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Abstract

In this paper, we study 3—total edge product cordial (3—TEPC) labeling which is a variant of edge product cordial labeling.
We discuss Web, Helm, Ladder and Gear graphs in this context of 3—TEPC labeling. We also discuss 3—TEPC labeling
of some particular examples with corona graph.
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1 Introduction and Preliminaries

Let G be finite, simple and undirected graph. Let Vi be the vertex set and E¢ be the edge set of graph G. We
follow the standard notations and terminology of graph theory as in [15]. A graph labeling is an assignment of
integers to the vertices or edges or both subject to certain condition (s). If the domain of mapping is the set of
vertices (or edges) then the labeling is called a vertex labeling (or an edge labeling) proved as in [6] .

To define some different types of cordial labelings & we have the following notations:
(1) The number of vertices labeled by x is vj(x);

(2) The number of edges labeled by x is e, (x);

(3) va(x,y) = va(x) = vi(y);

(4) en(x,y) = en(x) —en(y);

(5) s(x) = vu(x) +en(x);

Now we will define different types of cordial labeling.
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Definition 1.

1. A vertex labeling function 4 : Vg — {0, 1} can induce an edge labeling #* : Eg — {0, 1} as for each edge
uv, h*(uv) = |h(u) — h(v)| if it satisfies |v,(1,0)| < 1 and |e;(1,0)| < 1 holds then it is called cordial. A
graph G is cordial if it admits a cordial labeling as proved in [2].

2. A vertex labeling function 4 : Vg — {0, 1} can induce an edge labeling #* : Eg — {0, 1} as for each edge
uv, h*(uv) = h(u)h(v) if it satisfies [v;(1,0)| < 1 and |e,(1,0)| < 1 holds then it is called product cordial
labeling. A graph G is product cordial if it admits a product cordial labeling as proved in [8].

3. For a graph G a function h : Vg — {0,1,2,...,k — 1} such that k is an integer 2 < k < |Eg| gives label
to each edge uv with A(u)h(v). If |s(x) —s(y)| < 1 for x,y € {0,1,...,k— 1} holds then it is called total
product cordial(TPC) labeling. A graph G is TPC if it admits a TPC labeling as proved in [9].

4. A edge labeling is a function i : Eg — {0,1} can induce a vertex labeling i* : Vg — {0,1} such that
h*(v) = h(e1)h(ez)...h(e,) for edge ey, ea,...,e, that are incident to v. If it satisfies |v;(1,0)] < 1 and
len(1,0)| < 1 holds then it is called edge product cordial(EPC) labeling. A graph G is EPC if it admits a
EPC labeling as proved in [10].

5. Aedgelabeling is a function i: Eg — {0,1,2,...,k— 1} can induce a vertex labeling h* : VG — {0, 1,2,....k—
1} such that h*(v) = h(e;)h(ez)...h(e,) (modk) for edge ey, e, ..., e, that are incident to v. If |s(x) —s(y)| <
1 for x,y € {0,1,...,k — 1} holds then it is called k-edge product cordial(k-EPC) labeling. A graph G is
k-EPC if it admits a k-EPC labeling as proved in [10].

6. For a graph G a function h : Eg — {0,1,2,...,k — 1} such that k is an integer 2 < k < |Eg|. For each
vertex v assign the label by h(e;)h(ey)...h(e,)(modk) such that ej,es,...,e, are edges incident to v. If
|s(x) —s(y)| <1 for x,y € {0,1,...,k— 1} holds then it is called k-total edge product cordial(k-TEPC)
labeling. A graph G is k-TEPC if it admits a k-TEPC labeling as proved in [1, 11].

Now we will define different family of graphs.
Definition 2.

1. The web Wb, is the graph obtained by joining the pendant vertices of a helm H, to form a cycle and then
adding a pendant edge to each of the vertices of outer cycle. An example of web graph Wb, are given in
Figure 1.

Fig. 1 Web graph Wby

2. The helm H, is the graph obtained from a wheel W, by attaching a pendent edge at each vertex of the
n-cycle. An example of helm graph Hs are given in Figure 2.
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Fig. 2 Helm graph Hs

3. A gear graph G, is obtained from the wheel graph W, by adding a vertex between every pair of adjacent
vertices of the n-cycle. An example of gear graph Gg are given in Figure 3.

Fig. 3 Gear graph Gg¢

4. A ladder graph L, of order n is a planer undirected graph with 2n vertices and n+2(n — 1) edges. An
example of ladder graph L¢ are given in Figure 4.

Fig. 4 Ladder graph Lg

Now we will define corona of two graphs.

Definition 3. The corona G ® H of two graphs G with n vertices and a graph H with n copies can be obtained
by connecting i-th vertex of G to each vertex of i-th copy of H with an edge.

Azaizeh at al in [1] introduced the concept of 3-TEPC labeling and they proved many results on this newly
concept. They discussed 3-TEPC labeling of Path, Circle and Star graphs. Madiha at el in [7] has discussed
3-TEPC labeling of Dutch Windmill and copies of n-cycle graphs. This paper is structured as follows. In Section
2, we discussed 3-total edge product cordial (3-TEPC) labeling of web graph and helm graph. 3-TEPC labeling
of gear graph and a class of corona graph are discussed in Section 3.

2 3-TEPC labeling of Web graph and Helm graph

In this section we will study 3-TEPC labeling of web graph and helm graph.
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2.1 3-TEPC labeling of Web graph

Theorem 1. Let G be a Web graph Wb,, of n+ 1 vertices then G admits 3-TEPC labeling.

Proof. : Let Vg = {u,vy,wy,1 <x<n}and Eg = {uyvy, | <x<npU{vveir, 1 <x<n—1}U{vw,,1 <x<
n}U{usuer1,1 <x<n-—1}. We consider three cases as follows:

Case 1 Let n =0 (mod 3) which implies n = 3¢, for some integer r > 1. We define the edge labeling / : Eg —
{0,1,2} as

Huany) 0, ifl<x<r,
Uu,v =
o 1, ifr+1<x<3t.

Hvaws) 1, ifl<x<t+1;
ViWy) =
o 2, ifr4+2<x<3t.

0, ifl<x<2s

and h(uz;uy) = 2.
1, if2r+1<x<3t—1; (uzu1)

0, ifl<x<r—1;
h(vever1) =2, ift<x<2t+1; and h(vyvy) = 1.

1, if2r4+2<x<3r—1;
In this case we have 5(0) = s(1) = s(2) = 7r. Therefore |s(x) —s(y)| < 1for0 <x<y<2.Hencehisa
3-TEPC labeling as elaborated in Figure 5.

Fig. 5 3-TEPC labeling of Wy

Case 2 Let n = 1 (mod 3) which implies n = 37 + 1, for some integer + > 1. We define the edge labeling
h:Eg— {0,1,2} as
0, ifl<x<tr—1;
h(ugvy) =< 1, ift <x <2t
2, if2t+1<x<3t.
2, if1<x<r
I, ifr+1<x<3t+1.
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0, ifl<x<2
and h(uy,H_]u]) =2.

2, if2t+1<x<38

0, ifl<x<r+1,;
h(vives1) =< 1, ift4+2 <x<2r+1; and h(v341v1) = 2.

2, if2r+2<x<3r
In this case we have s(0) = 7t + 3, s(1) = s(2) = 7t. Therefore |s(x) —s(y)| < 1 for 0 <x <y <2. Hence
h is a 3-TEPC labeling as elaborated in Figure 6.

Fig. 6 3-TEPC labeling of W7

Case 3 Let n = 2 (mod 3) which implies n = 37 + 2, for some integer + > 1. We define the edge labeling
h:Eg—{0,1,2} as
0, ifl<x<r;
h(uwy) =<1, ift+1<x<2t;
2, if2r4+1<x<3r42.
2, ifl<x<tr—1;
hvaws) = {1, if7<x <3042
0, ifl1<x<2s
2, if2t+1<x<3t+1;
0, ifl<x<t+1;
h(viver1) =11, ift+2<x<2t+1; and h(vz4ovi) =2.
2, if2r4+2<x<3t+1;
In this case we have s(0) = 7t +4, s(1) = s(2) = 7t + 5. Therefore |s(x) —s(y)| < 1for0 <x<y<2.
Hence A is a 3-TEPC labeling as elaborated in Figure 7.

and h(u3t+2u1) =2.

h(”x”x-}-l) = {

V.
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Fig. 7 3-TEPC labeling of Wg

2.2 3-TEPC labeling of Helm graph

Theorem 2. Let G be a Helm graph H,, of n+ 1 vertices then G admits 3-TEPC labeling.

Proof. Let Vg = {u,vy,wy,1 <x<n}and Eg = {uvy,1 <x<n}U{vvyi1,1 <x<n—1}U{vow,, 1 <x<n}.
We consider three cases as follows:

Case 1 Let n =0 (mod 3) which implies n = 3¢, for some integer ¢ > 1. We define the edge labeling & : Eg —
{0,1,2} as h(uvy) =1, for I < x <3¢,
0, ifl<x<r
1, ifr4+1<x<3t—1;
2, if1 <x<2
0, if2r+1<x<3t.
In this case we have s(0) =5t + 1, s(1) = s(2) = 5¢. Therefore |s(x) —s(y)| < 1 for 0 <x <y < 2. Hence
h is a 3-TEPC labeling as elaborated in Figure 8.

h(viveyr) = and h(vsvy) = 2.

h(viwy) =
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Fig. 8 3-TEPC labeling of Hy

Case 2 Let n = 1 (mod 3) which implies n = 37 + 1, for some integer + > 1. We define the edge labeling

h:Eg—{0,1,2} as

0, ifl<x<r—1;

1, ifr<x<3t+1.

1, ifl<x<r—1;

h(viwy) =<0, ift <x <2t

2, if2r+1<x<3t+1.
2, if1<x<2—1;
1, if2r <x<3t

In this case we have s(0) = s(1) = s(2) = 5t + 1. Therefore |s(x) —s(y)| < 1 for 0 <x <y < 2. Hence h

is a 3-TEPC labeling as elaborated in Figure 9.

h(uvy) =

h(viveyr) = and h(vavy) = 1.

Fig. 9 3-TEPC labeling of Hjg

V.
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Case 3 Let n = 2 (mod 3) which implies n = 37 + 2, for some integer + > 1. We define the edge labeling
h:Eg—{0,1,2} as

0, ifl1<x<t+1;

I, ifr4+2<x<3t+2.

1, ifl <x<t+1;
h(viwy) =<0, ift+2<x<2t+1;
2, f2t+4+2<x<3t+2.

1, if1<x<tr+1;

2, ifr4+2<x<3t+1;

In this case we have s(0) = 5t + 3, s(1) = s(2) = 5t + 4. Therefore |s(x) —s(y)| < 1for0 <x<y<2.
Hence /4 is a 3-TEPC labeling as elaborated in Figure 10.

h(uvy) =

h(vxva) = and h(V3t+2V1) =2.

Fig. 10 3-TEPC labeling of Hy;

3 3—TEPC Labeling of Gear graph and some classes of corona graph

In this section we will study 3-TEPC labeling of Gear graph and a class of corona graph.
3.1 3-TEPC Labeling of Gear graph
Theorem 3. Let G be the Gear graph Gy, then G is 3-TEPC.

Proof. Let Vg = {u,vy,1 <x<n}and Eg = {uvyr—1,1 <x<n}U{vyvyi1,1 <x<n-—1}. We consider three
cases as follows:

Case 1 Let n = 0( mod 3) which implies n = 3z, for some integer > 1. We define the edge labeling h : Eg —
{0,1,2} as
0, ifl<x<r—1,;
h(uva—1) =<1, ift <x<2t;
2, f2r+1<x< 3t
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0, ifl<x<2r
h(viver1) =<1, if2t4+1<x<3t+1; and h(vevy) = 2.

2, if3+2<x< 6r—1;
In this case we have s(0) = 5¢+1,s(1) = s(2) = 5¢. Therefore |s(x) — s(y)| < 1 for 0 <x <y <2. Hence
h is a 3-TEPC labeling as elaborated in Figure 11.

Fig. 11 3-TEPC labeling of Gg

Case 2 Let n = 1( mod 3) which implies n = 3¢ + 1, for some integer # > 1. We define the edge labeling
h:Eg— {0,1,2} as
0, ifl<x<ry
h(uvpe—1) =<1, ift+1<x<2t+1;
if2t4+2<x< 3tr+1.

)

if 1 <x<2¢;
if 2t +1<x<3t+1; and h(veovi) = 2.

, if3t4+2<x< 6r+1;
So we have 5(0) = s(1) = s(2) = 5¢+2. Therefore |s(x) —s(y)| < 1for 0 <x <y <2.Hence hisa3-TEPC
labeling as elaborated in Figure 12.

h(VxVx+1) =

9

N o= O [\

Fig. 12 3-TEPC labeling of G7

Case 3 Let n = 2( mod 3) which implies n = 3¢ + 2, for some integer # > 1. We define the edge labeling
h:Eg—{0,1,2} as
0, ifl<x<r+1;
h(uvae—1) =<1, ift+2<x<2t+1;
2, if2r+2<x< 3t+2.

V[
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0, ifl<x<2t
h(vxvxﬂ) =41, if2t4+1<x<3t+43; and h(v6,+4v1) =2.

2, if3r+4<x< 6r+3;
In this case we have s(0) = 5¢ +3,s(1) = s(2) = 5¢ +4. Therefore |s(x) —s(y)| < 1for0 <x <y <2.
Hence & is a 3-TEPC labeling as elaborated in Figure 13.

Fig. 13 3-TEPC labeling of Gg

3.2 3-TEPC of Corona L, ® 2K,

Theorem 4. Let G be a corona of L, © 2K then G admits 3-TEPC labeling.

Proof. Let Vg = {uy,ve,wy,We, 1 <x<n}and Eg = {u,vy, 1 <x<npU{vveir, 1 <x<n—1}U{uputeig,1 <
x<n—1}U{uwy, 1 <x<n}pU{vw,,1<x<n}. we consider three cases as follows:

Case 1 Let n = 0( mod 3) then n = 3¢, for some integer r > 1. We define the edge labeling 4 : Eg — {0,1,2} as
h(veki) =2, for 1 < x < 3.

0, ifl1<x<2¢

1, if2r<x<3r—1.

0, ifl1<ux<2t

1, if2r+1<x<3r—1.

2, ifl1<x<rt

1, ifr+1<x<3t

0, ifl<x<r-—2;

1, ifr—1<x<3e.

In this case we have s(0) = 9¢, s(1) = 5(2) =9t — 1. Therefore |s(x) —s(y)| < 1 for 0 <x <y < 2. Hence

g is a 3-TEPC labeling as elaborated in Figure 14.

h(”x”x-H) =
h(vivi1) = {
h(ucky) = {

h(uevy) =
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2 2 2 2 2 2
[ ] [ ] [ ] [ ] [ ] [ ]
2 2 2 2 2 2
0 0 0 0 0 2
0 0 0 0 1
1 1 1 1 1 1
0 0 0 0 1
0 0 0 0 0 1
2 2 1 1 1 1
[ ° o [ ] [ ] °
2 2 1 1 1 1

Fig. 14 3-TEPC labeling of graph Lg ® 2K

Case 2 Letn = 1( mod 3) then n =37+ 1, for some integer > 1. We define the edge labeling i : Eg — {0,1,2}
as
h(veky) =2, for 1 <x<3r+1.
{Q if1<x<2+1;
h(uxityry) = .
1, if2r4+2<x<3t.
0, ifl1 <x<2s
1, if2r+1<x<3r.
2, ifl<x<r
1, ifr4+1<x<3t+1.
0, ifl1<x<tr—1;
1, ifr<x<3t+1.

In this case we have s(0) = 97 + 3, s(1) = s(2) = 97 + 2. Therefore |s(x) —s(y)| <1for 0 <x <y <2.
Hence g is a 3-TEPC labeling as elaborated in Figure 15.

h(VxVx-H) = {
h(ucky) = {

h(uvy) =

2 2 2 2 2 2 2
0 0 0 R 2
0 0 0 0 1 1
0 1 1 1 1 1 1
0 0 0 0 0 1
0 0 0 1
2 2 1 1 1 1 1
2 2

Fig. 15 3-TEPC labeling of graph L; ®2K;

Case 3 Let n=2( mod 3) then n = 37+ 2, for some integer r > 1. We define the edge labeling  : Eg — {0,1,2}
as
h(vik)) =2, for 1 <x <3¢r+2.

Mtes) = {o, if1<x<2r42;

1, if2r+3<x<3t+1.
0, ifl<x<2
1, if2r+1<x<3t+1.

h(vxvx-H ) = {

V[
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2, ifl<x<t
1, ifr+1<x<3t+2.
0, ifl<x<r

1, ift+1<x<3t+2.

In this case we have s(0) =97+ 6, s(1) = 5(2) = 97 + 5. Therefore |s(x) —s(y)| < 1 for0 <x<y<2.
Hence g is a 3-TEPC labeling as elaborated in Figure 16.

h(ucky) = {

h(uevy) =

2 2 2 2 2 2 2 2
[ ] ® [ ] [ ] [ ] ([ ] [ ] [ ]
2 2 2 2 2 2 2 2
0 0 0 0 0 2 2 2
0 0 0 0 1 1 1
0 0 1 1 1 1 1 1
0 0 0 0 0 0 1
0 0 0 0 0 0 0 1
2 2 1 1 1 1 1 1
[ ] [ (] [ ] [ ] °

Fig. 16 3-TEPC labeling of graph Lg ® 2K
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