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Abstract

In this paper, the high accuracy mass-conserved splitting domain decomposition method for solving the parabolic equations
is proposed. In our scheme, the time extrapolation and local multi-point weighted average schemes are used to approximate
the interface fluxes on interfaces of sub-domains, while the interior solutions are computed by one dimension high-order
implicit schemes in sub-domains. The important feature is that the developed scheme keeps mass conservation and are of
second-order convergent in time and fourth-order convergent in space. Numerical experiments confirm the convergence.
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1 Introduction

Time-dependent parabolic equations are widely used in science and engineering, which are described wa-
ter head in groundwater modelling, pressure in petroleum reservoir simulation, diffusion phenomena in heat
propagation, and atmospheric aerosol transport problems, etc (see [1-3,7, 8]). Due to the computational com-
plexities and huge computational costs in applications, the non-overlapping explicit/implicit domain decomposi-
tion method have been an important tool for solving parabolic equations [4,6,7, 10, 11]. Domain decomposition
schemes that preserve the mass of the model are important and also required for parallel computations, specially,
in long time simulations and for large scale applications. Paper [5] presented an explicit-implicit conservative
domain decomposition procedure for parabolic equations, where the fluxes at the sub-domain interfaces were
calculated by an average operator from the solutions at the previous time level. Paper [16] studied the cell
centered finite difference domain decomposition procedure for the heat equations with constant coefficients
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in one dimension. Papers [13—15] proposed conservative parallel difference schemes for solving 2-dimension
(nonlinear) diffusion equation and the theoretical analysis was proved in paper [9]. By the operator splitting
technique and the coupling of the solution and its fluxes on staggered meshes, papers [17—19] analyzed the new
mass-preserving S-DDM scheme for solving parabolic equations and convection-diffusion equations. However,
the above conservative domain decomposition methods are only first-order in time. Recently, papers [20-22]
proposed the time second-order mass-conserved domain decomposition methods for parabolic equations with
constant coefficients and variable coefficients, respectively.

In this paper, for improving the accuracy and stability of the mass-conserved schemes in papers [20-22],
we propose the time second-order and space fourth-order conservative domain decomposition schemes for one-
dimension and 2-dimension parabolic equations with Neumann boundary conditions. In the domain decompo-
sition method, we take two steps to solve one-dimension problem. The time extrapolation and local multi-point
weighted average schemes are used to approximate the interface fluxes on interfaces of sub-domains, while
the interior solutions are computed by the time second-order and space fourth-order implicit schemes in sub-
domains. By the operator splitting technique, we take three small time steps (i.e., along x—direction, y—direction
and x—direction) to solve 2-dimension parabolic equations at each time interval, successively. The new feature
of our schemes is of fourth order accuracy in space step and the stability condition is weaker by increasing
properly the value of m. Numerical experiments are given to confirm mass conservation and convergence.

2 Time second-order and space fourth-order conserved DDM for 1-dimension parabolic equations

2.1 One-dimension parabolic model and partition

The one dimensional parabolic equations with variable coefficients are considered as follows,

0 d d
M w2 < fer).  weld) €07
du du (D

a |x:O: 07 £|x:L =0 € [Oa T]a
u(x,0) = up(x), x€[0,L].

where D(x) is diffusion coefficients and 0 < Do < D(x) < Dj. Let i > 0 be the space step length, and {x; 1 b {xi}
be the uniform staggered partition points as

! ey =Lox =ihi=12, I-1,x=>G-Yn i=1.2, L )
Let T > 0 be the time step length and #" be the uniform partition points of [0, T] as
=0, M=T, "=nt, n=1,2,--- ,M—1. (3)

For functions F'(x,t), define the difference operators as follows,

2 7F_n71 n_;'_l Fn+F_n+] Fn _Fn
a‘L'F;'n — i Tl , F; 2 i 21 , 5 Fn 1 — t+lh i ,
5xF’l 1 _(ijFn 1 n n n i n n (4)
n_ _ 7 imy _ B 2R 3pn n 1 _ B 3K 3R K
A = . A &, = Ah[SXFiJF%] = H .

2.2 mass conserved domain decomposition method

For the stake of simplicity, the domain [0, L] is divided into two sub-domains and x; +1 is the interface point
of the sub-domains. Let {U} and {er'l+1} be the numerical approximations of the exact solutions {«}} and
:

{Dt+ 3x |t+%}'
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i+3 2
1 5 iin i H—ZZm i—zm h2 3
o= —[=() U'— u') - U'— UM+ 560" 1, 5
2 omH4 S I=i—m+1 z itmt1 I=i—2m+1 127 itz

and q;?+ L= D, 1 ﬁ:l.”+ L Where the large space step H = mh and m is the integer.

Now, we propose the time second-order and space fourth-order conservative domain decomposition scheme
of Eqns. (1) in two steps at every time [t"~!,¢"].

Step 1. The interface fluxes {Q’H'1 } on the interface are firstly computed by

n+1 ~n+1 ~n+1 ~n+1
Qs =Gy~ Ath D,~+%Ahﬂk+%, (6)
where qZHl and 717]':+11 are computed by the time extrapolation and local multi-point weighted average scheme as
follows, | | |
xn+l __ ~H~ _ ~n— xn+1 __ ~n—
By | 2qk+% By 1 nk+ ; 2nk+ 3 nk+2 M

Step 2. The interior points {Ul-”“} on two sub-domains are computed by the following scheme,
1
UM — 18,01+ 8.0 ) =7, ®)

where {Qf:ll} and {Q;’Jr | } are coupled computed as
2 z

Q _5] Ahq 'Ah5U 17 vl:172771
l+*
ijj = q"“ Ahq"“ i+ 180 U"ﬁl, i#k—1kk+1,
2 . 9
Qn—H n:—%l A qn-H 1Ah5 Un-H 24 (qz—-::l qZI] ) ( )
D]
’+2 n+l n+1 _
+— (7 il ﬂk+2), i=kx1.
with the boundary conditions as Q" 1= = 0. The initial values are given by
UP=u(x;), i=1,2,--.1, (10)

and the first time level values {Uil} are also first computed by the implicit scheme as

U — 18,01 +8,00) = f7, i=172, I (11)

l )

Theorem 1. (Mass conservation) The scheme (6) - (11) preserves the global mass conservation over the whole
domain, i.e., if f(x,t) = 0, then we can obtain

LU=y ,U0%, n=12,--- .M. (12)
Proof. When f(x,7) = 0, multiplying (8) by & and summing up from i = 1 to /, we can obtain that
10Ul =y Y (8.0] + 807 Dh=0, n=12,- .M. (13)
Using the boundary condition Q 1= O 1= 0., we can obtain that
I, 80/h=0, 1,60 'h=0, n=1.2,--- .M. (14)
Substituting (14) into (13), we have that Z{':l 9, Ul"h = 0. Further, it holds that
IIZIUinh:ZIlZIUinilh: :Zzl':lUiOh' (15)

This ends the proof of the theorem.

§ sciendo


https://www.sciendo.com

586 Z. Zhou and L. Li Applied Mathematics and Nonlinear Sciences 3(2018) 583-592

Theorem 2. If the exact solution u satisfies the regularity condition u € C°([0,T];C>(Q))NC?([0,T];C°(Q)),

we have that

115 i+m i 1 (yvit+2m W s3
W[Z( PATETAED VIR RS 1) VAT B S AP uf)| + 13677,

LT +O(h* +H*).

I\)

and
u ™t — (Qul —ul H=0(1?).
Proof. For u}(l =i—2m+1,i—2m+2,---,i+2m), by Taylor expansion, it holds that
: 2 3 .
uj = u +1 +9x i+} (l_l_%>h+%% i+} (l_l_f)zhz"i_égx’; i+) (I—i=3)
1 I*u c_ 1 1
22 0% ‘z+5 (! _’_§)4h4+ 120 8x5 ‘er (l_’_’)shs'

Summing with / from i+ 1 to i + m, we can obtain that

i+m = Ju 1 9%u m@dm’—1) 12 | 13 2 (2m—1) ;3
Yomiy g = i l+3x i+ h+28x2 iy Mt ees iy T h
1 84 m 414 1 u m 1\52,5

+24 o |l+§ K:l(K_f) h* + 120 95 |z+% K:l(K_j) h.

where Kk = [ — i, and summing with with / from i —m — 1 to i, we have that

du h—|- 19%u m(4m?*— 1)]’12 1 d3u M;ﬁ

i n__ n _du __lou
Yiiom—1 ) = mu i+l 7 ox liv} 202 litl 712 6 9x3 lit] 8
1 d*u

1?2 1
2o liv} Kzl("—§>4h4— 1305 iy T (k= 3)°°.
Subtracted (20) from (19), we can obtain that
' du
Z;:ﬁrl Zl i—m+1 ul Ix |H_1 mH+ 24 axg ’H—' mH(Zm _ 1>h2+0(H4)

Similarly, it holds that

i+2m __~du 19%u 2 2 4
Yol U —Lr ot W =355 iy mH + 555 | 1mH(lOm —1)h*+O(H").
Further, we have that
1 715 i+m i 1 i+2m i—m
W[Z(Zé:i-i-l uyizlazgi m+1 ”?> (Zl =itm+1Y Z:l =i—2m+1Y )]
__ou" 1 d°u" 2 4
= Gx livt 25 iy B +0(H )-

Applying the Taylor format, it holds that

Jdu _ n 2 d3u 4 u 3.n 2
i lip1= 0l = 33 GF iy FOU), - G iy = &5udf, + O(R).

Substituting (23) into (24), we can obtain (16). Similarly, it leads (17).

(16)

a7

(18)

(19)

(20)

21

(22)

(23)

(24)

3 Time second-order and space fourth-order splitting conserved DDM for 2-dimension parabolic equa-

tions

3.1 2-dimension parabolic problem

The two-dimensional parabolic equations are considered as

B 2 (0 ()2) — (@6 0)2) = flont), (630 €Qx (0,T],
Vu-i=0, (x,y,t)€dQx(0,T],
”(x7y70) - MO(XJ’)a (-xay) S Qv
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where Q = [0, 1] x [0, 1], a' (x,y) and a?(x, y) are the diffusion coefficients. Assume that 0 < ag < {a'(x,y),a*(x,y)} <
a are the known smooth functions. Define h, = } and hy, = } be spatial step size along x-directional and y-
directional, respectively. / and J are the positive integers. Introducing the following staggered meshes as

xi+%:ihx,i:0,l,"',l, x,':(i—l— )x,l—()l —1,

L . (26)
yj+%:]hy)J:0715"'7J7 yj:(]+§)h)712071)7j_1

For simplicity, we assume that a!(x,y) and a?(x,y) are constants and f = 0 as below, when a'(x,y) and a*(x,y)
are variable coefficients, the schemes are modified as similar as 1-dimension problem.
3.2 Conserved splitting domain decomposition scheme

For simplicity of description, we assume that the domain Q be divided into 2 x 2 block sub-domains (see
Fig. 1). Let {(xi+%,yj)} and {(xi,ijr%)} be the nodes for the fluxes while {(x;,y;)} are the nodes used for the

X
1 Fl
y1+§ i i i i i i
| | | | | |
778 S S A S (SO A |
| | | | | |
$ 4Qu PR o] Y 42 b
| | | | | |
| | | | | |
777777 S A S
| K | | e | ,
yjl‘f‘% i i i i i ’ i l—‘]
| | | | | |
—————— ('l)—ff***777(‘&7—7***777037—777‘7777('1)7777*7777(‘37—7***777(‘97—7*7
| | | | | |
| | | | | |
b 40y FANLAN] S 44 5
| | | | | |
| | | | | |
yif---- SR S NP S NS A SR S NS A N
l l l l l l
y% o & o o o o
XLoox Xij+1 X Xyl
Fig. 1 The staggered meshes in 2 x 2 sub-domains: o,*,o - the points of (i, j), (i + 1, j), (i, j + 3).
solution. The line I'} : x = i is the interface of Q1 , and £, 4, ¢ = 1,2, where i| denotes the mesh point index

of interface location of I'} along x—direction. The line Fl Y=Yl is the interface of sub-domains €, | and

Q,2, p=1,2, and j; denotes the mesh point index of interface location of I} along y—direction.
Leth+ —Cl6Ul+ J,q)./j 1 a5U 1,and
2 5J

i,j+3

al 5 i+m 1 i+2m i—m hx |3

Gy =GO U= Z Utj) E( Y U= L Ujl+5a' 80Uy,
T =i I=i—m+1 I=i+m+1 I=i—2m+1 @7
02 5 liz Z Him i—zm h}2 53

~y 5

q; ;1= [ ( Uii — Uir) — Ui — U+ ~5a6U; i 1,

L,j+5 m2H2 4 =11 I—imma1 l Bl I=i Tt 12 l]+

where Hy = mhy, Hy = myh,.

Now we describe the algorithm of our time second-order and space fourth-order conserved splitting domain
decomposition scheme on Q) ; at each time [t"~!,#"] in details as

Step 1: Along x-direction.

(a) The intermediate interface fluxes {Qii’: ! ’j} on the interface are firstly computed by

2

x,n* st —hiA wx,n* 28
Qi1+%,j qil+%’j 12 hxqi1+%,j’ ( )
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where ¢ il L1 are computed by the time extrapolation and local multi-point weighted average scheme as follows,

+3.J
1 5~x,1 ~x,0 -1
éXJL* o 4( qi]-i-% ql]‘i‘g ]) ’
i1+%,j 2~xn ~x,n—1 n>2

i~ Tty =

(b) The intermediate variables {Ul”;} are computed by the x-directional splitting implicit scheme.

U"?*‘*U"Y' 1 x,n* n

bkl — 7( inj + 6, i,j)’ (xi,yj) € Q11,

X7 h? x,n
Ql+ _q j YZAhxqur%’j’ (xiayj)egl,h

o T ohiy g ey —
Q1+ —q j 122Ahxqi+%’j7 i=1,2,---i; —2,

xont xn hy A x,n* 1/ xn wx,n* ..

= — 1z iVl — i=i—1.

AN qi+%,j TSRS+ 1C AN AT I

Step 2: Along y-direction.
(a) The interface fluxes {Q i } on interface are computed explicitly by

o =a A

Lj1t3 iLji+3 ij1t3

and define qy le ’J ! -2 71+2 E

(b) The numerlcal solutlons { U **} are solved by the y-directional splitting implicit scheme.

U" ot
A % " @Qi,;l ) ('xi7yj) € Q],la

* I 2 *
ny’-l 1 :qyn 1 _%Ath)f’r‘l 15 (xi’yj) € 91717

szj+% - un+% B hLAh qy’n J=12,-,j1—=2
Qi;l+%:qij+% A qunJFl—i_ qy771+*_qi/jl+ ), J=aqi—L
Step 3: Along x-direction.
xn+1

(a) The intermediate interface fluxes {Q } on the interface are re-computed explicitly as

Qx,n+1 _ wxntl hy2 vx,n+1

i+l Dot T 1280 p

v 1 1 ~x,n** ~x,n*
h T X}’l+ = = ’ —
where g, i 2<3qi1+%1 qllJr J)

(b) The intermediate variables {Uﬁ;’l} are computed by the x-directional splitting implicit scheme.

( U}1+l Un
%_ (6G”+]+6 )7 (xivyj)egl,b

ot xn™* hx o
Qi+%,j_ i+%,] Ahq i’ (xlayj)EQI,l)

X,1n+1 x,n+1 hsz xn+l . .

ol o h? =12, =2
QH—%,J ql_,_%] 122 q+%7J’ 745t )

xont+1l _ xn+l QA x,n+1
Qi—&-%,j iyl 1254

1 x,n+1 vx,n+1 )
)

O T Elg . —d. ) i=i—1.
i+5.J 12(6]”_'_%7] qu‘%J !

The boundary conditions are approximated by

o j =0,0", =0,{(x1,y)), (xi,y1)} € 9Qy,
2 ba 2 3

(29)

(30)

3D

(32)

(33)

(34)

(35)

The initial values are computed by U,?j =up(x;,y;), and the first time level values {U,-} ;1 are need to compute by

splitting scheme.
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Remark 1. The conserved splitting domain decomposition scheme (28)-(35) is proposed over block-divided
domain decompositions for solving 2-dimension parabolic equations. The three steps are used to compute the
solutions {Ui’?'l} at each time. At Step 1 (along x—direction), it leads to symmetric and penta-diagonal matrix
systems of {U};} over Q1 by substituting the intermediate fluxes {QX’1 j}, {0 "jl j} and {Qfﬁ j} into the first
’ 2 177, 2

equation of (30), which is solved by Thomas method [12]. Similarly, we can obtain {U,*j* along y—direction
and {Ulflfl} along x—direction again.

Theorem 3. (Mass conservation) The scheme (28) - (35) preserves the global mass conservation over the whole
domain, i.e.,

A X Ul hehy = X Y Ul ik, V=02, M — 1. (36)
Proof. Similar proof as (12), we can obtain the mass along x-direction in Step 1,
Yioi Z;:l Uir,l; By = -1 Z;:l UF jhihy, (37
along y-direction in Step 2,
{:1 Z;:l Uiy hahy = 11':1 Z}":l Ui’,ljhxh)” (38)
and along x-direction in Step 3,
X Ul ey = X X5 U By, (39

Adding (37), (38) and (39). We complete the proof.

4 Numerical experiments

In the section, we present numerical experiments to illustrate the performance of the scheme such as mass
conservation, orders of convergence and stability. The domains Q = [0,1] x [0, 1] and are divided into 2 x 2
sub-domains. Take uniform mesh steps h, = hy = h and m = m; = my. Let u(x,y,t") be the exact solution and

{Ul.”j} be the approximate solution of the problem. Define solution errors in discrete L? norm as

ey = h\/Zi,j(”(xiJJJ") — U

, where Massg =}, ; Ul.ojh2 and

and mass errors MassErr = [Mass, — Mass j

Mass, = Y¥; ; Ul.’fjhz +TY XS jh2,

Assume that D = a' = 42, and the the exact solution of Eqns. (25) is u = ¢~ 2P™'1 ¢os Trx cos my. Table 1 presents

the errors and the order of convergence in space step at t = 0.1. The space step size 4 is selected from 1/10 to
1/80, while the time step size is taken as T = 1/10000 and m = 2.

The time order of convergence of the scheme at time # = 0.1 is presented in Table 2. Taking 7 = 0.14? and
D=1E-2,1E—-1,D=1.

From Table 1 and 2, we can see clearly that our scheme are of fourth-order convergence in spatial step and
second-order convergence in time step for the cases of different diffusions.

Take the space step & = 1/40 and the time step 7 from 1/800 to 1/2000 and m = 3 in Table 3. It is clear
that our scheme is conserved for the cases of different diffusions and different time step, since the errors of mass
have reached the machine accuracy 10717,

The effect of m on the stability of our scheme for the solutions is presented in Table 4 at# = 0.01. Take D =1,
r= ;5 =2and h = 1/200. From Table 4, we can find that when r = 2, our scheme is still stable, conservative
and has very good accurate results by increasing properly the value of m > 5.

In Figure 2, we take = 1/100 , 7 = 1/10000, D = 1, and m = 5. From the contour and surface plots of
concentration, it is clear that the shape of solution moves smoothly without any numerical oscillation.
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Table 1 Errors and ratios of convergence in space for different diffusion D.

D\ h 1/10 1/20 1/40 1/80
L 1.0572E-5 6.8466E-7 2.9351E-8 9.9707E-10
ratio - 3.9487 4.5439 4.8796
en  4.6522E-5 1.7552E-6 6.7088E-8  2.9600E-9
" ratio - 4.7282 4.7094 4.5024
e,  4.2444E-5 1.7928E-6 8.0280E-8 1.5923E-9
ratio - 4.5653 4.4810 5.6559

Table 2 Errors and ratios of convergence in time for different diffusion D.

D\t 1/1000 1/4000 179000 1/16000
B2 @ 3.3475E-5 1.6835E-5 1.1157E-5 8.3407E-6
ratio - 1.9695 2.2111 2.3563
1B ¢ 4.6382E-5 1.7548E-6 2.5642E-7 6.7091E-8
ratio - 2.3621 2.3717 2.3303
| en  4.2394E-5 1.7795E-6 2.9232E-7 8.3107E-8
ratio - 2.2872 2.2273 2.1860

Table 3 Errors and mass errors for different diffusion D and different 7.

T\D 0.01 0.1 0.5 1
1/1000 en 1.7193E-7  3.1160E-7  2.7226E-7  2.7227E-7
MassErr  2.9837E-18 1.1241E-17 4.0246E-18 4.2986E-17
1/2000 en 1.7211E-7  3.0987E-7  3.1648E-7 1.4113E-7
MassErr  3.7401E-17 2.6368E-17 2.3835E-17 4.1113E-18
1/3000 en 1.7218E-7  3.0962E-7 3.2929E-17 1.8791E-7
MassErr  3.1850E-17 4.4409E-17 4.4548E-17 6.9042E-18
1/4000 en 1.7221-7 3.0956E-7  3.3409E-7  2.0642E-7
MassErr  4.8503-17  1.1796E-18 2.4876E-17 1.7781E-17
Table 4 The effect of m on the stability.
r\m 2 3 5 10 20
en 4.2699E+19 3.2818E+02 1.5482E-6  1.6600E-8  2.5564E-7

MassErr  1.4909E+02  6.2177E-16  8.2406E-18 9.7145E-19 2.0761E-17
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(b) The surface plots of concentration at = 0.002,0.005,0.01.

Fig. 2 The numerical simulation for heat propagation.
5 Conclusion

In this paper, the time second-order and space fourth-order conserved splitting domain decomposition
scheme is developed for solving 2-dimension parabolic equations. In our splitting domain decomposition
method, the time extrapolation and local multi-point weighted average schemes are used to approximate the
interface fluxes on interfaces of sub-domains, while the interior solutions are computed by the splitting high-
order implicit schemes in sub-domains. The analysis of stability and convergence will be studied in further
work.
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