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1 Introduction

1.1 Asymptotic behavior of non-autonomous equations

What is the difference between the asymptotic behavior of an autonomous and a non-autonomous equation?
This may be, at first glance, a simple question to answer. Let us discuss this problem a little.
Consider a general non-autonomous differential equation given by

{L’tzF(t,u),t}&

u(s) =up € X, %

where X is a Banach space and F is in some metric space € of functions. Assume also that for each uy € X,
s € R and F € €, the problem (1) has a uniquely defined solution u(z,s, F,uq) for all times ¢ > s and the map
(¢,8,up) — u(t,s,F,up) is continuous for each F € €.

We know that, when F is independent of time, u(t,s,F,up) = u(t —s,0, F,up), that is, the dependence of ¢
and s in u are artificial, and in fact # depends only on the elapsed time ¢ — s. Hence, the asymptotic behavior (the
behavior for large times) can be obtained making ¢ — oo or s — —oo, indistinctly.

However, if F is time dependent, the dependence of ¢ and s of the solution is explicit and the scenarios arising
from making ¢ — o0 and s — —oo may be completely different. This is not so surprising once we realize that
in the autonomous case (¥ independent of time) we have only one vector field, namely F, driving the solutions
but, in the non-autonomous case we have infinitely many vector fields (F(z,-) for each ¢) driving the solutions,
and their behavior may be completely different for # — oo and s — —ee. This clarifies a little the understanding
of asymptotic behavior for non-autonomous equations, and shows that it is not an easy task to study this subject.
First, one must define which behavior will be treated: the forward attraction (when t — o) or the pullback
attraction (when s — —oo). Once the framework is set, we reach another problem: in any of them it is clear
that the asymptotic behavior of the solutions of (1) are related with the behavior of the vector fields F'(,-) when
t — oo, which can be unrelated with the behavior of each F'(z,-). This could have been said in another way: the
translates O,F alone are not enough, in general, to describe the asymptotic dynamics of (1) (for more details on
this subject we refer to [7] or [9, 16, 17]). Thus, the next question comes quite naturally: how do we introduce
the limiting vector fields of F(¢,-) in the study?

Consider € the space of all functions H: R x X — X, that are bounded in sets of the form R x B, where B is
a bounded set of X. Consider also the shift operator 6,: € — € given by

0H(-,-)=H(t+-,-), foreacht € R.
Now define Xy = { 6,F },cr, which is the set of all translations of F and let
Y = closure of £y in €,

which is known as the hull of F.
Using our assumptions for the problem (1), we know that each problem

u=H(t,u), forr e R
(2)

u(0) =up € X,

has a uniquely defined solution ¢(z, H)u for eacht > 0, uy € X and H € ¥.
Note that we are now dealing with all the solutions of the problem (1) but also with all the solutions of the
limiting vector fields of F(¢,-).

Remark 1. To obtain problem (1), just consider H = 6,F. The solutions & of (1) and y of (2) in this case are
related by

y()=&(+s).
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These objects, namely the solutions ¢(¢,H)up in X and the shift operator 6, in X 2, give rise to what we
call a non-autonomous dynamical system °. Several authors have studied this object, in the pursuit of fully
understanding of the asymptotic dynamics of equation (1), and there are two distinct branches: the pullback
approach (see, for example [16, 22]), which deals with pullback attraction, and the uniform approacch (see,
for example [28]). Each group has achieved several interesting results concerning asymptotic behavior of non-
autonomous equations, and up until recently, these approaches seemed unrelated. In [5,7] the authors unify these
results, presenting relations between these frameworks. To this end and to reach the full extent of this theory,
they transform the non-autonomous dynamical system defined by ¢ and 6, in an autonomous one, non-trivially,
by defining

() (uo,H) = (¢(t,H)uo, 6,H), 3)

which is called the skew-product semiflow, and study the autonomous semiflow defined by I to obtain results
for ¢ simply analysing the canonical projection in the first coordinate.

To be a little more precise, inside the study of non-autonomous equations such as (1) we can distinct at least
four different notions of attractors, namely:

(1) the global attractor for the skew-product semiflow;

(@ii) the pullback attractor for the evolution process.
(iii) the cocyle attractor for the non-autonomous dynamical system and
(iv) the uniform attractor for the non-autonomous system.

We will give a detailed description of each one of these objects in Section 2, as well as the relationships
between these concepts, as done in [7], to describe the non-autonomous problems (1) in a very complete way.

1.2 Small perturbations

Imagine now that we have not only a single F (¢, -) but a family {He (7, ) }¢c[o,1) such that He is close (in some
sense) to F as € — 0. Are we able to obtain results on the asymptotic behavior of the problems

u=Hg(t,u), fort >0
C))

u(s) =up € X,

for € sufficiently small, given that we know the behavior of (1)?

Note that to study each problem one must perform all the previous discussion; that is, each € will generate
a different non-autonomous dynamical system and a skew-product semiflow. The question is: can we obtain
results of continuity of the different types of asymptotic behavior as € — 0?

This question, theoretical as is sounds, has a meaning in applications. Models in the real world are always
approximations, due to data collection, empirical laws and simplifications, and thus, it is crucial that we are able
to transfer properties from an equation to some small perturbations. Without this property, we have no guarantee
whatsoever that the real phenomena will have a behavior close to our model.

In [5, 7], the authors provide and extensive study on this topic, giving a detailed study of non-autonomous
dynamical systems, different scenarios of asymptotic behavior and relationships among them, extracting infor-
mations from the skew-product semiflow and transporting them to the non-autonomous dynamical system. Also,
the reader can find a deep study of continuity of small perturbations of non-autonomous system, but arising from
autonomous equations (see for instance [7, 15, 16]).

The study of non-autonomous perturbations of non-autonomous dynamical systems directly is still an almost
blank page, and in this paper we give some steps in this direction, by studying non-autonomous perturbations

4 Clearly we can consider the restriction of the shift operator 6; to X.
b See Definition 5.
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of a non-autonomous equation, to provide results of continuity of the asymptotic behavior using the framework
discussed above.

It is not known, so far, how to do the general theory when we consider non-autonomous perturbations of a
non-autonomous system. In examples, we can see however that few steps are clear: first one must be able to
prove the global existence and uniqueness of solutions not only for the equation in question, but also for all the
limiting vector fields associated with the non-linearity - this step is the key for the development of the following
results - to be able to construct a non-autonomous system. Then we must be able, with some uniformity on
the vector fields, to obtain an uniform estimate that allow us to find a compact set that attracts all the solutions,
independently of the vector field. Once this is done, we can find such an attractor for the associated skew-product
semiflow and with this object at hand, we can try to understand all the asymptotic behaviors of our equation.
Dealing with perturbations adds a difficulty to this process, since we must be able to do such study for each €
small and obtain the result with uniformity in this parameter.

1.3 Non-autonomous non-classical parabolic equations

As mentioned before, a general theory for the study of non-autonomous perturbations of non-autonomous
models is not available at this point, so we will put our best efforts to understand in some elaborated examples,
in order to obtain a deep understanding of such perturbations. The problem we will deal with in this paper is to
study non-autonomous perturbations of some non-autonomous parabolic equations.

Non-classical parabolic equations arise as models describing physical phenomena such as non-Newtonian
flow, soil mechanics, heat conduction, etc. (see, for instance, [ 1-4,8,21,23,25,29,30] and references therein). We
will focus our study in non-autonomous perturbations of the following non-classical non-autonomous parabolic
equation

ur — yY(t)Auy — Au = f(u), in Q

5
u=20, on dQ ®)

where Q C R" is a smooth bounded domain, for some n > 3, with f and 7 satisfying some suitable conditions.
More specifically, we will deal with perturbations of the form

up — Y(t)Auy — Au = ge(t,u), in Q
(6)
u=0, on dQ
where {g¢} ec[0,1] is a family of non-autonomous functions satisfying some continuity conditions.

In the work of Aifantis et al., [1-3] we can find a quite general approach to deduce these equations in
the autonomous case without delay. In the aforementioned papers, it is pointed out that the classical reaction-
diffusion equation

u — Au = g(u)

does not contain each aspect of the reaction-diffusion problem, and it neglects viscidity, elasticity, and pressure
of medium in the process of solid diffusion. The authors obtained a diffusion theory similar to Fick’s classical
model for solute in an undisturbed solid matrix, obtaining a hyperbolic equation

u; +Diuy = DoAu,

where D and D; are positive constants. Assign viscosity to the diffusing substance, they arrived to que following
equation
u; + Diuy = DyAu+ D3Aug,

and neglecting the inertia term, finally obtained the non-classical parabolic equation

u; = DrAu+ D3Auy,
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where Dj3 is also a positive constant.
The asymptotic behavior of the model without delay terms and with constant coefficients

Mt_.uAut_AI/t‘Fg(u):f(x)v #6[071]

is studied in [31], where, in particular, it is shown the well-posedness of the problem and the existence of the
global attractor either in H} (Q) or in H*(Q), depending on the regularity of the initial data. They also showed
the continuity of the global attractor in Hausdorff semidistance when y — 0 in H(} (Q).

The introduction of a time dependence in coefficient y(¢) represents the variability of viscosity in time due
to, for example, external environmental temperatures. This time dependence provides the system with a non-
autonomous nature.

The study of a non-autonomous case with delay appeared in [12] for the first time, where it was established
the well-posedness of the problem when ¥(¢) = ¥ is constant.

In [26], Rivero studied the existence of the pullback attractor and its continuity under non-autonomous
perturbations, showing the existence of a concrete structure under some assumptions on the non-linearity and
giving a first approach to the study of perturbations in non-autonomous problems.

Remark 2. This example is understood by us as a good starting point to the study of non-autonomous perturba-
tions. Mainly because (2) is a non-autonomous equation, but term that causes this phenomena (the function 7)
has no effect on the equilibria, which are the equilibria of the elliptic equation —Au = f(u).

1.4 Novelties

In this paper we give a step towards understanding non-autonomous perturbations of non-autonomous equa-
tions. We first study the problem (6) for each € € [0, 1] using the ideas presented in Subsection 1.1, but always
having the discussion of Subsection 1.2 in mind, that is, not only we will deal with each equation separately
for each &, but also we have to take into account that we must be able to obtain the results with uniformity for
€ € [0,1]. Using this, we will be able to obtain continuity results for the family of equations given by (6). In the
next section, we will present a detailed description of our main results.

Remark 3. One important thing to stress out is that, even that f does not depend on ¢, the function y makes
problem (5) non-autonomous.

1.5 Description of the main results

To describe the contents of our work and to state the main results, we first make some assumptions on the
functions v, f and g, as follows: suppose that ¥ : R — (0, o) is a uniformly continuous function which satisfies
0 <y < ¥(t) <7 < oo and the family {ge}¢c(o,1] of continuously differentiable functions from R? to R with
go(t,s) = f(s) for all t,s € R, that satisfies

18e(t,51) — ge(t,52)| < etfsi —so](1+ 1P~ + [s2]P 1), (H1)
t
limsupgs( 5) <8< A, (H2)
sl S
®d
—ge(t,5)ds < oo (H3)
o Ot

Also we assume that there exists a bounded function 8 defined in the interval [0,1] with f(d) — 0, as
0 — 07, and satisfying

sup|ge(r,5) — f(s)| < B(e)(14s|P™"), forall s € R and € € [0, 1], (H4)
teR
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and
sup |dsge(t,5) — £/(s)| < B(e)(1+s[P~1), forall s € R and € € [0, 1], (H5)
teR
where A; > 0 is the first eigenvalue of the negative Laplacian A = —A with Dirichlet boundary condition, for
somex>0and 1 <p < Z—f% with (H1), (H2) uniformly for7 € R and € € [0, 1] and (H3) uniformly for € € [0, 1].

In Section 2 we present a brief summary about the theory of autonomous and non-autonomous systems, with
their respective attractors. In Section 3 we will describe the precise spaces, along with the required topologies, to
fit the family of non-autonomous non-classical equations in the framework described in Subsection 1.1. Sections
4 and 5 are devoted to prove that each equation (6) generates a non-autonomous dynamical system and prove
the existence of the several types of attractors described in Section 2, respectively.

In Sections 6 and 7, motivated by the discussion in Subsection 1.2, we study the upper semicontinuity and
topological structural stability of each kind of global attractor found in Section 5, respectively. With all this work,
we provide a complete study for the various scenarios of asymptotic behavior for non-autonomous dynamical
systems described in Subsection 1.1.

2 Preliminaries: Asymptotic dynamics of non-autonomous equations

We will briefly present the theory described in [7], which studies non-autonomous differential equations in
different frameworks and gives relations between these dynamics.

2.1 Semigroups

First of all, we define the notions of semigroups and their global attractors (the reader may see [ 18] for more
details of this theory).

Let (X,d) be a metric space and %' (X) the set of all continuous maps from X into itself. A semigroup in X
is a one parameter family {7'(¢): ¢ > 0} such that

(a) T(0) = Idx, with Iy being the identity in X,
(b) T(t)T(s) =T(t+s),forall¢,s >0 and
(c) the map [0,00) x X > (¢,x) — T(t)x € X is continuous.

From now on we are going to denote by dy(-,-) the Hausdorff semidistance between two subsets of X, that
is, for any A,B C X:
dy(A,B) = supinf d(a,b).
acA beEB

Definition 1. A compact set .o/ is called a global attractor of {7'(r): r > 0} if satisfies:
(i) < is invariant for {T(t): t > 0}; thatis, T (t)«/ = </, forallt > 0.

(ii) <7 attracts bounded subsets under the action of {7'(¢): ¢ > 0}; that is, for each bounded subset B of X we
have
lim dy (T ()B, /) = 0.

t—oo

The global attractor of a semigroup describes the asymptotic behavior of the semigroup. To be more precise,
we define a global solution of {7'(7): 7 > 0} as a function & : R — X such that T(7)&(s) = & (¢ + ) forall £ > 0
and s € R. Then, we know that if .« is the global attractor of {T'(¢): t > 0} we have

o/ ={x e X: x=E&(0) for some bounded global solution & of {T'(¢): t > 0}}.
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This characterization means that not only the global attractor attracts all positive orbits {T(t)x: t > 0}
(x € X) but it actually consists of all bounded globally defined solutions. Moreover, the global attractor for a
semigroup is unique.

To obtain existence of global attractors for semigroups, we will need some definitions.

Definition 2. Let B,C C X. We say that B absorbs C under the action of {7'(¢): t > 0} if there exists 7 > 0
such that
T(t)CCB, forallt >T.

Definition 3. We say that a semigroup {7'(7): t > 0} is asymptotically compact if given sequences #,, — o and
{Xn}nep bounded in X such that {7 (¢,)x, }nen is bounded, then {7 (¢,)x, } nen is precompact in X.

With these definitions we are able to state the main result about existence of global attractors, that we be
needed later.

Theorem 1 (Theorem 3.4 in [18]). Let {T(¢): t > 0} be an asymptotically compact semigroup. Assume that
there exists a bounded set B C X such that B absorbs all bounded subsets of X under the action of {T (t): t > 0}.
Then {T(t): t > 0} has a global attractor < and </ C B.

2.2 Evolutions processes

Now we are going to define evolution processes and their pullback atractors (see [9, 16] for more details).
These concepts appear in the literature as natural generalizations for semigroups and global attractors, respec-
tively.

Again, let (X, d) be a metric space. An evolution process in X is a two parameter family {7(¢,s): ¢ > s} in
% (X) such that

(@) T(t,t) = Idx,
(b) T(t,5)T(s,t)=T(t,7),forallt >s > tand
(¢) the map & x X > (t,s,x) — T (t,5)x € X is continuous, where & = {(t,s) € R?: t > s5}.
Definition 4. A family of compact sets {A(?) };cr is called a pullback attractor of 7'(¢,s) if satisfies:
(i) {A(7)}ser is invariant; that is, T (t,s)A(s) = A(t), for all > s.
(ii) {A(7)}/er pullback attracts bounded subsets; that is, for each bounded subset B of X and ¢ € R, we have

lim d(T(t,5)B,A(t)) = 0.

s—>—00

(iii) {A(7)},cr is the minimal family of closed sets with property (ii).

Remark 4. We note that when T'(¢,s) = S(t —s), the family {S(z): ¢+ > 0} is a semigroup in X and Definition
4 reduces to the definition of global attractors. The first difference that appears is item (iii) in Definition 4 and
it ensures the uniqueness of the pullback attractor, since it does not follows directly from (i) and (ii) as in the
autonomous case.

2.3 Non-autonomous dynamical systems

Now, we will introduce the concept of non- autonomous dynamical systems, which is a general method that
provides a way to form the base space for a given non-autonomous differential equation. The idea of this method
is to consider the family of non-linearities as a base flow driven by the time shift.
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Definition 5. A non-autonomous dynamical system (NDS) is a quadruple (@, 0)x x), where X, X are a metric
spaces with metrics dx and dy, respectively; 6 = {6,: t > 0} is a semigroup in X, called the shift operator (or
driving semigroup), and @ : R x £ x X — X is a map® that verifies

(i) ¢(0,0) =Idx forall 6 € %;
(i) R* xX > (1,0) — @(t,0)u € X is continuous, and
(iii) ¢(r+s,0) = ¢(1,0,0)¢(s,0), forallz,s >0and o € X.
The map ¢ is called the cocycle semiflow and property (iii) is know as the cocycle property.

To define the cocycle attractor and the uniform attractor for a NDS (¢, 0)y x), we first must define the
concepts of non-autonomous set, invariance and pullback attraction in this framework:

Definition 6. A non-autonomous set is a family {D(0)}scx of subsets of X indexed in X. We say that
{D(0)}sex is an open (closed, compact) non-autonomous set if each fiber D(o) is an open (closed, compact)
subset of X

Definition 7. A non-autonomous set {D(0) }sex is invariant under the NDS (¢, 0) x v) if
¢(t,0)D(0) =D(6,0), forallz >0and o € X.

To define the concept of pullback attraction, we must ask some additional properties on X, and from now
on, we are going to assume that X is compact and invariant for the driving semigroup {6, : # > 0}, and also that
{6; :t > 0} is a group over X; that is, 6; is invertible, and we denote 6,_1 =0_;.

Remark 5. Actually, these assumptions can be dropped. We can obtain the same results requiring only that
{6; :t > 0} possess a global attractor in ¥, with virtually no additional work, but with a more difficult notation.
So, for simplicity, we shall assume all the hypotheses above.

Definition 8. A compact non-autonomous set {A(0) }oesx is called a cocycle attractor of (¢,0)x 5) if
(i) {A(0)}oes is invariant under (@,0)(x x);
(ii) {A(0)}sex pullback attracts all bounded subsets B C X, i.e.

lim dy(¢(,6_,6)B,A(c)) = 0.

t—>oo

(iii) {A(0)}seyx is the minimal among the closed non-autonomous sets with property (ii).

We can also deal with the uniform attraction for a NDS - in this framework, the attraction do not depend on
the chosen ¢ € X - that is, we say that the subset K C X is uniform attracting for the NDS (¢,0)x 5) if for
each B C X bounded,

lim supdy (¢(t,0)B,K) = 0.

I=°gex
Definition 9. A compact subset &/ C X is called the uniform attractor for the NDS (¢,0)x 5 if it is the
minimal closed subset of X that uniform attracts all bounded subsets of X.

Theorem 2. A NDS (¢, G)(X;) has a uniform attractor if and only if there exists a compact uniform attracting
set K.

¢ Note that we use the notation ¢(¢,0,x) = @(t,0)x for all (,0,x) e RT x Ex X.
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2.4 Skew-product semiflows

When dealing with non-autonomous dynamical systems, it is worthwhile to question if we can transform
them into an autonomous one; and that is precisely the case: for a given NDS (¢,0)x y) we can define a
semigroup {I1(¢): t > 0} in the product space X = X x X as (see [27,28] for more details)

H(t)(u’6> - ((P(Z,G)M,GZG), (7)

which is called skew-product semiflow associated with (¢, 0)x x).
So far we obtained three different objects:

1. the evolution process {7'(t,s): t > s};
2. the non-autonomous dynamical system (¢, 0)x x) and
3. the skew-product semiflow {I1(z): r > 0},
and the four different notions of ‘attractors’ listed in the Introduction:

(i) the pullback attractor {A(¢)};cr of {T(¢,s): t > s};

(ii) the cocycle attractor {A(0)}sex of (9,0)(x 5);

(i) the uniform attractor <7 of (¢,0)x x) and

(iv) the global attractor A of {I1(z): r > 0},

and now we presente briefly the relationships between these objects (as in [7]). We begin with the relation
between the global attractor of {I1(¢): ¢ > 0} and the cocycle attractor of (¢, 8)x x).

Theorem 3 (Propositions 3.30 and 3.31 in [22], or Theorem 3.4 in [14]). Let (¢, 9)(“) be a non-autonomous
dynamical system and let {I1(t) : t > 0} be the associated skew product semiflow on X x ¥ with a global attractor
A. Then {A(0)}sex with A(0) = {x € X : (x,0) € A} is the cocycle attractor of (¢, 0)x x)-

The following theorem shows the relationship between the global attractor of a skew product semiflow and
the pullback attractors of the evolution processes it may contain.

Theorem 4 (Theorem 2.7 in [5]). Assume that the skew product semiflow {Il(t): t > 0} possesses a global
attractor A. Then the evolution process {T5(t,s) 1t > s} given by

Ts(t,s)u=@(t—s,6,0)u, ucX,
possesses a pullback attractor {As(t) }1cr. Moreover,
A= U [UAG(t) X {G}] .
o€X [reR

Therefore, if A is the global attractor of the associated semigroup {I1(¢) : # € R} of (¢,0)(x x), then the
uniform attractor <7 is the projection on X of the global attractor, that is, &7 = myx (A), where my : X x £ — X is
the projection over X.

Now, the relationship between the uniform attractor and the pullback attractor is clear.

Theorem 5. The NDS (¢, G)(X,Z) has a uniform attractor < if and only if the associated skew-product semiflow
{II(¢): t > 0} has a global attractor A and

o =mx(8) = | JA4o(1)

ceXteR
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The following result shows us the required assumptions in order to obtain the existence of the global attractor
for the skew-product semiflow {I(z) : # > 0} associated with the NDS (¢, 6) x x) based on the existence of its
cocycle attractor (see [14,22] for more details).

Theorem 6. Suppose that {A(0)} ey is the cocycle attractor of (¢,0)xx), {Il(t) :t > 0} is the associated
skew-product semiflow. Assume that {A(0)}seyx is uniformly attracting, i.e.,

lim supdist(¢(¢,6_,0)D,A(c)) =0,

=+ ey

and that )55y A(0) is precompact in X. Then the set A associated with {A(0)}sex, given by
A=|JA(o)x{o},
oeX

is the global attractor of {I1(¢) : t > 0}.

With these results we complete the relations between the four different asymptotic dynamics we presented.
In this paper, as we said before, we will try to deal with these four dynamics, to obtain as much information as
we can of equation (6).

3 Driving semigroups of translations for (6)

In this section we will put the family of equations (6) in the framework described on Subsection 1.1. To
this end, let A= —A: D(A) C X — X be the negative Laplacian operator with Dirichlet boundary condition,
defined in D(A) = H}(Q) NH?*(Q), where X = L?(Q). Consider the fractional power scale X%, with a € R,
generated by (X,A). Also, consider the Nemytskii operators g&(-,-) defined as g&(z,u)(x) = g¢(f,u(x)) for each
(t,x) eRxQandu:Q— R.

Following the ideas in [26], we define the operators

By(t) = (I+y(1)A) " and A,(t) = AB,(t),
and the function g¢ y(f,u) = By(t)ge(t,u), for each € € [0,1], we can write problem (6) as
up = Fe(t,u), ®)

where Fg(t,u) = —Ay(t)u+ ge y(t,u). The domain of the operators A,(t) does not depend on time and the
operators R ¢ +— By(t) and R 3 ¢ — A(t) are absolutely continuous functions.

To study (6), for each € € [0, 1], we must be able to study the hull of the function F¢(-,-) in a suitable space.
This is our task in the next subsection.

3.1 Driving groups of translations
We begin considering the sets

* 61 = Cp(R,R) of continuous bounded functions from R to itself with metric

di(A1,22) = sup|Ai(t) — Aa(1);

teR

o %, of continuous functions from R? to R, which satisfies: /h € % if there exists constants Y, ® = 0 such
that

sup |h(t,s1) —h(t,52)] < ¥|s1 —s2|(1+ ]sllp_l + ]szlp_l), for all 51,52 € R,
teR
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and

sup|h(t,0)| < @.
teR

In %5 we introduce the norm

|h(t>s)_h(t70)‘

@ = Sup ————————= +sup|h(t,0)],

? t,s€R |s|(1+[s|P 1) tER‘ ( ’
s#£0

and the distance
dy(hy,hy) = ||h1 — h2

> -

Remark 6. We have that %] and % are Banach spaces with norms ||A

4 =sup,cg |A (1) and || - ||, respectively.

Clearly we have that y € €} and g € %>, for all € € [0,1]. We define the group of translations in both? €
and 62, {6;: t € R}, by
O:A(s) =A(t+s), forall A € 6; and 1,5 € R;

and
O,h(r,s) =h(t+r,s), forall h € ¢, and t,r,s € R.

Also, let

¢ I" be the hull of y in %7; that is,

I' = closure of {6,7}cr in (61,d,).

¢ 4, be the hull of g, in %>; that is,

9. = closure of {6,g¢ }ser in (62,d2).

Remark 7.

1. Since 7y is bounded and uniformly continuous on R, the set I is compact in (%},d), using the Arzeld-
Ascoli Theorem.

2. Note that, by simple computations, we have that there exists a constant C > 0 such that
sup 1B, (1) = B, ()| 2511 1 () < CllA — 22l
te

and

Sulgllfh1 (1) = A, (D)l 2y ) < ClIA =22l
re

for all 11,4, € T', where H~! is the dual space of H& (Q).
3. Since go(t,s) = f(s) forallz,s € R, % = {f} and hence it is compact in (¢2,d>).
4. Since hypotheses (H1)-(H4) are uniform for ¢ € R, they all are satisfied by every function in ¥.

Using items 1 and 2 from the previous remark, we will make one additional assumption on the family {g¢}:

@, is compact in (62,d,) for each € € (0, 1]. (©)

d Here we denote both groups the same, since there will be no confusion of notation.

‘UR%


http://www.up4sciences.org

42 Matheus C. Bortolan and Felipe Rivero Applied Mathematics and Nonlinear Sciences 2(2017) 31-60

Remark 8. Condition (C) is verified, for instance, when each g, is time-independent, or periodic in ¢, or almost-
periodic in ¢ (for the latter, see for instance [20, Appendix - Theorem 11]).

. .. 5. _2n_
Now we can see that each function he € % defines a Nemytskii operator from R x X2 into L2 (Q), for
suitable s and r.

Lemma 7. Assume that the family {g8}8€[07]] satisfies (H1), A is the negative Dirichlet Laplacian in X with
domain X' = H?*(Q) NH} (Q) and consider its closed extension to H™" = (X2)', the dual space of X2, (in
particular, H~' = H} (Q)'). Then the Nemytskii operators {hg}eejo,1) are well defined from R x X3 into L (Q),
provided that r € [Mﬁ, 1}, se€nln [5 Pk 1} for each he € 9. If B is a bounded subset of X3 then
there exists a constant C = C(B) > 0 such that

e e
iﬂg”he(t,ul) _hf(t’uz)HLri”n(Q) < Cllur —uzl| 5, forall € € 10,1].

Moreover; if r can be taken strictly less than 1 and J C R is an arbitrary subset, h{ takes J X B in a precompact
set of H™!, for each € € [0, 1].
Proof. Following [10], using hypothesis (H1) we have that

n+2r
2n

2n
e __ e . < _ p—1 p—1\7 nt2r
?gﬂg\\hg(t,u) he(t,v) L3 <€ {/Q [u—v|(1+[ulP~" 4+ [v|P~h)] }

i 9)
<C|lu—v|| 2 1+ upn +vpn > (
o=, 2, g (14 o o M
T , p—1 p—1
<ellu—vllgs (14Nl + 125"
oranys € [r,1]N [% - %, 1} . The last statement holds since H~" is compact embedded in #~! and L#w (Q) —
H™" forr <1.
We define now
. 4¢ = CO(R x H}(Q),L#%3(Q)) as the set of all continuous functions from R x H{ (Q) taking values on
L (Q) that are bounded on sets R x B, where B is a bounded set of H} (Q) with metric

o ok 101—02%
G G _—

where if B = {u € H} (Q): H”HH(}(Q) < k} we have

o1 — 6 ||¢ =supsup ||o1(t,u) — o (t,u ;
o1 — oallf teﬂguegf" 1(2,u) — oo (1, )HU%(Q)

Remark 9. Here we have that ¢ with the metric d5 is a Frechét space, and a sequence {0y }reny converges in C§
I7

if and only if it converges in each seminorm || - |4
Define the group of translations® {6;: r € R} in €5 by
6:h(s,v) = h(t +s,v), forall h € €5, t,s € R and v € H} (Q).

Since Lemma 7 implies that g& € €5, for all € € [0, 1], let also

¢ Again, since there will be no confusion, we denote the group of translations the same.
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* ¢¢ be the hull of g¢ in €5'; that is,

9¢ = closure of {6,g% }cr in (€5 ,d5).

Now, in order to have a better understanding of the set ¢, we present the following results:
Lemma 8. Ifh € ¥, then h® € 9.
Proof. This follows easily by Lemma 7.

Lemma 9. There exists a constant L > 0, such that for all hy,hy € 9,, we have that
d;( ?ahé) < Lth _h2||<52'
Proof. Fix k € N. We have that

hS—h5||§ = sup sup ||hS (¢, u) — h5(t,u ”
|75 —h3lx teﬂgﬂgg{” 1(t,u) —h5( )\\Lﬁz(g)
n+2
=sup sup ([ i) o))
teR yeBk Q
n+2

2n
- sup </ ) (1+ ) P) wﬂﬁ“) ,
ucBk

where ¢ does not depend on /1, /; and hence, arguing as in Lemma 7, we obtain

< ¢l —ha||¢

e —1
[1A5 = h3[li <€llh1 — ol Sup[HuHH1 (14 [l )]

ucBk
< 6Hh1 7h2||‘/b”2[ (1 +kp_1)]a

where ¢ does not depend on Ay, hy.
Hence

a5 (h 1) < &by — hall, Y 2751k,
k=1

and the result follows since Y5, 27¥*1kP is a convergent series.

Proposition 10. If condition (C) holds then o € 95 if and only if there exists he € Y such that oz = h, for
each € € [0,1].

Proof. The result is trivial if € = 0. Assume that € € (0, 1]. One inclusion follows from Lemma 8. Now if
O¢ € ¥¢, then exists a sequence {7, },eny C R such that 6, g& — O in 65, by definition. Consider the sequence
{6,,8¢ nen in €,. Since ¥ is compact, we can assume without loss of generality, that 6, g¢ — he € % in 6.
Thus, using Lemma 9 we have that

d3(0¢, h) < d3(0e, 0;,8¢) +d5(6,8¢, he)
< d3(0e,0,8¢) +L|6,8c — hellw,

and making n — oo we obtain that 6 = h{.
Corollary 11. If condition (C) holds, then ¢ is compact in €5, for each € € [0, 1].

Now we are finally in condition to define the space that will be suitable for our study of (6). Define
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s €. =C)(RxH}(Q),H}(Q)) the set of continuous functions which are bounded in sets of the form R x B,
where B is a bounded subset of H} (Q), with distance defined as

o1 — ol

di(01,00) = 2_n—a
(01,020 = Y. 2" g il

where if B" = {u € H} (Q): [[ull g1 (@) < 1} we have

|01 — 02|, = sup sup [|o1 (t,u) — 62 (t,u) || 1 () -
teR ueB" 0

Now let Fe(t,u) = —Ay(t)u+ By(t)g°(t,u) be given as in (8). It is simple to see, recalling the definitions
of Ay(t) and By(t) and the fact that g& € €5, that F; € €, for each € € [0,1]. Again, we can define the group®
{6;: t € R} in . by

6:h(s,v) = h(t +s,v), forall h € €,, t,s € Rand v € H}(Q).
Definition 10. With the notations above, we set X as the hull of F; in %.; that is,
X = closure of {6;F¢ }icr in (G, d,).

Before we proceed with the study of (6), we will need some characterization result for X;.

Lemma 12. We have that
(@) Lo = {B, f¢—A; }rcr and it is compact in (€.,d,);
(b) if (C) holds true, then for each € > 0 we have

Ye C{Bahe — Ay} per e,
and X¢ is compact in (€, d.).
where By (t) = (I+A(t)A)~" and Ay (t) = AB, (t), for each A €T..
Proof. Since go(t,s) = f(s) for all#,s € R and I"is compact, item (a) follows immediately. Now, fix € >0 and
let He € X¢. Then, by definition, there exists a real sequence {7, },cn such that Hy = % — r}g}g 6, (Byge —Ay),

that is, the sequence 6, (Bygé —Ay) converges to He in the metric of €. defined above.

We can extract a subsequence of {#, },en, which we shall denote the same, and elements A € I" and & € ¥
such that y=% — }E’l 0,7 and hg = 65 — r}glolo 6, 8¢, by the compactness of I" and %, and Proposition 10. Thus
He =B hé —A;.

The last statement is clear from (a) and (b), which concludes the result.

Thus our problem in H{ (Q) takes the form

{u:Hg(t,u), t>0

10
u(0) =up € H& (Q), (19

for each H, € X, which is precisely equation (4). As a matter of fact we have, for each fixed € € [0, 1], a problem
equals to (2). Our first task is to find, for each € € [0, 1] and H € X, a solution ¢ — @(t, Hg )ug of (10). But we
will solve this problem in a slightly different way, considering all possible functions in {Byh¢ —A; } AET he€ss
and therefore, we will denote this space by I'¢%,; that is,

To%e = {Byht — Ay} scrncq,- (11)

Remark 10. Tt is clear that the maps R > ¢ — B (¢) and R > ¢ +— A, (¢) are absolutely continuous, for each A € T

4 We once again denote the same.
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4 Non-autonomous dynamical systems and skew-product semiflows for (10)

In this section we will show that equation (10) generates a non-autonomous dynamical system (¢, 0) (HL(Q).Ze)"
for each € € [0, 1].

4.1 Local existence and uniqueness of solutions

Using Remark 10, Lemma 7 and the results on [24, Chapter 5] we have the following theorem of local
existence and uniqueness of solutions.

Theorem 13. Assume that hypotheses (H1) and (C) are satisfied. Then, for each bounded subset B C Hé (Q),
€ €(0,1] and Hg € T' 09, there exists ® = ®(B,&,Hg) > 0 such that for each uy € B there exists a unique
Sfunction

[0, @] 51— @e(t, He )uo,

with Q¢ (-, He )uo € C'([0, 0], H} (Q)) satisfying (10); that is, 9g(0,He )uo = ug and
d
E‘Pe(ﬁHe)uo = He(t,Q¢(t,He)up), for 0 <t < @.

4.2 Global existence of solutions

Assume that (H2) holds true. Following the ideas of [19,26], for any v € H(} (Q), he € Y, and each 6 >0
there exists a constant K5 > 0 such that

[ By < 8lbl g + K.

(12)
[ @ctt:) < 8l ) +Ks
with @ (t,r) = ) he(r,0)d6, uniformly in 7 € R and € € [0, 1].
Now for each v € H} (Q), we define the energy functional L ¢ (,v) as
1
Loet:) = 5 (VB Bl )) —0 [ @elen), (13)
0 Q
with b > 0. It is easy to prove that for § < ﬁ
b, 12
Lb?S(nV) > EHVHHS(Q) —bKs (14)
and for any & > 0,
bA +2(1+D68), »
Lb,e(t,V) < 2—7L1HVHH(§(Q) + bKs, (15)

uniformly in time ¢ € R, with A; > 0 the first eigenvalue of A = —A with Dirichlet boundary conditions.
Now, assuming that (H3) holds true and using (12), for a solution u(t) = @¢(t,He)up of (10), where H, €
I'o¥Y,, we have

d
oy Lee(tiu) < —A () (u,ur) o) — Il

+ (u, hig (t,u)) 2 () — b (Hquiz(g) +Mt)||”t||12q(;(g)> +C

Aiyn+26 1—-2nb
<= (1= M2 a4 20 Sl
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for 6,1 > 0 and taking § € (M — %,ll), n< %;15) and b > ﬁ we have

d
ELP),S (t7 I/t) < _kLb,E (tv u) + Ca

with k,C > 0 that do not depend neither on time 7 € R nor on € € [0, 1]. Therefore,
H”(I)H?fé(g) <K||”0||Z&(Q)eikt+ca (16)

for certain constants k > 0 and K,C > 0 which do not depend on time, € and He € I'© %, and thus we have the
global existence of solutions for (10). To summarise, we have so far the following result

Theorem 14. Assume that conditions (H1)-(H3) and (C) are satisfied. Then, for each € € [0, 1], H; € T'0%, and
uy € Hé (Q), equation (10) has a solution (-, Hg)ug defined for allt > 0. Moreover, there exists a bounded subset
By of H} (Q), independent of € € [0, 1], such that for each bounded subset B C Hy (Q), there exists T =T (B) > 0
such that fort > T we have

¢ (t,Hg)B C By.

Proof. 1t is simple to see that, using (16), each solution given by Theorem 13 exists for all # > 0. Now define

Bo={v € H}(2): [vI}yy0) < 2C)

where C is given in (16). Given B a bounded subset of H} (Q), set ||B|| = sup,c ||V H)(«) and choose

L (K|B|?
T=-In ,
k C
where k and K are given in (16).
Since X C I'0%; and X, is a compact invariant set for the group of translations {6, : r € R} in %, a simple
consequence of Theorem 14 is the following:

Theorem 15. Assume that conditions (H1)-(H3) and (C) are satisfied. Then, for each € € [0,1], equation (10)
generates a non-autonomous dynamical system (Qg,0) in (H} (Q),X¢), where for each € € [0,1], He € X and
ug € HY(Q), the function Ry > t — @¢(t,He)ug is the unique solution of (10).

4.3 Skew-product semiflows for (10)

Using (3), we are able to define, for each € € [0, 1], the skew-product semiflow
{e(z): >0} in Xe = H) (Q) x Z¢ (17)
associated with (@, 9)(1‘16 (@)%, DY setting

e (2) (w0, He) = (@ (t, He )uo, 6;He),

forallz > 0, (uo,He) € X¢ and € € [0,1].

5 Different attractors for (10)

In this section we will use the result of Section 2 to obtain different attractors for equation (10), for the
different frameworks described in Subsection 1.1.
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5.1 Global attractors for skew-product semiflows

In this section, we will use the theory of autonomous equations to find a global attractor for each one of the
skew-product semiflows defined by (17).
We first will see a very simple result, that follows from Theorem 14.

Proposition 16. Assume that (H1)-(H3) and (C) are satisfied and fix € € [0, 1]. Then there exists a bounded set
Be C X¢ such that given a bounded subset B C X there exists T = T (B) > 0 such that

[ (t)B C Be, forallt > T.

Proof. Let By C HO1 (Q) be as in Theorem (14) and define B, = By x X¢. Since By is bounded in H(; (Q) and £
is compact space, we have that B, is bounded in X;. Moreover, if B is a bounded subset of X, we have that
B C B x X, for some bounded set B C Hj (Q). Hence, if T is as in Theorem 14 we obtain the result.

5.2 Asymptotical compactness

In order to obtain a global attractor for each skew-product semiflow, we must prove that the semigroups
{Il¢(t): t = O} are asymptotically compact. That is our goal for the next few results.

Lemma 17. Define H (t,v) = —A, (t)v € G.. Then the problem

{H:Hl(t,u), t>0
u(0) = uo € HA (Q)

has a unique solution @, (t) defined for all t > 0 given by

t
O (1)up = ug —/ A5 ()@ (s)ug ds, forallt > 0. (18)
0
and also, there exists constants K,k > 0 which do not depend on A such that

192 (1ol 130y < Klluto gz (e ™ for all t = 0. (19)

Proof. The local existence and uniqueness of ¢, follows from Theorem 13. Proceeding as in Subsection 4.2 with
he =0, we can see that we can take C = 0 in (16) and gives us the global existence of ¢, and (19). Equation (18)
is a simple consequence of the theory of ordinary differential equations, since —A (¢) is a uniformly bounded
operator of H} (Q), and the bounds do not depend on A € T".

Lemma 18. If H, = Byhé — A) € X and u € H} (Q) then
@ (t,He )up = @ (t)uo + (1) (uo,He ), for eacht > 0,

where y(t)(uo, He) = [3 By, (s)he(s, Qe (s, He )uo)ds. Moreover, the map W(t) is a compact map from Hy () x X¢
into H} (Q).

Proof. Clearly the right side of the equation is a solution of (10), thus the uniqueness shows the equality. Now
let B be a bounded set of H}(Q). By (16) the set B = {@¢(s,H)B: s € [0,#], He € X¢} is bounded and thus
Lemma 7 ensures that Uy, cq, h%([0,1], 8) is a precompact set of H~!. The fact that B, (¢) is a uniformly bounded
bounded linear operator for t € R and A € I' concludes the proof.

Using these two lemmas, we are able to prove the asymptotical compactness for the skew-product semiflows.

Proposition 19. The skew-product semiflow {Il¢(t): t > 0} is asymptotically compact, for each € € [0,1].
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Proof. Let {uy},en be a bounded sequence in H(} (), {He n}nen a bounded sequence in X¢ and {#,},cn be a
real sequence with 7, — oo as n — co and such that the sequence {II¢(t,)(u,,He )} is bounded. We have

e (t,) (un, He ) = (@Qe(tn, He ) tn, 05, He ), for all n € N.

Since ¥ is compact, we can assume, up to a subsequence, that there exists H; € ¥ such that H, = %, —
lim 6, He ,,.
n—reo . .

Now using Lemma 18 we can write

Qe (tn, He )ty = Qs (ty)uty + (1) (un, He ), for each n € N.

Since {uy}nen is bounded in HJ(Q), Lemma 17 implies that @.(t,)u, — 0 as n — oo. It is now sim-
ple to see that the sequence { Qg (ty, He )ty }nen is precompact in HJ(Q), which proves that the sequence
{II¢() (un, He n) } has a convergent subsequence in X, and concludes the proof.

Now we can join the results of Propositions 16 and 19, together with Theorem 1, to obtain the next theorem.

Theorem 20 (Existence of the global attractor). Assume that (H1)-(H3) and (C) hold. Then the skew-product
semiflow {I1g(t): t > 0} associated with the non-autonomous dynamical system (@, 0) (H)(@).x) has a global
attractor A¢ in X for each € € |0, 1]. Moreover

A¢ C By x X¢, for each € € [0,1],
where By is the bounded set given in Theorem [4.
We know that the attractors A, can be characterized by
A¢ = {(up,He) € X¢: there exists a bounded global solution 1
of {ITg(r): t > 0} through (uo,H)}.
It is not difficult to see that we can write 7, as
Ne(t) = (e(t), 6,He),

where & is a global solution of (10); that is, Q¢ (7 — s, O;He)Ec(s) = Ee(¢) for all 1 > s, and & (0) = ug. Using
Lemma 18 we can write

Ee(t) = @e(1 =5, 0:He ) Ge (5) = @ (1 — 5)8e(s) + W(1 —5)(Ee(s), OsHe), (20)

where

v(t—5)(Ee(s), OHe) = /O 7SBe§x(r)9sh§(ra¢(ra OsHe)Ge (5))dr
:/OZ_SB;L(r—i—s)hg(r—l—s,68(r+s))dr

-/ B (P (r e ()

Now, making s — —co in (20), since {&¢(s) }ser is bounded in H(} (Q) we obtain, using (19), that

6= [ B

—oo

Using Lemma 7 we can show (following the ideas of [26]) that the solution & is bounded in H?(Q) ﬂH(; (Q),
and the bound does not depend on the particular & (neither it does on €). Hence we obtain that there exists a
bounded subset Dy of H?(Q) NH} (Q) such that

Ag¢ C Dy x X¢, foreach € € [0, 1]. 21
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5.3 Other attractors
Now using Theorem 20 we are able to obtain other attractors for equation (10).
Theorem 21. Assume that (H1)-(H3) and (C) hold true. Then we have, for each € € [0, 1], that
(a) the non-autonomous dynamical system (Qg, 6 )(H(; (Q) %) has a uniform attractor < and

(b) the the non-autonomous dynamical system (e, 9)(H3(Q).,Zg) has a cocycle attractor {A(Hg) }u ez, with
Un.es, A(He) C Do, and
A(He) = {v € Hy(Q): (v,He) € Ae}s

(¢) for each He € Z¢, the evolution process {Ty, (t,s): t > s} given by
Tu,(t,s) = @c(t —s5,6:Hy ), forallt > s,

has a pullback attractor {Ap, (t) };er with U,cr An, (t) C Do, and

Ae= | [UAHS(I)X{HE}].

HeeXe | teR

where Dy is given in (21).

Proof. Using Theorem 20, we have easily that item (a) follows from Theorem 5, item (b) from Theorem 3 and
item (c) from Theorem 4.

6 Upper semicontinuity of attractors

This section is devoted to study the upper semicontinuity of the semigroups {IL¢(7): ¢ > 0} as perturbations
of {ITy(z): t > 0}, as a part of the study described in Subsection 1.2. So far, we have treated the family of
equations (6) (and equivalently, (10)) individually for each € € [0, 1], but now it is time to look at all these
equations together at once.

Assuming that (H1)-(H3) and (C) hold, we obtained so far a family of semigroups {IT¢(r): t > 0} in X =
H{ (Q) x ¢, and for each €, a global attractor A.

Definition 11. We say that a family {Ke }¢c[o,1) is upper semicontinuous at 0 in a metric space (X,d) if given
sequences {&, fnen C (0,1] and x, € K¢, with &, — 0" as n — oo, there exists a convergent subsequence of
{xn }nen with limit belonging to the closure of Kj in (X, d).

The previous definition is equivalent to the following: a family {Ke }¢co,1] is upper semicontinuous at 0 in a
metric space (X,d) if
lim dy(Ke,Ko) = 0.
e—0t

To prove the upper semicontinuity of {Ag}¢c[,1], We set the base space as H}(Q) x €., with a metric ?
defined by
O[(ur, H), (u2, Hp)] = [lur — ua|| 3 () + d (H1, H), (22)

for all (ul,Hl), (Mz,Hz) € H(} (.Q) X Cx.
Before studying the upper semicontinuity of the family of attractors {A }¢c[o,1), we will need some conver-
gence results.
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Lemma 22. If (H4) holds and he € 9;, we have
sup ke (t,5) — f(s)| < B(e)(1+s|P~),
teR

forall s e R.

Proof. Let he € % and {1,,} be a real sequence such that

lim dy(he, 6,,8¢) = lim sup |he(t,s) — 6,,8(t,5)| =0,
m—soo m

%t seR
where d> is as in Subsection 3.1. Hence

sup |he(,s) = f(s)| < sup |he(r,s) — ge(t +tm,5)| +sup |ge(r +tm,s) — f(s)]
teR teR teR

< d2(h£, etmgs) +Sup|ge(tas) *f(s)|
teR

< da(he,0,8¢) +B(€)(1+]s)P7),
and making m — oo we obtain the result.

Lemma 23. Assume that (H4) and (C) hold. Then there exists a constant ¢ > 0 such that

e _ re . < p—1
sup sup (1) =7, g, < BN+ ).

forall u € H} (Q).

Proof. Proceeding as in Lemma 7 and using Lemma 22 we have

n+2
2n

sapll e = ), 2 g = | [ 5000 = 7701 |

Ln+2

n+2

<Bee)[ [0+l ] T <ape L, )

—1
and the result follows.

Corollary 24. If (H4) and (C) hold, we have that there exists a constant C > 0 such that

sup ds(hg, f€) < CB(e).

he €Y,
Proposition 25. Assume that (H4) and (C) hold true and consider the family {E¢ }¢c(0,1) given in Definition 10.
Then we have that given sequences {€,}nen C (0,1] with €, — 0% and H,, € X¢,, for each n € N, there exists a
convergent subsequence of {Hy},en in (6, d.), with its limit belonging to ¥.

Proof. Since H, € X, item (b) of Lemma 12 implies that there exists A, € I" and h,, € ¥, such that
H, =B, h,—A,,, foreachn € N.

Since I is compact (recall Remark 7), there exists a subsequence {A,, } that converges to a function Ay in
(%1,d). Now, Corollary 24 shows that d5(hS, f¢) < CB(€,) — 0 as n — oo and hence k¢ converges to f¢ in
(¢%.,dS). Therefore, we can easily see that H,, converges to By, f* —A;, in (%,d.), which is in I, by item (a)
of Lemma 12.

With these preliminaries results, we are able to begin the proof of the upper semicontinuity of the family of
the global attractors { A} ecfo,1] of the skew-product semiflows, at € = 0.
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Lemma 26. If {(ue,He)}ec (0,1 is such that (ue, He) C Xe and there exists (uo,Ho) € Xo such that 0[(ue, He), (uo, Ho)] —

0as e — 0", we have
e—0*

O[Ie(r) (e, He ), Io(2) (uo, Ho)] — 0, for eacht > 0.

Proof. We can write
I1(¢) (ue, He ) = (@e(t, He )ue, 6,Hy ), for each € € [0, 1].

Since d.(Hg,Hy) — 0and {6, : t > 0} is continuous in & for each > 0, we easily obtain that d..(6,H,, 6,Hy) —
0,as € —0".
It remains to show that || Qg (¢, He )ue — %(f,HO)MOHH(; (@) — 0, as € — 07, Using Lemma 18, we can write

Qe (1, He)ug — @o(t,Ho)uo

= @2, (t)ue — @1, () uo + /Ot (B, (s)he (s, @e (s, He Jue) — By, (8)£° (9o (s, Ho)uo) ds,

where we assumed He = B)_hg —A~,18 and Hy = By, f*¢ _AM'
We have, using Lemma 17, we obtain

1@, (£)ue — @, ()uol| g1 ) < NP2 (e — Pa, (ol gy () + P2 ()10 — @2y () ut0] 11 )
< K|lug — uo”Hg(Q)e_kl + [l (1)uo — (pﬁo(t)MOHH({(Q)'
Again, using Lemma 17, item 2 of Remark 7 and the Gronwall inequality, we obtain that
192 (1) ue — @2, (t)uto| 31 ) = O(€).-

For the second term, we have

1B, () (s, Qe (s, He Jue ) — By (5).f* (@0 (s, Ho)uo) || gy ()
< ||Ba ()1 (s, Qe (s, He Jue) — f€(@e (s, He ue)] HH(} (@)
+ (B2, (s) = By ()15 (@0(s, Ho)uo) | ) o

and hence, using again item 2 of Remark 7 we obtain that
t
/0 1B () (5, Pe (s, He Jue) — By, () (9o(s, Ho)uo)l| 11 ()
t
<0(e)+ [ lpels.HeJue — po(s: ooy s
0
Finally, joining the estimates and applying again the Gronwall inequality, we obtain that

19e (2, He Jue — o, Ho)uo| 3 (o) < O(€),

and concludes the result.
We can prove the following:

Lemma 27. If {(ue,He) }ee (0,1 is such that (ue,He) € Ag and

lim ?[(ue,He), (uo,Hp)] =0

e—0t

for some (ug,Hp) € H} (Q) x €., then (ug,Hp) € Ao.
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Proof. Using the characterization of global attractors in Subsection 2.1, we know that through each (ug,H;) € A
we have a global bounded solution & : R — X, of {Il¢(7): t > 0}. To show that (ug,Hp) € Ay, it is sufficient to
prove that through (uo, Hp) there exists a global bounded solution &y: R — X of {IIy(¢): t > 0}.

For any ¢ > 0, we define &y(r) = I1(¢) (o, Hp). Since {ITy(¢): ¢ > 0} has a global attractor, the set §([0,0))
is bounded.

We now use an induction argument to define the solution for negative values of ¢. Consider the family
{&e(—1)}eco,1]> Which we can write as

Se(—1) = (ue(—1),0_1He).

Using (21), we have that the family {ue(—1)}¢c[o,1) and hence there exists a sequence & , — 0* and a point
u_1 € Hj (Q) such that
ug,,(—1) = u_y, in Hy (Q).

We define then y(—1) = (u_1,0_1Hp) and &(¢) = o(t + 1)(u—1,6_1Hyp), for —1 <7 < 0. Clearly, using
Lemma 26, we have

(ugl,n’Hgl,n) = Helﬁn(l)égl,n(_l) — Ho(l)éo(—l),
and thus (uo,H()) = 50(0) = Ho(l)éo(—l).
Proceeding inductively, for each k € N, we obtain a subsequence {& , }nen Of {€k—1 }nen With &, — 07 as
n — oo and a point u_y € H} (Q) such that if & (—k) = (ue(—k), 0_xHe) we have
ug,,(—j) —u_j, forall j=1,--- k.
Defining &y (—k) = (u_x, 0_Hp) and Ey(r) = Io(¢t + k)Eo(—k) for —k <t < —k+ 1, we have that
(uek.n7H8k.n) = Hek‘n(l)gsk‘n(_j) - HO(_]+ 1)§0(_]+ 1)7 for eaCh ] = 1 T ’k7

and thus (uo,Ho) = éo (0) =TIl (k)éo(—k).

Therefore, we obtain that §: R — X is a bounded global solution of {IIy(¢): r > 0} through (ug,Hy),
which implies that (ug, Hy) € Ay and concludes the proof.

Now, we can easily prove the upper semicontinuity of the family of global attractors {A,} ec[0,1]-

Theorem 28. The family of global attractors {A¢} ec[o,1] is upper semicontinuous at 0.

Proof. If {€,}nen C (0, 1], with €, — 0 and (u,,H,) € Ag,, it is clear that there exists a convergent subsequence
of {(un,H,)}nen to a point (ug,Ho) € Xy (using (21)). Hence, Lemma 27 shows that (ug,Hp) € Ao, which
concludes the proof.

6.1 Upper semicontinuity for other attractors

As in immediate consequence of Theorem 28 we have (recall Theorem 21):
Corollary 29. Assume that (H1)-(H4) and (C) hold true. Then we have that

s the family of uniform attractors { e }ecio,1);

* the family of cocycle attractors {A(Hg) }n,ex, and

* the family of pullback attractors {Ag, () };er

are upper semicontinuous at 0 in H} (Q).
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7 Topological structure of attractors

Following the results of [7, Section 3], we will study the structure of the global attractors A, for the skew-
product semiflows {II¢(¢): r > 0} and using this structure we obtain informations about the structure for the
other attractors defined in Theorem 21.

7.1 Structure of A,

To study the structure of the global attractors A, , we will study in more detail the structure of the global
attractor Ay and we will make the following assumption:

There exists a finite number of isolated equilibia & = {ey,--- ,e,} of

{ —Au= f(u), in Q

F
u=0, on dQ. &)

With this assumption, we define
E;, = {ei} XXo C Xp, fori=1,--- ,D-

Lemma 30. Each set E;, i = 1,---, p, is invariant by the skew-product semiflow {I1y(t): t > 0} and E; C Ay,
foreachi=1,---,p.
Proof. Clearly, if we take Hy € Xy, the solution [0,00) > 1 +— @y(t,Hp)e; of (10) is the constant solution
©o(t,Hp)e; = e;, for all t > 0; hence
Iy (2)(e;,Hy) = (ei,6,Hp) € E;, forallr > 0.
Conversely, if > 0 and H € X are given, set Hy = 6_,H. We have

o(t)(ei;,H) = (ei, 6:H) = (e;, Hp),

therefore (e;,Hy) € I1y(¢)E;. The last claim follows since E; is a bounded invariant subset of Xy.
We can now define a functional on X, which will help us understand the intern structure of A.

Definition 12. Define the functional V : Xy — R by
1
VHo) = 5 ¥y~ [ WO, 23)
0 Q

where W (r) = [; f(0)d®, for each (v, Hp) € Xo.

Lemma 31. Let {I1y(¢): t > 0} be the skew-product semiflow defined in (17) for € = 0. If (uo,Hp) € Xo and V
is the functional in defined in (23), we have that

(a) the map [0,00) >t — V(Iy(2)(uo,Hp)) is non-increasing, for each (uy,Hy) € Xo and it is constant in E,,
i=1,---p.

(b) If the map [0,0) >t — V (Io(t)(uo,Ho)) is constant, then (uy,Ho) € E;, for somei=1,---,p.

Proof. Since V (I1y(t) (uo, Ho)) =V (@o(t,Ho)uo, 6,Hp), it is a straightforward computation to see, if Hy = B f* —
A, for some A €T, that

2 2

d

Ly (Tl (6) (0, Ho)) = — Hd<p<r,Ho>uo

dt dt —A0)

12(Q)

<0,
Hy (%)

< (s, Ho)
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since 0 < ¥ < A(¢), for all # € R; so the map [0,00) > ¢ — V (IIy(¢)(uo,Ho)) is non-increasing, and it is clearly
constant in each [E;.

Now, if map [0,e0) > 1 — V (ITy(¢)(uo,Ho)) is constant, we have that @o(¢,Ho)uo = ug, for all # > 0, and
hence uy is a equilibrium of —Au = f(u) in H} (), which implies that ug = ¢;, for somei=1,---, p.

Definition 13. Let (ug,Hy) € Ay. We define the @-limit of (1, Hy) by

o(uo,Hy) = {(u,H) € Ag: there exists a sequence , — oo

n—yoo

such that Iy (t,) (uo, Hy) — (u,H)},
and if & : R — Ay is a global solution of {ITy(¢): > 0} through (uo,Ho), we define the o -limit of (uo,Ho) by

e (1o, Ho) = {(u,H) € Ag: there exists a sequence #, — %
such that & (—1,) == (u,H)},
It is a well known result, since {TIp(): # > 0} has a global attractor Ay, that both @(uo,Ho) and g (uo, Ho)
are non-empty, compact, invariant for {IIp(¢): 7 > 0} and connected. With these, we can prove the following
result.

Lemma 32. For any (ug,Hy) € Ay and any global solution & through (uy,Hy), there exists i, j = 1,---, p such
that
o(uo,Ho) CE; and o (uo,Ho) CE;.

Moreover, if i = j, then ug = e;.

Proof. Let (u,H) € w(uo,Hp) and t, — oo such that ITy(¢,) (1o, Ho) — (u,H). Since V is a continuous functional
in Xy, we have that V (I1y(z,) (uo,Ho)) — V(u,H), as n — oo.
Since V (ITy(-)(uo, Hp)) is non-increasing and has a convergent subsequence, we obtain that

V(Io(1) (o, Ho)) — V (u, H), as t — oo,

Hence, if (u,H;) is any point in ®(ug,Hy), we have that V (u;,H,) =V (u,H). Since @ (uo,Hp) is invariant
for {Ilp(7): t > 0} we have that V (IIo(r)(u,H)) = V(u,H), and then [0,00) > ¢ — V(IIy(¢)(u,H)) is constant,
which implies that (u, H) € E;, forsome i =1, -+, p. The connectedness of @(ug, Hy) shows us that ®(ug, Hy) C
E,.

The proof for o (o, Hy) is analogous and the last assertion is straightforward

Proposition 33. The family € = {E,--- ,E,} is a disjoint family of isolated invariants for {Ily(t): t > 0},
that is, E; C Ao, Io(¢)E; = E; for all t > 0, there exists 8 > 0 such that E; is the maximal invariant set for
{Ilp(¢): t >0} in

Os(Ei) ={(v,H) € Xo: |[v—eill gy (o) < 6},

foreachi=1,--- ,p,and also B;NE; = @, if | <i# j<p.

Proof. Tt only remains to prove that there exists 0 > 0 such that [E; is the maximal invariant set in Og(E;). Let
§ = yminicizicp lei —ejllyi ()

If E; is not the maximal invariant in Og([E;), there exists a global solution & of {IIy(z): ¢ > 0} such that
E(R) C O5(E;), with & (R) \ E; # &. But then the previous lemma shows that @ (£ (0)) C E; and o ((0)) C [,
which implies that & (0) = (e;, Hp), and therefore &(R) C E;, so we reached a contradiction.

All these results combined show us that the semigroup {Ily(7): > 0} is, in fact, a generalized gradient
semigroup (see [7, 15,26] for more details) with disjoint family of isolated invariants ¢ = {IE;,--- ,E,}, and as
a consequence, we can write the global attractor A as

p
Ao = | JW"(Ey),
i=1
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where

W*(E;) = {(u,H) € Ag: there exists a global solution & of {IIy(7): t >0}
with £(0) = (u,H) such that 9(&(¢),E;) — 0, ast — —oo}.

If Hy € X, there exists A € I' such that Hy = B f¢ — A, . Thus we can define

W (e;,Hy) ={u € H(% (Q): there exists a global solution 1 of (10)for Hy
with 17(0) = u such that ||n(r) — eiHH(} (@) — 0, ast — —oo}.

It is simple to see that
W*(E;) =W"(e;,Hp) x {Hp}, foreachi=1,---,p,

and thus we have that

ho=J U W¥CeiHo) x {Ho},

i=1 HyeXy

and Theorem 21 shows us that the uniform attractor <%, of the non-autonomous dynamical system (¢, 6) (H(Q).%0)
is given by

=) |J W"(ei,Ho).

i=1 HyeX

Moreover, the cocycle attractor {A(Ho) }rex, of the non-autonomous dynamical system (¢, ) H)(Q).50) 1
given by
P
A(Hp) = UW”(ei,Ho), for each Hy € X.
i=1

And finally, for each Hy € Xy, the pullback attractor {Ag, (¢) };cr of the evolution process Ty, (f,s) = @o(t —
s, 0,Hy) is given by
P
Apy(t) = | JW"(ei, 6,Ho), for all € R and each Hy € Xo.

i=1

Remark 11.

1. If Hy = Byf* —A,, defining
o/ (t) =Ap,(t), for eacht € R,

we obtain the pullback attractor for (5); that is, for each r € R, we have

o/ (t) ={n(t): n is a bounded global solution of (5)}.

2. If y(-) is a constant function, equation (5) is autonomous, £g = {Byf¢ —A,} is a singleton and we obtain,
as a particular case, that the autonomous system generated by (5) is a gradient semigroup with a finite
collection of equilibria & = {ey,--- ,e,} and that Ay = .o x Xy, where .oy = W"(e;,Hy) and Hy = By f¢ —
i,
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7.2 Structure of A,

In this subsection we prove that, under suitable conditions, the attractors A, inherit the same generalized
gradient structure from Ay. To this end, we first need to take the following fact in account: we have, following
the ideas of the proof of Lemma 26, if H; — H in (%, d.), that

lim (I (¢)(u,He),Io(2)(u,Hy)] =0,
e—0*
uniformly for # in bounded subsets of R, u in bounded subsets of H} (Q).
With all these considerations and previous results, we are able to state the following structural result.
Theorem 34. Assume that hypotheses (H1)-(H4), (C) and (F) hold true. Assume also that

(a) foreach e € (0,1] there exists a disjoint family of isolated invariants € = {E ¢, ,Ep, ¢ } for {Tlg(t): t >
0} such that
[ [EiTE,Ei] +DH[E,',E,'78] — O, as € — 0+;

(b) there exists € > 0 and neighborhoods V; of E; such that E; ¢ is the maximal invariant set of {Il¢(t): t > 0}
inV; foreachi=1,--- ,pand 0 < € < &.

Then there exists € > 0 such that {I1¢(t): t > 0} is a generalized gradient semigroup with a disjoint family
of isolated invariants &g, for each 0 < € < €. Moreover, for 0 < € < €1, we have

p
Ag - U WM(EI'.’g).
i=1

Proof. The proof of this theorem is analogous to the proof of [15, Theorem 1.5], with the aid of Proposition 25.

7.3 Global hyperbolic solutions for (10)

Let & be a global solution of {II¢(r): # > 0} in A;. Thus we have that there exists He € X such that
Ee(t) = (Me(2),6,H,), for all r € R, where 7 is a global bounded solution of (10).

Writing He = B hi —A,l, for some A € I" and he € %>, we can consider the variational problem for the
solution 7, given by

(24)

u — A(t)Auy — Au = Dghi (t,M¢(2))u, in Q
u=0, ondQ,

where [Dghé (t,Me (1) )u] (x) = dshe (t,Me (1) (x))u(x), ae. x € Q, for u € H} (Q).
This equation generates a linear evolution process {Le, (,5): t > s} C £ (Hy(Q)), where u(r) = L, (t,5)uo
is the solution at time ¢ of (24) with u(s) = uy.

Definition 14. We say that {L¢ (t,s): ¢ > s} has an exponential dichotomy if there exists a family of projections
{0(1) }rer in Z(Hy(Q)) satistying:

(@) O(t)Lg,(t,5) = Lg,(t,5)Q(s), forall > s.

(b) The restriction L, (,5)|r(g(s))» t = S, is an isomorphism from R(Q(s)) into R(Q(t)); and we denote its
inverse by Lg_ (s,): R(Q(t)) — R(Q(s)).

(¢) There are constants @ > 0 and M > 1 such that

ILg, (125)(0 = QU6)) L ey < Me~ 0, fore >
Il Le, (S,t)Q(f)Hg(H(;(g)) < Mew(s_t), for s < ¢.
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In this case, we say that & is a hyperbolic global solution of {II¢(¢): 7 > 0}.

Now we make the following assumption:

Each global solution &, () = (e;,6,Hp), t € R and

Hy)
Hy € X, is hyperbolic. (Hy

Remark 12. Since Xo = {B; f*—Aj })cr, we have a family {£*, }; cr of hyperbolic global solutions of {Io(¢): 1 >
0}, where £, = &y, for Hy = By f* —A,.

Now, proceeding as in [16, Section 7.2] and [26], we have the following result:

Proposition 35. Assume that hypotheses (H1)-(HS), (C), (F) and (Hy) hold true. Thus, there exist & > 0 and
0 > 0 such that for eachi=1,--- ,p, A € I' and € € (0, &), there exist a unique h} € G, and a unique bounded
global solution N}, .: R — o7 of (10), with He = B, hy — Ay, which we denote by HY, such that:

(i) the function R >t +— E:LS (1) = (7 (), 6,H}) € A is a hyperbolic global solution of {TT¢(t): t > 0};
(i) sup,cp 0§ (1), (i, 6,HY)] < &; where Hy = By f* — 4, and
(iii) sup,c (&7 (1), (e, 6,HY)] — 0, as e = 07
Moreover, if & is a global solution of {Il¢(t): t > 0} such that d[&(t), &, .(1)] < 6 forallt >0 (t < 0) then

[8e(1),65 e (1)] = Oast — oo (t — —oo)

With this proposition, we can construct a family &, = {E ¢, -+ ,E, ¢}, satifying the conditions of Theorem
34. In fact, for each A €T, let
Die(A) = J &5 e(0) =y (), 0H]), foreachi=1,--- ,p, (25)
teR teR
and define

Eje= U Dje(A), foreachi=1,---,p.
Aerl
Now, as an immediate consequence of Theorem 34 and Proposition 35, we have:

Theorem 36. Assume that hypotheses (H1)-(HS), (C), (F) and (Hy) hold true. Consider the disjoint family of
isolated invariants €z = {E¢,--- ,E, ¢} for {Tlg(t): t > 0} given by (25).

Then there exists € > 0 such that {I1¢(t): t > 0} is a generalized gradient semigroup with a disjoint family
of isolated invariants &, for each 0 < € < €. Moreover, for 0 < € < g, we have

p
As = U Wu(Ei,e)a
i=1

and
W*(Eie) = [ W' (Die(R)).
Ael

With this result, we can derive structures for the other types of attractors, as we did for Ay; namely, we have
that the uniform attractor of (¢, 6) HI(Q),x,) 18 given by

P
e = Ty (q)he = UW(&e),
i=1
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where & e = Uy er Urer M)y - (2)- Also, the cocycle attractor for (¢, 9)(H6 (Q).5.) 18 given by

p
A(He) = | JW(&e(A)),

i=1

where & ¢(A) =Uer N}y (1) and He = By hg —Aj.

Lastly, if He € X¢, the pullback attractor {Ap, (¢) },er of the evolution process Ty, (t,5) = @g(t — s, 0H) is

given by

p
Ap, (1) = W (N3 ) (), forall € R,

i=1

where

W (&5 ) t) ={uce H}(Q): there exists a global solution 1 of (10) for H
with Ng(¢) = u such that ||n¢(s) — nifke(s)HHd(Q) — 0, as s — —oo}.

7.4 Further remarks

As discussed extensively in [5] and [7], we could do the analysis presented in this work, removing condition

(C) by assuming only that we have a semigroup of translations {6, : r > 0} in % with a global attractor £, C %.
Thus, despite some complications with notations, the results would remain unchanged, replacing ¢; by E.. This,
in turn, allows us to give a more precise description of the attractors when g is, for instance, asymptotically
autonomous; since in this case, we notice that Z; is a singleton, which is significantly smaller than ¥;.
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