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Abstract

Two complex matrix pairs (A,B) and (A’,B’) are contragrediently equivalent if there are nonsingular S and R such that
(A',B") = (ST'AR,R™'BS). M.L Garcia-Planas and V.V. Sergeichuk (1999) constructed a miniversal deformation of a
canonical pair (A, B) for contragredient equivalence; that is, a simple normal form to which all matrix pairs (A +A ,B+ E)
close to (A, B) can be reduced by contragredient equivalence transformations that smoothly depend on the entries of A
and B. Each perturbation (A, B) of (A, B) defines the first order induced perturbation AB -+ AB of the matrix AB, which is
the first order summand in the product (A +A)(B+ B) = AB+ AB + AB + AB. We find all canonical matrix pairs (A,B),

for which the first order induced perturbations AB + AB are nonzero for all nonzero perturbations in the normal form of
Garcia-Planas and Sergeichuk. This problem arises in the theory of matrix differential equations x = Cx, whose product of
two matrices: C = AB; using the substitution x = Sy, one can reduce C by similarity transformations S~!CS and (A, B) by
contragredient equivalence transformations (S~'AR,R~!BS).

Keywords: Contragredient equivalence; Miniversal deformation; Perturbation.
AMS 2010 codes: 15A21; 93D13

1 Introduction

We study a matrix differential equation X = ABx, whose matrix is a product of an m X n complex matrix A
and an 7 x m complex matrix B. It is equivalent to y = S~'!ARR~' BSy, in which S and R are nonsingular matrices
and x = Sy. Thus, we can reduce (A, B) by transformations of contragredient equivalence

(A,B) — (ST'AR,R7'BS), S and R are nonsingular. (1)
The canonical form of (A, B) with respect to these transformations was obtained by Dobrovol’skaya and Pono-
marev [3] and, independently, by Horn and Merino [5]:

each pair (A, B) is contragrediently equivalent to a direct sum, uniquely determined up to

. . 2
permutation of summands, of pairs of the types (Z,,J-(1)), (J-(0),1,), (F+,G,), (G, F,), @
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in whichr=1,2,...,

A1 0 0 0
A 1 10 0
L) = AecC), F=| .|, G=| " "
-1 -0 0 01

0o A 0 1

are r X r,r x (r—1), (r— 1) x r matrices, and
(Al,Bl)EB(AQ,Bz) = (Al @Ag,Bl EBBQ).

Note that (F;,G1) = (019,010); we denote by 0,,, the zero matrix of size m x n, where m,n € {0,1,2,...}. All
matrices that we consider are complex matrices. All matrix pairs that we consider are counter pairs: a matrix
pair (A, B) is a counter pair if A and BT have the same size.

A notion of miniversal deformation was introduced by Arnold [1,2]. He constructed a miniversal defor-
mation of a Jordan matrix J; i.e., a simple normal form to which all matrices J + E close to J can be reduced
by similarity transformations that smoothly depend on the entries of E. Garcia-Planas and Sergeichuk [4] con-
structed a miniversal deformation of a canonical pair (2) for contragredient equivalence (1).

For a counter matrix pair (A,B), we consider all matrix pairs (A +A,B —H§) that are sufficiently close to
(A,B). The pair (A, B) is called a perturbation of (A, B). Each perturbation (A, B) of (A, B) defines the induced
perturbatlon AB+ AB + AB of the matrix AB that is obtained as follows:

(A+A)(B+B) =AB+AB+AB+AB.

Since A and B are small, their product AB is “very small”; we ignore it and consider only first order induced
perturbations AB+AB of AB.
In this paper, we describe all canonical matrix pairs (A,B) of the form (2), for which the first order induced
perturbations AB -+ AB are nonzero for all miniversal perturbations (A B) # 0 in the normal form defined in [4].
Note that z = ABx can be considered as the superposition of the systems y = Bx and z = Ay:

x—| B \%’ A \—>z implies x—>—>

2 Miniversal deformations of counter matrix pairs

In this section, we recall the miniversal deformations of canonical pairs (2) for contragredient equivalence
constructed by Garcia-Planas and Sergeichuk [4].
Let

13 14

(A,B)=(I,C @EB (I In,) EB o 1)) DD (Frsys Gro)) P (G Fry) 3)

J=1 J=1

be a canonical pair for contragredlent equlvalence, in which
t
CZZ@‘D(M), q)(l,) I:Jmi] (li)@-'-@.]miki(l,‘) with li#kj ifi;féj,

mjy 2 Mip 2 -+ 2 Mg, and rjg 2 rip 2 -+ 2 rig.
For each matrix pair (A, B) of the form (3), we define the matrix pair

®ihy,| 0 0 1 [&4,(0)+N| N | N
0 Jn (0)+N| N N .| 0

(1@e) +M) e e L e I
0 N 0 0, N o N p
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of the same size and of the same partition of the blocks, in which
N = [H,' j] (5)

is a parameter block matrix with p; x g; blocks H;; of the form

*
Hij = [ 0 ] ifpi<qj,  Hij= [*0*] if pi > q;. (6)
*
Fr11+H H H G”ll 0
v +H : H G
P = Fry + . , Q= : ‘.”2 . ([:374)’ (7)
.. H : . .
0 F, +H H --- HGp

Tty
N and H are matrices of the form (5) and (6), and the stars denote independent parameters.

Theorem 1 (see [4]). Let (A,B) be the canonical pair (3). Then all matrix pairs (A +A,B —I—E) that are suffi-
ciently close to (A, B) are simultaneously reduced by some transformation

(A+A,B+B)— (S'(A+A)R,R"'(B+B)S),

in which S and R are matrix functions that depend holomorphically on the entries of Aand B, S (0) =1, and
R(0) =1, to the form (4), whose stars are replaced by complex numbers that depend holomorphically on the
entries of A and B. The number of stars is minimal that can be achieved by such transformations.

3 Main theorem

Each matrix pair iA +A ,B +§) of the form (4), in which the stars are complex numbers, we call a miniversal
normal pair and (A, B) a miniversal perturbation of (A, B).
The following theorem is the main result of the paper.

Theorem 2. Let (A,B) be a canonical pair (2). The following two conditions are equivalent:
(a) AB+AB # 0 for all nonzero miniversal perturbations (A,B).
(b) (A,B) does not contain
() (I,J,(0)) @ (J;(0),1,) for each r,

(i) (F1,G))® (Ga,F), and
(iii) (Fu,Gnm) ® (Gm, Fn) for each m.

Proof. (a)==(b). Let (A,B) be a canonical pair (2). We should prove that if (A, B) contains a pair of type
(1), (i1), or (iii), then AB + AB = 0 for some miniversal perturbation (A B) # (0,0). It is sufficient to prove this
statement for (A, B) of types (i)—(iii).

Case 1: (A,B) = (I,,J,(0)) ® (J-(0), 1) for some r. We should prove that there exists a nonzero miniversal
perturbation (A, B) such that AB+AB = 0.
If r =1, then
110 00
orol [otr])

(4,B) = (I,1(0)) & (J1 (0),I) = ([
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Its miniversal deformation (4) has the form

(bore) L5 7))

in which €,A, 1 and  are independent parameters. We have that

~ =~ [0]o0 Al [2A]u
AB“B—{H]*{OO}—[H]'

Choosing € =t = A =0 and & # 0, we get AB+ BA = 0.
If r =2, then (A,B) = (12,.]2(0)) D (Jz(O),Iz) and

1 0|0 o0 0 1]0 0
~ =~ 0 1 0 0 & & | & &
(A+A,B+B) = 0O 00 1 "' & O |1 O ’
0 0]|¢&g & &g O 1
We get

0000 0000 0000

5 ap_ |E1E 8 & 0000 |81 &8 &
ABTAB=1.000|"]0000| e 000

0000 00¢&y & 00 & &g

Choosing €5 # 0 and & =0 if i # 5, we get AB+AB = 0.
If r is arbitrary, then (A, B) = (I,J,(0)) @ (J-(0),1.) and its miniversal deformation has the form

1 01 i
1 ..
0 A 0
01
1 €1 & ... &|E11 Ep ... Erys
0 1 ) ﬁl 1 b
0 B2 1
01 . 0 .
i oy 062...063_ _ﬁs 1 ]

in which all o, Bi, & are independent parameters. Taking all parameters zero except for B; # 0, we get that
AB+AB=0.

Case 2: (A,B) = (F1,G1) ® (G2,F>). Then

(A+K,B+§)=<[g ‘N[ 0 LD

in which €,0, 4 and u are independent parameters. We get

~ o~ 0 € 0O O 0 ¢
-9 ][0 0]-[0 ]

Taking all parameters zero except for § # 0, we get that AB+AB =0.
Case 3: (A,B) = (Fyn,Gp) ® (G, Fn) for some m.
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If m =1, then (A,B) = (Fi,G1) ® (G1,F;) = (0,0). For each perturbation (A, B) # (0,0), we get AB+AB =

0.
If m = 2, then the miniversal deformation (4) of (A,B) is

o 1o 0 0 1]o0
(A+AB+B)=||e|B 0o |,| 0 01
00 1 A u|d

in which €, ¢, B, A, and § are independent parameters. We obtain
o 000 000 000
AB+AB=1000| + |[0eB| = |0ep
Auod 000 Aud

Choosing all parameters zero except for o # 0, we get AB+AB =0.
If r is arbitrary, then the miniversal deformation (4) of (A, B) has the form

[ 1 0| & 01 0
: 0 ' 0
0 1 &> 0 01
€ ... &_11E—1 , 1 0
0 1 0 0
0 L 0 1
L 0 0 1_ | O O ... OOy ... O2p—1 |

in which all ; and €; are 1ndependent parameters. Since the rth row of B is zero, a parameter &,_, does not
appear in AB, and so0 in AB + AB too. Choosing all parameters zeros except for &,_, # 0, we get AB+AB=0.

(b) = (a). Let us prove that if there exists a nonzero miniversal perturbation (A, B) such that AB+AB = 0,
then (A, B) contains (I,J,(0)) @ (J-(0),I.) for some r, or (Fi,Gy) ® (G2, F,), or (F,Gy) ® (G, Fy,) for some
m.

Since the deformation (4) is the direct sum of

)l 0 0 ©iJ;(0)+N| N | N
(1 @@a)+7) ana | |2 TS OENN | N Gk O
i 0 N BN N 0 |%0
0 04 N Py
it is sufficient to consider (A, B) equals
n 15) 5] 71
(LD@2)) or Dllhyjsdn,) B Urys b)) D (FrysGry)) & DGy By ®)

i j=1 j=1 Jj=1 j=1

Let first (A, B) = (I,®;(®(4;))). Then

ol | 0] 0 @idr,(M)+N | 0 0
(A+A,B+B) = o || o |, 0 0
0 | 0| o, 0 0 | @, (M) TN
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If
N| O |O
AB+AB = ol . lo | =0,
0|0 |N

in which all N have independent parameters, then all N are zero, and so (A, B) = (0,0).

It remains to consider (A, B) equaling the second pair in (8). Write the matrices (7) as follows:

P=P+P, O=0/+Q, inwhich /=34,

Fr, 0 0 H,, H H
Fl — FrlZ Pl — HrlZ
0 B H
0 Tl 0 Hrltl
Gy, 0 0y, 0
0 Gy, H 0y,
Q=1 . : : : Q= ’
0 - 0 G H - H 0

Tl

N and H are matrices of the form (5) and (6), and the stars denote independent parameters.
Write

J| = @j]rlj(()), Jp = EBj]rzj(O).

Then
r 710 0 0 T 0] 0] O 0
A 01/ 9 0 ’ i O|N| N N ’
0/0 P 0 0|N|P;, N
L 0|00 O | O[N] O Q
FJ; 101 0 0 7 [ N|N| N N
O(I] O 0 ~ N|O 0 0
B— _ B—
0/0/0; 0 |’ N[olg, 0|
L 00| 0O P4 | | N|O| N P,
N | N N 0|0 0 0
~ N - 7o) P
AR — 12 0 70 0 7 iB— 0| N N% Nf4
PN | 0[Py, 0 0N |P0; NP
OuN | 0| O4N  Q4Py O|N| O QP

€))

in which we denote by N blocks of the form (5). All blocks denoted by N have distinct sets of independent

parameters and may have distinct sizes.

Since AB and AB have independent parameters for each (A, B), we should prove that AB # 0 for all A #0

and BA # 0 for all B # 0. Thus, we should prove that
JN, NPy, P3N, NQj;, O4N
are nonzero if the corresponding parameter blocks N are nonzero.

§ sciendo
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Let us consider the first matrix in (10):

T, 07 [H, 0

/) H, 0 0
LN = ‘ , = O-@ :
. . €11 -+ Emy Enl - Eum,

0 AR H, 0..0 0...0

n

in which all g;; are independent parameters and r; < 7 < --- < 1y, Clearly, /LN # 0 if at least one g;; # 0.

Let us consider the second matrix in (10):

Hy, 01 [F, 0
H, Fy 0 0
NP, = : . = DD
’ ’ &1 -+ Emy Enl -+ Eum,
0 H,| |0 F,

in which all €; are independent parameters and r; > rp > -+ > r,. Clearly, NP4 # 0 if at least one g; # 0.

The matrices P3N, Q4N, NQ3, and Q4N in (10) are considered analogously.
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