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Abstract

In this paper we study a (2+1)-dimensional coupling system with the Korteweg-de Vries equation, which is associated
with non-semisimple matrix Lie algebras. Its Lax-pair and bi-Hamiltonian formulation were obtained and presented in the
literature. We utilize Lie symmetry analysis along with the (G’ /G)—expansion method to obtain travelling wave solutions
of this system. Furthermore, conservation laws are constructed using the multiplier method.
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1 Introduction

It is well-known that nonlinear partial differential equations (NLPDEs) are extensively used to model many
nonlinear physical phenomena of the real world, which can be seen from the number of research papers published
in the literature. One such NLPDE is the celebrated Korteweg-de Vries (KdV) equation [1]

U+ 6ulty + Uy = 0, (D

which has applications in nonlinear dynamics, plasma physics and mathematical physics. It is an important
equation in scientific fields and in the theory of integrable systems. It describes the unidirectional propagation of
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long waves of small amplitude and has a lot of applications in a number of physical contexts such as hydromag-
netic waves, stratified internal waves, ion-acoustic waves, plasma physics and lattice dynamics [2]. Equation (1)
has multiple-soliton solutions and an infinite number of conservation laws and many other physical properties.
See for example [3—5] and references therein.

Recently focus has shifted to the study of coupled systems of Korteweg-de Vries equations because of their
many applications in scientific fields. See for example [5-9].

However, in this work we study the (2+1)-dimensional coupling system with the Korteweg-de Vries equation
[2], namely

ckdv11u; — 6uuty, — tyy = 0, (2a)
ckdv12v; — 6(uv), — 6uity — 3ty — Ve = 0. (2b)

This system is a (2+1)-dimensional integrable coupling with the Korteweg-de Vries equation, which is asso-
ciated with non-semisimple matrix Lie algebras. In the references [10] and [11], its Lax pair and bi-Hamiltonian
formulation were presented respectively. It should be noted that its bi-Hamiltonian structure is the first example
of local bi-Hamiltonian structures, which lead to hereditary recursion operators in (2+1)-dimensions.

Several methods have been developed to find exact solutions of the NLPDEs. Some of these are the homoge-
neous balance method [12], the ansatz method [13], the inverse scattering transform method [14], the Biacklund
transformation [15], the Darboux transformation [16], the Hirota bilinear method [17], the simplest equation
method [18], the (G'/G)—expansion method [19, 20], the Jacobi elliptic function expansion method [21], the
Kudryashov method [22], the Lie symmetry method [23-28].

The outline of the paper is as follows. In Section 2 we determine the travelling wave solutions for the system
(2a) using the Lie symmetry method along with the (G’/G)—expansion method. Conservation laws for (2a)
are constructed in Section 3 by employing the multiplier approach [26,29-37]. Finally concluding remarks are
presented in Section 4.

2 Travelling wave solutions of (2a)

In this section we use Lie symmetry analysis together with the (G’/G)—expansion method to obtain travel-
ling wave solutions of (2a).

2.1 Lie point symmetries and symmetry reductions of (2a)

Lie symmetry analysis was introduced by Marius Sophus Lie (1842-1899), a Norwegian mathematician, in
the later half of the nineteenth century. He developed the theory of continuous symmetry groups and applied it
to the study of geometry and differential equations. This theory contains powerful methods which can be used to
obtain exact analytical solutions of differential equations [23-25]. The theory is called symmetry groups theory
or the classical Lie method of infinitesimal transformations. The symmetry group of a differential equation
is the largest local Lie group of transformations of the independent and dependent variables of the differential
equation that transforms solutions of the differential equation to other solutions. The symmetry group associated
to a differential equation can be obtained by Lie’s infinitesimal criterion of invariance.

The (2+1)-dimensional coupling system with the Korteweg-de Vries equation (2a) is invariant under the
symmetry group with the generator

d d d d d
_ £l 2 3 1 2
F_g (t’x’y’M’V)at—’—g (t,x,y’u,‘})ax—i_é (t7x7y7u7v)ay+n (t7x7y7u7v)au+n (t,x’y’u,‘})av (3)
if and only if

ckdv21 T8 (w4, — 61t — thre) | (50 = 0, (4a)
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3
ckdv22 TP (v, — 6(uv). — 61ty = ity = Vi) 5 = 0, (4b)

where I'B! denotes the third prolongation [23] of the generator (3) and the symbol |(,,) means it is evaluated on

equations (2a). The third prolongation B s given by
d d 0 0 0 d d d
Bl _ 1.9 1 1 9 2 0 2 0 1 1 2
LR PR PR PR M PR PRI AR TR
with
Czl = Dz(n1> - ”tDt(él) — Dy (§%) - uyDt(€3)a
x] = DX(TI]) - ”tDX(él) - uxDX(éz) "‘ny(é3)a
yl = Dy(nl) - ”tDy(é]) - uny(§2) “)’Dy(§3)a
&7 =Di(n*) =D (&) —viDi(8%) — V>Dt(§3)v
x2 = DX(TIZ) —vDy (& 1) - VxDX(gz) - vny(<§3),
Cxlx = DX(CxI) - ”txDx(gl) — U Dy (87) — Mxny(‘:%),
xzx = DX(CxZ) — Dy (8 1) - VxxDx(éz) - nyDx(53)a
xlxx = DX(Cxlx) - utxxDX(gl) — UxeD (52) uxxny(§3)a
xlxy = DX(Z:xlx) - utxyDX(g 1) - uxxny(éz) - uyxny(g3)v
szxx = DX(C)?x) — VieDx (& 1) — VD (‘52) — Vixy x(§3),
and Dy, D, and Dy are the operators of total differentiation defined as
0 0 d
D, = E"‘_ut%_"vtﬁ"""'a
D, = i + i + i +
T ok T ou Ty ’
0 0 d
Dy:afy—FMy%‘}'Vy%‘}'”', (6)

respectively. Expanding (4a) and then splitting on the derivatives of u and v, we obtain the following overdeter-
mined system of linear partial differential equations:

£ =0, & =0, § =0, §/ =0, & =0, § =0, & =0, £} =0, £} =0
§ =0, 0y =0, My =0, Mo, =0, 0, =0, Nz, =0, Ny, —&%=0,

My — &0 =0, N3 — &5 =0, i, +my, =0, =357 +&' =0,

4ugl+2n" +nk, =00k —n! +6un! =0—n, +& +n; - =0,

2087 +2vE) + 207 + M3, 211, = 0,120 +6n' — &2 431, + &7 =0,
&' =282 &) —n)+n, =0,6un; +6vn! —n7+3n,, +n5, +6un; =0,
6uEl +6u) —6un, +6n' — &5 +3n5, + & +6un; =0.

Solving the above system of partial differential equations, one obtains
EV=C+3Cst, E2=Cr+Cax, E3=Cu{F(y) —vF'(y)}, n' = —2Cu, n* = —Csv,
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where Cy, - - - ,Cy4 are arbitrary constants and F(y) is an arbitrary function of y. Thus the Lie algebra of infinites-
imal symmetries of the system (2a) is spanned by the four vector fields

time translation 'y = o5

. d

space translation ') = o
d d d d

ling T's =3t— — —2U— —v—
scaling 13 8t+x8x uau v&v’

d d
r4:F(y)a7y_VF< )ay

We now use these Lie point symmetries to find exact solutions of (2a). The linear combination of the three
symmetries I'j, I'; and I's with F(y) = 1 provides us with the three invariants

f:t_yv g§=X-), uze(f,g), V:q/(fvg)v

the system (2a) is reduced to a system of partial differential equations of two functions 8 and y in two indepen-
dent variables f and g;

ckdv410; — 600, — Ogq, = 0, (7a)
ckdvA2yy —6(0y), +6005+ 600, 4305, + 360505 — Wgoo = 0. (7b)
System (7a) has the following symmetries
)
1= af7
)
2 = ag?
<9 1 8 1, d
2¢g+3 — (46 —(8 204 -)=—

Considering the symmetry X = X; + oX» given by the linear combination of X; and X, we get the invariants

z=g—oaf, 0 =H(z), y=J(z).

This further reduces (2a) to a system of third-order ordinary differential equations in two functions H(z) and
J(2).

ckdv5laH' +6HH' +H" =0, (8a)
ckdv52olJ' +6(HJ) +6(a—1)HH +3(a—1)H" +J" =0, (8b)
where the prime denotes derivative with respect to z.
2.2 Application of the (G’ /G)—expansion method

In this section we employ the (G’ /G)—expansion method to construct travelling wave solutions of the system
of third order ordinary differential equatons (8a). This method was developed by the authors of [19] and has
been extensively used by researchers. It assumes the solutions of the system (8a) to be of the form

s-a(S). na-Fn(S5)

Z
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where G(z) satisfies the second-order ODE given by
G'+AG +uG=0 (10)

with A and u being arbitrary constants. The homogeneous balance method between the highest order derivative
and highest order nonlinear term appearing in (8a) determines the values of M and N. The parameters .« and
#;,i=0,1,--- Mand j=0,1,---,N need to be determined. In our case the balancing procedure yields M =2
and N = 2, so the solutions of the system of ordinary differential equations (8a) are of the form

H(z) = oy + (G |G) + o5 (G' | G)?, J(2) = Bo+ %) (G'|G) + B,(G' | G)>. (11)

Substituting (11) into (8a) and making use of (10), and then collecting all terms with same powers of (G'/G)
and equating each coefficient to zero, yields a system of algebraic equations. Solving this system of algebraic
equations, using Mathematica, we obtain the following set of values for the constants «7; and %4, i,j =0,1,2:

%:—é(a+lz+8u), A= 2%, ol =2,

By = %(a_ 1) (=242~ 16), %) =4A(0— 1), By = 4(a—1).

Substituting these values of .<7; and %; into the corresponding solutions (11) of ordinary differential equations
(5), we obtain the following three types of travelling wave solutions of equation (2a):
Case 1: When A2 — 4 > 0, we obtain the hyperbolic function solutions

1 ) B A Cisinh (8;z) + Cycosh (01z)
wi(t,ny) = —g (@+A%+84) 2’1[ x T <cl cosh (8,2) + Crsinh (8,2)
A C1sinh (8,2) 4+ Gy cosh (812) \ 17
_2[_ >t (cl cosh (812) + Casinh (812) ) | ° 12)
1 A Cysinh (81z) +Cycosh (62
ntxy) = (@ 1) (@222~ 161) +44 (@~ 1) [—2+5] (Ci Cosh(((;lg)ésinhgsig)}
N Cisinh (8,2) +Cycosh (8,2) \ 12
+4a—1) [ 2 +o <C1 cosh (8;z) + Cy sinh (8;z2) ’ (13)

where z=x+ (¢ —1)y—ot, 6y = %\/12 —4u, Cy and G, are arbitrary constants.
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0.105
0.104

0,103

Fig. 1 Profile of solution (12)

0.000
-0.002
v
-0.004
20650
Fig. 2 Profile of solution (13)
Case 2: When A% —4u < 0, we obtain the trigonometric function solutions
1 A —C;sin(8z) + Cocos (622)
t =——(a+A%>+8u)—24( ==
2t %,3) 6( +A%+8p) ( 2 o Cicos(8z) +Crsin (82)
A . —Cisi 2
—2(——4—52 Ci 51n(522)+C2?05(52Z)) 7 (14)
2 C cos (02z) + Ca sin (Hrz)

e
valt.x,y) = (0t — 1) (o0 — 242 — 1611) +4A ( — 1)(_ L Cii;‘g;;jg;g?g?)

§ sciendo


https://www.sciendo.com

Travelling waves and conservation laws of a (2+1)-dimensional coupling system with KdV equation 247

A —C) sin (82) —i—CzCOS(‘SZZ))Z, (15)

+4(a—1) ( -5+ ) Ci cos (82) + Casin (8622)

where z=x+ (ot — 1)y—ot, & = %\/4[.1 — A2, C; and G, are arbitrary constants.

0.105
0.10b
0.095
0.090
~200

200

Fig. 3 Profile of solution (14)

200

Fig. 4 Profile of solution (15)
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Case 3: When A2 —4u = 0, we obtain the rational solutions

_ 1 2 A & A © ’
ws(t,3,y) = —¢ (a+2 +8u)2ﬂ»<2+w)2(z+q+cﬂ |

vg(t,x,y):é(a—l)(a—2%2—16u)+41(a_1)<_)“ G )

+
2 Ci+Cz
A G\’

where z =x+ (& — 1)y — at, C; and C, are arbitrary constants.

3 Conservation laws for (2a)

In this section we construct conservation laws for our (2+1)-dimensional coupling system with the Korteweg-
de Vries equation (2a). Conservations laws are physical quantities such as mass, momentum, angular momen-
tum, energy, electrical charge, that do not change in the course of time within a physical system. They play a
vital role in the solution process of differential equations. They are significant for exploring integrability and
for establishing existence, uniqueness and stability of solutions of differential equations. Also conservation
laws play an essential role in the numerical integration of partial differential equations, for example, to control
numerical errors and they can be used to construct solutions of partial differential equations.

Several methods have been developed by researchers for constructing conservation laws. These include
the Noether’s theorem for variational problems, the Laplace’s direct method, the characteristic form method by
Stuedel, the multiplier approach, Kara and Mahomed partial Noether approach. The computer software packages
for computing conservation laws have also been developed over the past few decades.

Here we use the multiplier method to find conservation laws of the system (2a), namely

ckdv110E| = u; — 6uity — tyy = 0, (16a)
ckdv120E; = v, — 6(uv)x — 6utty — 3uyey — Vi = 0. (16b)

A conservation law of the system (2a) is a space-time divergence such that
D,T +DX+D,Y =0 a7

holds for all solutions (u(t,x,y);v(t,x,y)) of the system (2a). The vector (7,X,Y) is called the conserved vector
of the system (2a).

We look for second-order multipliers Q; and Q», that is, Q; and Q> depend on #, x,y,u,v and first and second
derivatives of u and v. The multipliers O and Q; of the system (2a) have the property that

O\E1 + Ok = DiT + D, X +DyY, (18)

for all functions u(z,x,y) and v(¢,x,y). The determining equations for the multipliers are obtained by solving the
system

0
ckdv71 Su (01 (ur — Outsty — ) + Q2 (v — 6(uv)x — 6ttty — 3ty — Virx)] = 0, (19a)
1)
deV72$ (01 (ur — Outsty — ) + Q2 (Ve — 6(uv)x — Ottty — 3ty — Vier)] =0, (19b)
where 6 /du and &/dv are the standard Euler-Lagrange operators given by
1) d d d d ; 0 5 d
-2 pZ p 2 p L p 2 pp 2 4. 20
ou Jdu "ou, *ou, Y duy Y Oty 7Y Oty + (20)
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and

8 _9 _p2 _p2? Di D2
tav, xan a T Vi

Sv_ ov

+eee @1

respectively. Expanding system (19a) using (20) and (21) yields an overdetermined system of partial differential
equations, which after solving with the help of Maple [38], we obtain

5 1
01 =—x <2u3 + uityy — Z(uﬁ - u,x)> E(y)— (6tux+x )F{ (y) +vF3 (y)
15
—x(3 u? + ) F3 (y) — xuFy (y) + 6 1uFy (y) + Evuz +61vF (y)
l

((Buyy +4ve)u+4ue v+ (—2uy —2vy) uy + ttyy +vix) F2 (y)

4
—}—% (IOM3 +duny, —u” + utx) Fo (y) 4+ (6uv+ 2y +vi) F3 ()
+ (30 + ) Fy (v) + (61u+x) Fy (v) +uF5 (v) + Fio (v), (22)
0, = % (10u3 + A uny, —u + u,x) F> (y) + (6tu+x) Fi (y)
+ (36 +ue) F3 () + Fa (y) u+Fs (), (23)
where F;,i = 1,---,10 are arbitrary functions of y. As a result the ten conserved vectors are calculated via a

homotopy formula [38] and are given by

Ty =6uvF (y)t —3xF' (y)tu® — ux*F' (y) +vF (y)x,

X =3u°F' (y) — xuF' () + e X*F' (y) = 20y F () x — v F (y) x
— 12uuy F (y)t —6uv F (y)t — 6 F (y) 1 +6veu  F (y)t — 6vuF (y)x
—3u2xF ()t +6uyuy F (y)t +6utty xF' (y)t + F (y) vy +uy F (y)
—36VF (y)ult + 12xF' (y) tu®

Y1 =F () tty — 6 F (y) 1 —u F (y) x— 120F (y)t + 3u,°F ()t
—3uPF (y)x;

1

1 7 1
Ty = —F () Vityeor + —F () ttttyy + —F (y) uPtuyy + 4F () Uthxry

16 16 6
+ 16F( )uv,x+17—2F(y)u2vm+EF(y)uvxxxx IIZF( Yutv+ 16F( y) Vidgy
—%xF’(y) +;VF( )u? —11—6F( )uxxxvx—l—l%uyF(y)u,
e F ()t o e (9) ey 1 (5) v 2 (3) Vs
+ EF()}) U vy — %F’ (y) Wy x + éuusz’ (y)x—éuF () ux ity
11—6ux (y)u,x+11—6uxF’(y)uxxxx—11—6uu,xF'(y)x
g ! () ¥ £ VF ()t — ¢ uF (3) v
X5 =— iF( ) Uty — 1vuf,xF (y)— lu,C,CF(y) Uy —luxxF(y) Vix
16 2 8 8
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1 1 1 1
_gvxxF()))utx_ZuxyF(y)utx_%F(y)uxxxvt“‘guyF(y)utxx
L (3= St F ()it 5 F (5) vy — e F (9)
- U-x——u u —u Vi——u y
16 y)u; 16 1 y XXy 8 t Y) Vi 16 t Y) Vxxx
1 1 7 1 7
—EF( V) Vitxr — EF()’)WM— EF()’) uzuzy— EF()’) Uvy — EF()’) uzvtx
1 1 1
— EF( V) Ui + guxF’ (y) uutx—5u3ux) (y) + F () iy Vixy

1 1 5 1
_ISVF(y)u4+ZF(y)qutxy+vaxF(y)u)zc 5 >VxxF(y)+§vxF(y)utxx

1 1 1
—|—3xF’(y)u5+§uxyF(y)u + —wuF (y) thyor X — = uF (y) ux vy

16 6
1 7 5 3
— gF(y) U VU — ng (y) umg + §u3uxxF’ (y)x— ZuiF’ (y)xu2
b2 ety F(3) 2 vty F (5) 1 — - tuge vF 3w (y) i
5 txlty (y)u +2vxux (y)u 5 Wt (y)+2vu (y)u;
1 1 7
- Zuxxu,ch’ (y)x—l—iux_xuxF(y) uy—l—ﬁuzu,xF’ () x = 2une F () yy
1 1 1
+ Euujzch’ (V) x — utty F (y) Vi + vaF(y) Uy Uy — guyF(y) u;
1 1 1
_ gu,F (y)uvy + guxxF/ (v) xuyy — 3 U () e x
1 1
161/“/[;[ (y)x+ 16uutxxxF/(y)x,
7 1 1 1
YZZ_EF( )u Uty — %F(Y)uutt“‘gF(y)uxutxx_%F(Y)uutxxx
5 3 1 1
= SWF )ttt ' F () 165+ J 1GF () the = S uF ()16,
1 1 1
_EMIF()))L‘xxx_guxxF(y)utx_3u5F(y)+ 16 F(y)

1
— guF (y) ty s

1
T3 = —xF’ (y)u3 +3F(y) u2v+F(y)uuxy+§F(y)uvxx

1 1
+2F( )uxx Ex(Fl(y)) Ullxyx,
1 1
.€) :E (F/(y))u)zcxx_zuxxF(y)”xy_uxxF<y)Vxx_EF(y)uuty
1 1 9
—6F (y) 1y — 5 F () uvix = 3F () wvee = 5 F (y) vy + 5 2F (y) u*
1 1 1
— 18vF(y)u3+§uyF(y)u,+§uxF(y)vt+§F(y)u,vx
1 1
+3F (y )u Uy X — 2uxF’(y)utx+§uuth’(y)x
— OVF () utyy,
) I I 9 ,
Y3 = = 3uF () et 5 eF (V) ur = Sub () e — S uF (y)
1
_EM/%XF()}),
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1
Ty = — S u’xF' (y) —wF (y),

1
Xy =2xF' (y)u’ —6F (y)u? v—2xF (V) u2 —2F (y) unyy
_F(y)uvxx+F(y)”xuy+F(y)“xvx_F(y)“xxV+XFl(y)u”xx’

1
Vo= =20F () + 5 10F () — utte F (3);
Ts = (y)v+31’F' (y),
Xs = —6uue tF' (y) +uc F' () —2F (y) ey — F (y) vix — 6 F (y) uv
—12t°F' (y) + 3u?tF' (y),
Ys = —3u’F (y) —un F (¥);

1 1 1 7
T6:_EI4F( ) +T6”uxxxxF(y)_EMXF(y)Mxxx+E”2F(y)uxx
1 5
+RuxF(y)ut+%uF(y)utx+gu“F(y),
Xo = — - F (9 — = F ()t + < F (9) Lr(y)
6 = 2 U Uy — 16 Y) Uty 3 Y) Ux Ugxx 16 Y) Uldtxxx
5 3 1 1
—§u3F(y)uxx+Zu2F( y)u? +4M§F( )uxx—qu(y)uix
1 1 1
—1—6u,F( )uxxx—guxxF( V) ey — 3w’ F(y )+16 F( )
1
_guF(y)Mxl/tl,
Ys =0;
1
T =u’F (y)+ 3 uug F (),
) I I 9 ,
X;=—-3u F(y)uxx+§uxF(y)u,—EuF(y)u,x—Eu F(y)
1
EMJZCJCF(y)u
Y; =0;

Ty =3tu’F (y) +uF (),
Xg =F (y) tty — 6ttty F (y) 1 — e F (y) x — 120°F (y)t + 3u*F ()1

—3u’F (y)x,
Ys =0;
7=t iF )
2
Xo = —2uF (y) + % UF (v) = uttc F ()
Yy =0;

251
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T]O :F(y)l/l,
X102_3”2F()’)_"‘XXF()’)>
Y10 =0.

Remark: Due to the arbitrary functions in the multipliers Q; and @, infinitely many conserved vectors are
obtained for the system (2a).

4 Conclusion

In this paper we studied a (2+1)-dimensional coupling system with the Korteweg-de Vries equation (2a).
Lie point symmetries of (2a) were computed and used to reduce the system to a system of ordinary differential
equations. This ordinary differential equations system was then solved by employing the (G’ /G)—expansion
method and as a result travelling wave solutions of (2a) were obtained. The solutions obtained were expressed
in the form of hyperbolic functions, trigonometric functions and rational functions. Some of these solutions
were plotted. Furthermore, conservation laws for the system (2a) were derived by using the multiplier approach.
The significance of conservation laws was explained in the beginning of Section 3.
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