3.2).

The next proposition will be useful in the sequel.

Proposition 3.3. Let (Y,Z,Z,) be a solution of the fractional BSDE (3.2). Then for almost t € [0,T], we have

61(t) H 6-2(t)
Dy, = Z d Dy = Zo,.
e T T ™

3.2 The case of stochastic Lipschitz coefficient
3.2.1 Aassumptions
In the following, we assume that f satisfies assumptions (H1):
(H1.1): There exist three non-negative processes {L(¢) }o<;<7> {V(¢) }o<;<r and {9 (t) }o,<7 such that:
i) foranyz €[0,T], u(zr), v(z), O(r) are .#;-measurable,
ii) forany s €[0,7T], x,y,Y,z1,2},22,25 € R, we have
| (t.x,y,21,22) = f (8,25 24, 20) | < p@)ly=Y |+ V() |z = 24|+ 9(1) |22 — 2.
(H1.2): forany t € [0,T], a?(t) = u(t) +v2(t) + 0%(¢) > 0.
3.2.2 Existence and uniqueness of the solution
The main result of this section is the following theorem:

Theorem 3.4. Let the assumptions (H1) be satisfied. Then the fractional BSDE (3.2) has a unique solution
(Y,Z1,2,) in the space %*([0,T],R).

Proof. Let us consider the mapping I' : 22([0,T],R) — %?%([0,T],R) driven by (U, V},V5) — T(U,V},V,) =
(Yv Zl>Z2)'

We will show that the mapping I is a contraction, where (Y,Z;,Z,) is a solution of the following fractional
BSDE:

T T T
Y= / f(S, Ns, Usavl,saVZ,s)ds _/ Zl,sdBllLI_}Y —/ ZzysdBIZ‘zy, t e [0, T] (33)
t t i t i
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Let us define for a process 6 € {Y,Z,,2,,U,V,,V»}, §=258—58 where §' € ﬁgﬂ and the function

Af(t) :f(t,nz,Ut,VL,tavz,t) —f(f,nz,Uz',Vf,an/,z)-
Then, the triplet (Y,Z1,Z;) solves the fractional BSDE

T T T
Y, = / Af(s)ds — / Zy B — / ZydBY2, 1€ 0,T). (3.4)
t t t

By the fractional Itd chain rule, we have

T T T
Y:[>=2 / Y Af(s)ds —2 / Z, DY ds—2 / Z, ;DY (ds

t t t
T__ o T
_2/ YSZLSdBLIS—z/ YZ5dB;}.
t t

Applying the It6 formula to ePA")|Y,|?, we obtain that

T T T
PAD Y, 2 —2/ eBA(S)YSAf(s)ds—Z/ eBA(S)ZLsD?‘YSds—Z/ eBA(S)ZLS]D)?Z?Sds

t t t

T T T
2/ eﬁA(‘Y)YSZLsdBIE'SZ/ eﬁA(‘Y)YsZLSdBZzSﬁ/ eﬁA(‘q)(xz(s)|75|2ds.
t

t t

It is known that, by Proposition 3.3, DI1Y = g]‘ 87173 and DY = gﬁ
Then, we have

T T A N
R Ty R T
t t 1 2

T
=2E / PAY Af(s)ds. (3.5)
t

—

70 .

N

—~
Z

2] ds

Using standard estimates and assumption (H1.1), we obtain that

T T
’E / BAY Af(s)ds < 2 / eﬁA(S)|YS\[,u(s)|Us\+v(s)\V17s|+19(s)\V27S|]ds
t t
1 L _
<ok [ [ms) V(s + 192<s>] 7. Pds
0 t

T T
+CoE / PO 1 (5)|U, P ds + CoE / ePAL) [\Vm\? + \Vz,SF] ds,
t t
and using in addition asumption (H1.2),

T T
2E / PAOY Af(s)ds < CoE / ePAL) [az(s)\UsyZHVl,s\er sz,s\z] ds
t t

1 L _
+C—OE / PAO) 2 (5)|Y P ds (3.6)
t

Using the abovementioned inequality, from (3.5) we deduce that

T T A A
E [BBA(I)’YIIZ} +BE [ PAO G2 ()7, 25+ 28 [ PAG) 61(s) Z0s2+ 62(s) Zoo | as
t t (9] (s) 7 GZ(S) '

T
< COE/ ePAG) [az(s)lUs|2+ Vi) + |V2,s|2} ds
t

1 (7 _
+C—0E / PAS) o2 ()Y | 2dss (3.7)
t
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By Remark 3.1, we obtain

T T
E[H0F,] + pE / eBAG) 02()[F [ 2ds + 2CoE / eBA(S)[\2175\2—1—\22#\2]63
t

t

T
< COE/ ePAG) [ocz(s)|Us|2+ V> + \VZ,SF] ds
t

1 T _
+oE / eBAS) o2 (5)| 7 s
t

Taking 8 such that f =2Cy + CLO, we get

145

(3.8)

T ' B B B 1 T ' o B -
E/ eBA(s) |:OCZ(S)|YS’2+ |Zl,s|2 + |ZZ,s|2:| ds < 2E/ eBA(b) |:OCZ(S)|US’2+ |Vl,s‘2+ |V2,S|2 ds. (39)
0 0

Thus, the mapping (U,V,V,) — I['(U,V,,V2) = (Y,Z1,Z,) determined by the fractional BSDE (3.2) is a strict
contraction on %2([0,T],R). Using the fixed point principle, we deduce the solution to the fractional BSDE

(3.2) that exists uniquely. This completes the proof.
3.3 The case of weak stochastic Lipschitz coefficient

3.3.1 Aassumptions

In the following, we assume that f satisfies assumptions (H2):

O]

(H2.1): There exist three non-negative processes {L(¢) }o<;<7> {V(¢) }o<;<r and {9 (t) }o,<7 such that:

i) forany s € [0,T], u(z), v(r), 9(t) are .%;-measurable,
ii) foranyr €[0,T], x,y,Y,z21,2],22,2, € R, we have
1,01
ftx,y,z1,2) = f (6,%,20,20) | < w2 (0)p2 (1, ly—y']?)
+v(t)|a =24 |+ ()22 — ),

where p(¢,Vv) : [0,T] x Ry — R, satisfies:

e For fixedt € [0,T], p(z,-) is a continuous, concave and nondecreasing such that
p(t,0) =0, and Ya>0 oap(r,v)=p(t,av).
e The ordinary differential equation (ODE)
Vi(t) = —p(t,v(1), w(T)=0,
has a unique solution v(1) =0, 0<7<T.

e There exist two continuous and non-negative functions a and b such that

T
p(t,v) <a(t)+b(t)v and /0 [a(t) +b(1)]dt < co.
(H2.2): forany t € [0,T], a?(t) = u(t) +v2(t) + 0%(¢) > 0.

(H2.3): The integrability condition holds:

T 2
E/ eﬁA(I)Mdt < Hoo, tE [O,T].
0 a2 (t)

(3.10)
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3.3.2 Existence and uniqueness of the solution

For n > 1, we can construct the Picard approximate sequence of eq.(3.2) as follows

=0, 2),=0, 7,=0 te[0,T]

T T T
Y =&+ / Flone, Y20 78 ds — / T dB — / 5 dBY2, 1 e(0,1).
t t t

Thanks to Theorem 3.4, this sequence is well defined.

(3.11)

Lemma 3.5. Assume that assumptions (H2) are true. Then for alln,m > 1 and t € [0,T], we have
T
E |:eﬁA(l) |Ytn+m _ Ytn|2:| < / P (st |:eBA(S) |st+m—l o Y:z—l |2:| ) ds.
t

Proof. Let us define for a process & € {Y,Z,Z2}, nym>1, & = 8"t — §" and the function Af "™ (s) =
f(S, ns’ Yn-‘rm—l , n+m Zgi—m) o f(s, n“ YSn—l ’Zn Zg’s)‘

s l,s > 1,50

Then, it is obvious that (Y, Z™,Z5™) solves the fractional BSDE

T T r

t t t
By the fractional Itd chain rule, we have

T T T
7P =2 / AL (5)ds — 2 / Z DY s -2 / Z2 DI
t t t
T Sn,m=n,m ,H d SNnm=Snm o H
_ 2/ Y, Zy dB) — 2/ Y Z,,dBy..
t t
Applying It6 formula to ePA0) Y7 |2, we obtain that

T T
PO =2 [ POT A0 s)ds 2 [ POZIDIT " s

! t
T T
_ 2/ eﬁA(s)ZZ:TD?27?,111dS _ 2/ eﬁA(s)Y:l,mZ;;:TdBﬁls
! t
r T
— 2/ eﬁA(s)Y?mZz:g”dBlz-Ii _ ﬁ/ eﬁA(s) aZ(SN?ZJn‘zdS'
! t

By Proposition 3.3, we have

T A A
BA(r) (37 |2 BA(s) 20 gmp2 | 4 01(8) mnmp |, 62(s)
B[P0+ [0 a7 20 222

T
= 2K / PACTYTA M) () ds. (3.13)

t

1255 17| ds

Applying standard estimates and asumption (H2.1), we obtain that

T T
2K / AT AL (5)ds < 2B / P T |12 ()2 (s, [ — Y12 ds
t t
T n.m —n.m —Sn.m
128 [ SO \[v@)\zl;\w(s)rzgx r]ds

t
1 Lo Snm
<GB [ )4 v+ 0] 17 s
0

t

T
+ o [ a0 [p<s, ety Lz rz’;:TrZ} ds
t
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Therefore, we can write

T T T
oK / eﬁA<s>?;”"Af<"=m>(s)dsgCiE / ePAS) 02 (5) [T ds + CoE / A Z 2
t 0 t t

T
+GE / 9|23 Pds+ CoE / PAG) p (s, |yt —y 12 ds.
! t

Using the abovementioned inequality and Remark 3.1, from (3.13), we deduce that

T
E {eﬁA(’)IYf’mﬂ +BE / ePA) o2 (5)[V" [Pds + 2C0E / [\Z’”"\2+ 1z \2]
t t
1
gE/ PAS) o2 (5) |7y |ds+C0E/ [|z“|2+z Z}ds
Co t t
T
—|—COE/ eﬂA(s)p(S’|st+m—l —st_l|2)ds.
t
Choosing 8 such that § > Cio, we have

E [e/}A(t)‘Ythrm_YtnIZ} <G, /Tp <s,E [eﬁA(s)‘YSqu _YSIHFDd&
t

Finally, by Remark 3.1 we obtain

T
E |:e/3A(l)’Ytn+m _ Ytn|2:| < / p (S,E |:eﬁA(S)|YSn+m—1 _st—1|2:| ) ds
t
O
Lemma 3.6. Let the assumption (H2) be satisfied. Then there exists a constant M > 0 and Ty € [0,T] such that
Vn>1, E [eﬁA(’)|Y,"|2} <M, te[T.T).

Proof. Using the same method as in the proof of Lemma 3.5, we obtain that

T T
E[eBA@yY,"ﬂJrﬁE / A |Y! Pds + 2GR / ePAL) [!Z?7S\Z+IZ§’7S\2]ds
t t
<E[/3A JEP +2E/ PAYD f(s,my, Y 20, 28 Vs (3.14)

Applying standard estimates and asumption (H2.1), we obtain that
T
2E / PR (s, Y] 21,23 )ds < CoE / ePA0) [p(s, )+ 2T+ \Zézlz]
t t

T 2 T
—i—E/ ePA®) |/(5,7:,0,0,0)| ds+ (1 + é) E/ PAS 2 (5)[¥ds
t t

OCZ(S) 0

Using the abovementioned inequality, from (3.14) we deduce that

1 T aats T o
B [0 + 8 1+ B [ SN Ras ol [ o421, 4124, as
13 1

T
<A +Go / p(s,E[eﬁA“)\YS"*ﬂ )ds, (3.15)

t
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T 2
where A, =E eﬁA(T)|§ ’2 +/ eﬁA(s) |f(s’ns,0a0a0)’ ds ).
t o3(s)

Choosing 3 such that § — Cio > 1 we have

T
E[eﬁA<f>|Y,”|2] §At+/ p(s,E[eﬁA(‘Y)|I/S”_1|2})ds, 1 €0,T]. (3.16)
t

T
Finally let M =2Ay+ 2/ a(s)ds > 0. (3.17)
0

Arguing as in [ [9], Lemma 2], we choose T such that
T
Ao+/ p(s,M)ds <M, t€[n,T]. (3.18)
t

By inequality (3.16) and (3.18), for 7 € [T}, T], we have

E_eﬁA(l)‘Ytl‘z_<A,+/ p(s,0)ds < Ayg <M,
R

E eﬁA(Z)‘Ytz‘ SA[—i_/ p<s, ‘Y ‘ ) / p(S,M)dSSM,
: , o

E P40 7] gA,+/ P<sE [ePALS IY“) /P(s,M)dSSM-
- - t

Hence, by induction, one can prove that for alln > 1,

E [eﬁ/‘<’>|y,"|2} <M, T,<t<T.

The main result of this section is the following theorem:

Theorem 3.7. Let the assumptions (H2) be satisfied. Then, the fractional BSDE (3.2) has a unique solution
(Y,Z1,2,) in the space %*([0,T],R).

Proof. We split the proof into two parts.
(i) Existence: Using the constant M given by (3.17), we consider the sequence ((,on)nZl given by

=/tTp(s,M)ds, <pn+1(t)=/tTp(s,<pn(s))ds, n>0, te[h,T].
Then for all r € [T1,T], from the proof of Lemma 3.6, one can deduce that
/ p(s,M)ds <M,
/ps% ds</psM =@o(t) <M,
=/ p(s,ms))dss/t p (5, @0(s))ds = 1 (1) <M

By induction, one can prove that for all n > 1, @,(¢) satisfies

0< @it (1) S @ult) <--- < 1(t) < o(t) <M.
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Then {@,(¢),t € [T1,T]},>, is uniformly bounded. On the other hand, for all n > 1 and t;,#, € [T}, T], we obtain

1% 15)
/ P (5, Puor(s)) ds| < / p (s, M) ds
151 151

sup |@,(t1) — @u(t2)| = 0 as |r —t] = 0,

|@a(t1) — @a(t2)| =

Since, for fixed v, fo (5,v)ds < 4o0. So

which means that {¢,(¢),7 € [T1,T]},~, is an equicontinuous family of function. Therefore, by the Arzeld-
Ascoli theorem, we can define by ¢(¢) the limit function of (@, ()), ;-

By (3.10), one knows that ¢(¢) =0, r € [T1,T]. -

Now forall 7 € [T1,T], n,m > 1, in view of Lemmas 3.5 and 3.6, we have

E [P0y P] <,

E [P0 [y -y, |7] /Tp Py ]) ds < / p(s,M)ds = gn(r) < M,
E:eﬁA(’)|Y,2+m—Y,2‘2 S/Tp s,E AW [yt y)| Ddsg(pl(t)SM,
E:eﬁA(t)|Yt3+m—Y,3‘2 /Tp s,E BA() |y2m _ Yfﬂ)dsgq)z(t)gM

By induction, we can derive that
m>1, E [eﬁA(’) mﬂ-%m_yt”‘z] < @u1(t), te€[n,T].
Therefore we have

sup E [eﬁA(’) }Yt”m—Yt”‘z] < sup @ 1(t) =@ 1(Th) =0 n—oo.

te[Ty,T) t€[T1,T]

Exploiting the argument developed in [ [1], Theorem 3.9] we prove that the sequence (Y",Z},Z%) is a Cauchy
sequence in %% ([Ty,T],R). Letting n — +0 in eq.(3.11), we obtain

T T
Y, = ‘S +/ f(svnﬂYs;Zl,mZZ,s)ds_/ Zl,sdB{I:; _/ Z> sd3257 i <t<T.
t

t t

In other words, we have shown the existence of the solution (Y,Z;,Z,) to fractional BSDE (3.2) on [T1,T].
Finally, by iteration, one can deduce the existence on [T — A (T —T;),T], for each A, and therefore the existence
on the whole [0, T].

(ii) Uniqueness:

Let (Y’ Zi t,Zz',)M o i = 1,2, be two solutions of fractional BSDE (3.2).
k) 7[7

Using the same method as in the proof of Lemma (3.5), we have

T T
E[P0)y! - 2P| + GF / Az}~ 72 Pds+CoE / Pz}~ 73 Pds
t

t

T
g/ p(s,E[eﬁA(S)\YSI—YSZ\Z])ds, 1€0,7]. (3.19)
t
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Therefore

E [eﬁA(’) v - Yfﬂ < / ' P (s,E [eBA(S)\YSl - Yfﬂ ) ds, t€[0,T] (3.20)

t

From the comparison theorem of ODE, we know that E [eﬁ’ [Y! —Y?2[?] < r(t), where r(r) is the maximum
of solution of (3.10) on [0,T]. As a consequence, we have Y¥,! = ¥ for ¢ € [0,T]. From (3.19), we deduce

(le_’,,ZzlJ) = (le_’,,Z%,) for ¢ € [0,T]. This completes the proof. O
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