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Abstract

In this paper, we establish two general transformation formulas for Exton’s quadruple hypergeometric functions K5 and
K by application of the generalized Kummer’s summation theorem. Further, a number of generating functions for Jacobi
polynomials are also derived as an applications of our main results.
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1 Introduction

In our present investigation, we begin by recalling the following definitions:
The Exton’s quadruple hypergeometric functions K5 and Kj, [1]:

b r tS
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KS(aaaaa7a;bl7b17b27bZ;C17C2aC37C4;xay7Zat) = Z ( )p+fJ+ +S( 1)P+q( 2) EERA A (1)
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where (a), denotes the Pochhammer’s symbol defined by
(@ = {a(a+ )(a+2)...(a+n—1) :;]f‘;l;(l),2,3,... ®)
Corresponding author.
Email address: ah-a-atash@hotmail.com
$ sciendo g scendo

ISSN 2444-8656 doi:10.21042/AMNS.2018.2.00026
3 Open Access. © 2018 Ahmed Ali Atash and Hussein Saleh Bellehaj, published by Sciendo.
This work is licensed under the Creative Commons Attribution-NonCommercial-NoDerivs 4.0 License.


https://www.sciendo.com
mailto:ah-a-atash@hotmail.com
http://dx.doi.org/10.21042/AMNS.2018.2.00026
https://www.sciendo.com
http://crossmark.crossref.org/dialog/?doi=10.21042/AMNS.2018.2.00026

332 Ahmed Ali Atash, Hussein Saleh Bellehaj. Applied Mathematics and Nonlinear Sciences 3(2018) 331-338

The Exton’s triple hypergeometric functions X4 and X7 [2]:

i 2m+n+p (B)ngp X" Y 2P @

Xy4(a,b;cy,c,¢33%,),2
T Tar T =0 (c1)m(c2)n(c3)p min!p!

and

i (a)2m+n+p (bl )n(bZ)p .xm yl’l Zp (5)
m;n,p=0 (Cl)"+p(c2)m m!n!p!

The Saran’s triple hypergeometric functions Fg and Fg [6]:

X7(a,by,by;cy,c03x,9,2) =

— (al)m+n+p(bl)m(b2)n+px Yt P
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The Exton’s double hypergeometric function [3]
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A
where the symbol ((a)),, denotes the product [] (a;)m.
j=1
The Jacobi polynomials pi%P) (x) [5]
(a.B) _(l-i-OC)n —n,l—l—(x—l—ﬁ—l—n;ﬂ
P (x) = — 2F l+a 7| )

In order to obtain our main results, we require the following generalization of the classical Kummer’s summation
theorem for the series 2F; (—1) due to Lavoie ef al [4]

a.b } _ T(3)(14+a—b+i)[(1—b)
l+a—b+i; 29 T(1—b+ L (i+i)

2F [

A B; }
X + -
{F(2a+ Ti+ s — DLl +3a—b+3i) T(3a+3i—[E)T(5+3a—b+1i)
for (i =0, £1, £2, +3, £4, £5).
where [x] denotes the greatest integer less than or equal to x and |x| denotes the usual absolute value of x. The

coefficients A; and B; are given respectively in [4]. When i = 0, (10) reduces immediately to the classical Kum-
mer’s theorem [5]

(10)

I(1+a—b)I(3
. [1a’bbf‘1}: eIt an
+a—b; 290(14 3a—b)T'(5a+ 3)
We also require the following identities [8]:
(a)m-‘rn = (a)m(a+m)n (12)
Z ZA(n,m) = Z ZA(n,m—n) (13)
m=0n=0 m=0n=0
(=D)™"(a)m
m—n — , 0<n< 14
—1)" m!
(m—n)':M, 0<n<m. (15)
_m)n
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2 Main Results

Theorem 1. The following general transformation formulas for Ks holds true

Ks(a,a,a,a;b’ b’ ,b,b;c',c,d,d +1i;x,y,7,—2)
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for (i=0, £1, £2, £3, +4, +5).

The coefficients A; and B. can be obtained from the tables of A; and B; given in [4] by taking a = —2p, b =
1 —d —2p and the coefficients A} and B can be also obtained from the same tables by taking a = —2p—1, b=
—d —2p.

Theorem 2. The following general transformation formulas for K1, holds true

Y o )
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{ . 22P+1F(%)F(—2p—c+')r(1 c)
Ei _ 1/: . _ 1. 71+
T(1—c+(i+[i))D(—p+Li— ]

JT(—p+3—c+3i)
22D (ND(=2p —c+ )T (1 —¢
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[(l—c+ j(l+\1]))F(—p—§+§l— [j] l"(—p—c—i—jl)
for (i=0, £1, £2, +3, +4, +5).

The coefficients E! and F/ can be obtained from the tables of A; and B; given in [4] by taking a = —2p, b = ¢
Also the coefficients E!" and F!" can be obtained from the same tables by takinga = —2p—1,b=c
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Proof. Denoting the left hand side of (16) by S, expanding K5 in a power series and using the results (12) —
(15), then after simplification, we obtain

iii m+n+p I)m+n(b)pxmyn2px F -p, l—d—p§_1
— Nm(C)n(d), m! n! p! 20 d+i ;
=00 10 Jm(€)n(d)p p

Separating into even and odd powers of z, we have

3y (D 2p(B)in(Blop 27 " 27 [_217 1—d—2p; ]
S= JF , . »
mg()r;)pzz() (c")m(c)n(d)2p m! n! (2p)! d+1i :

+ i i i (a)m+n+2[’+1(bl)m+n(b)217+1 x"y'z 2p+12 ] |:_2P_ 1, —-d-2p; _1:|
=00 10 ()m(Cc)n(d)2ps1 m! n! 2p+1)! d+i ;
Now,by applying the generalized Kummer’s theorem (10) to each ,Fj[—1], then after simplification, we arrive

at the right hand side of (16). This completes the proof of (16). The proof of (17) is similar to that of (16) and
we use here the result (2).

Remark 1. On taking x = 0 in (16) and (17), we obtain the following transformation formulas for Saran’s triple
hypergeometric functions Fg and Fg:

Corollary 3.

. © oo (b)Zp yn Z2p
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)
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) Z nl (2p+ 1)1
n=0 p=0 2p+l 14

X{A(, 22”+‘F(%)F(d+i)l“(d+2p+1)

DA +2p+ 145 (i )T (=p+5i = [ )T(p+ 3 +d+ i)

Y 227 T(5)I(d + ><d+2p+1) }
"T(d+2p+1+ 56+ |i)T(=p—3+3i— [3))T(p+d+30)

for (i=0, £1, £2, £3, +4, +5).

(18)

Corollary 4.

, Z o (@niap(B)ulc—i)ap Y 2P
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2¥L(HI(1—2p—c+i)[(1—c) }
F(I—C+%(i+lil))F(—p+*l—H)F( —p+5—ct3i)
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X{E,{/ 1 %2p+,lr(%)r(_2lp._cj_l;)r( C) 1 1.
F(1—c+3(i+|i))T(—p+5i— [F]T(=p+ 5 —c+3i)
R 22PH()I(=2p—c+i)[(1—c) }
T(1—c+2(i+|i)T(=p—L+Li— [{])D(=p—c+1i)
for (i=0, £1, £2, +3, +4, £5).

Special cases of (16) and (17)

19)

Here we mention some special cases of our results (16) and (17) and we will use in each case the following

results [8]:

I'a+n) (@), I'a—n) _ (=1)"

(o) I'a) (1—a),
F(;>F(1+a) = 2“r(;+;a>r<1+;a>
() (1),

1
(2n)! = 2% <2> n! and (2n+1)! = 2% <;> nl.

1. Taking i = 0 and d = b in (16), we get

Ks(a,a,a,a;b/,b/,b,b;c’,c,b,b;x,y,z, _Z) :X4<a7b/;b7c/76; _sz'x?y)'
2. Takingi=1and d =b—1in (16), we get

Ks(a,a,a,a;b’ b’ ,b,b;c’ ,c,b—1,b;x,y,2,—2)

= Xy(a,b';b—1,c ¢;—2,x,y) + ba_ZIXA,(a—i— 1,b';b,c c;—2,x,y).
3. Taking i = —1 and d = b in (16), we get
K5(a,a,a,a;b/,b',b,b;c',c,b,b— L;x,v,2,—2)
= Xy(a,b';b— 1, ¢c;—22,x,y) — %X4(a+ 1,6';b,c c;—22,x,).

4. Taking i = 0 and e = 2c in (17), we get

1
Klz(a,a,a,a;b',b,c,c;d,d,Zc,2c;x,y,z, _Z) :X7(aablvb;dvc+ §;Z2/4,X,y)-

5. Takingi=1and e =2c—1in (17), we get

Kix(a,a,a,a;b',b,c—1,c;d,d,2c —1,2¢ — 1;x,y,2,—2)

1 1
= X7(a,b,b;d,c — 5;z2/4,x,y> - X7(a+ 1,0 byd,c+ E;z2/4,x,y>-

az
2c—1
6. Takingi = —1 and e = 2c+ 1 in (17), we get

K (a,a,a,a;b',b,c+1,c;d,d,2c+1,2c+ 1;x,y,2,—2)

1 3
=Xy(a,b,bid,c+ 532 4,x,y) = 5= X (at LY bid e+ 5522 [4,x,).

az
2c+1

(20)

2D

(22)

(23)

(24)

(25)

(26)

27)

(28)

(29)
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3 Applications to Generating Functions

(Ohﬁ)(x)

Two interesting generating functions for Jacobi polynomials P, are given by Sharma and Mittal [7]

oo -1
¥ B A RGeS e = 1= U5

n=0 (_a_ﬁ)n 2
o ] —2t 2y 2z
XFE(LLL—OQ%% a ﬁ’&p’Z—(1—x)t72—(1—x)t’2—(1—x)t) (30)
and
- n (x n,B—n) (l—x)t —*
Z ()Fl(l+”7?’7p;5;y71)tn: |:1_ :|
n:O )” 2
o ) —2t 2y 2z
XFG(’I’A’A’_O"%’” * ﬁ’6’6’2(1x)t’2(1x)t’2(1x)t>’ S

where F; and F; are Appell’s double hypergeometric functions [8].
Now, in (30), replacing p by & +i and z by —y and using (18), we get the following families of generating
functions for Jacobi polynomials :

= A, n —n,p—n . n
Z(_((x_)B)P,EO‘ P Fa(A+n,7:8,8 + iy, )t
n=0 n

-] EL e o =)

n:Op:0
{ { 22PL(HT(8 +i)[(8 +2p)
L(8+2p+ 5 (i + i) (=p+ zi+ 5 — [F])T(p+ 8+ 5i)
B 22Pr(%)r(6+i)r(5f2p) }
‘T(5+2p+ 5+ i (—p+3i—[5))T(p+8—5+730)

e AMni2pe1(=Q)n(Y)2p+1 —2t " 2y A
Z’,,Z = B)n(8)2p41 n! 2p+1)! [2—(1—@:] [2—(1—X)t]
{ 221’“1“(%)1“(5—%1')1“(54—21)—4—1)
L(8+2p+ 143 (i+[i))T(=p+zi— [5T(p+73 +8+ )
’ 22PHT()0(8 +i)[(8+2p+1) }

"T(8+2p+ 1+ 5(i+i)T(—p—3+3i— [5])T(p+6+3i)

for (i=0, £1, £2, +3, +4, £5).
Next, in (31), replacing ¥ by p —i and z by —y and using (19), we get the following families of generating
functions for Jacobi polynomials:

(32)

=) A/ n —n.B—n .
y R plenbon ()5 (4 np—ip: By, )"

n:o(_a_ﬁ)n
R S e O ) 2 L >
‘{1 2 } E,&(—a—mn(s)zw!(zp)!L—(l—x)r] [2—(1—x>r]
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{E, 2L(HT(1—2p—p+i)T(1—p)
X !
‘T(1—p+LGi+i)T(—p+3i+4— [ —p—p+1i)
22D(3)0(1=2p—p +i)[(1—p) }
i)

+FiF(l—er%(Hlil))F( —p+ i [ID)T(—p+1—p+1i
S (l)n+2p+1(—06)n(p—i)2p+1 2t n 2y 2p+1
+n§6p:0 (=0t = B)n(8)2p41 n! (2p+1)! [2— (1 —x);] [2_ a _x)t]
<{er 2729~ +)T(1 ~p)
"T(1—p+ 3+ [T (=p+5i— [FT(=p+5—p+3i)
z 27T (H)0(=2p—p+i)L(1—p)
+f}ﬂl—p+;a+m»rvp—;+gr-u]r—p—p+;o} 53)

for (i=0, £1, £2, £3, +4, +5).

Now, we mention some interesting special cases of the results (32) and (33) and we using in each case the results
(20)—(23).

1. Taking i = 0 in (32) and (33), we get

- A’ n —n,p—n n
Z(_é_)ﬁ)P,Sa P (Fy(A +n,7:8, 85y, —y)t

N P ! 1 . _ .
_ 1,(1—x)t %Xl 2;1 A Ya¥ty s e ” > a
B 2 0:3:1 | oigis 1, T\ =0 ) i
) ,§6+§,*Q*B,
and _ "
Z (_a_nﬁ) Pn((xfn,ﬁfn)(x)Fl(/'L +n,p,p;5;y,—y)t”
n=0 n
_ —A 1. A p ;0 —a 2
— I_M Xl’l’l y —2t . (35)
2 0:2;1 le 1 | 2—(1=x)r | »2=(1—x)t
130,80+ —a=B;

2. Taking i = 1 in (32) and (33), we get

oo

A‘ n —n,p—n n
Zéfﬁ)ﬁa'ﬁ)@vuz+mx&a+nx—wr

n:0(_

:<1_(1—x)t) {X(l):g;i |: 2V, 27+ 3 _(2 (21y )>22(12t)]

2 1 3; —(1=x) | »2=(1—x)

815401641 —a—B;
n 24y
O0(6+1)(2—1+xt)
piogn | AL v+l s —a y VL
><X0:3;1 ] | | 3 ._<2(1x)t> ) 2—(1—x)t (36)
— 18+1,50+1,56+5;—a—B;

and

- ()L)n (a—n,B—n)
— P, X)Fi{(A+n,p—1,p;6;y,—y)t"
n;()(_a_ﬁ)n ( ) 1( p p;osy y)
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—A P P ;oo g 2
(-5 (i)
2 12 el 1 A\ 20— | 2 2= (1=
_56756_‘_59_&_ 5
+Lx1:1;1 G £ T y ’ —2r 37)
6(2—t+xt) 0:2;1 . 11 . N\ 2=(=r ) 2 2=(1—wp :

3. Taking i = —1 in (32) and (33), we get

y _((j)”Pn(“‘”*ﬁ @F(A +n,7:8,8 — 1y, —y)"

() I et g ()
2 2 3; 2—(1—x)t ' 2—(1—x)t
—:5—1,%5,%6+%;—a—ﬁ;
o [AL: v+ 5v+1 s —a >
_5(2ﬁ7t/y+xt)x(l):3ji _<2(21yx)t> ’Zf(lzix)t } (38)
" — :6,%6+%,6+1;—a—ﬁ;

and 5 )
n (a—n,B—n)
—n__ p
ngb (—a—PB),

B 1_(1—x)t A il AiopHl oo y 2,
N 2 0:2;1 2—(1—x)t | 2 2=(1—x)t

.1 1 1. .
— 181541 —a—B;

(X)F1 (A +n,p+1,p;8;y, —y)t"

A+1: p+1 ; —a 2
+5(22)ty+ z)X(l)f;i (2 i >r> T } (39
— X 12 . ) ) —(1—x —(1—x
— 56+3,56+1;—a—B;

The other special cases of (32) and (33) can also be obtained in the similar manner.

References

[1] H. Exton, (1976), Multiple Hypergeometric Functions and Applications, John Wiley and Sons, Halsted Press, New
York.

[2] H. Exton, (1982), Hypergeometric functions of three variables, J. Indian Acad. Maths. 4, 113-119.

[3] H. Exton, (1982), Reducible double hypergeometric functions and associated integrals, An Fac. Ci. Univ. Porto, 63,
137-143.

[4] J. L. Lavoie, F. Grondin and A. K. Rathie, (1996), Generalizations of Whipple’s theorem on the sum of a 3F,, Journal
of Computational and Applied Mathematics, 72, 293-300. 10.1016/0377-0427(95)00279-0.

[5] E.D. Rainville, (1960), Special Functions, The Macmillan Company, New York.

[6] S. Saran, (1954), Hypergeometric functions of three variables, Ganita 5, 77-91.

[7] B. L. Sharma and K. C. Mittal, (1968), Some new generating functions for Jacobi polynomials, Proc. Camb. Phil-Soc
64, 691-694.

[8] H. M. Srivastava and H. L. Manocha, (1984), A Treatise on Generating Functions, Halsted Press, New York.

§ sciendo


https://doi.org/10.1016/0377-0427(95)00279-0
https://www.sciendo.com

	Introduction
	Main Results
	Applications to Generating Functions

