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Abstract

In this paper, we consider a generalized Gardner equation from the point of view of classical and nonclassical symmetries in
partial differential equations. We perform a complete analysis of the symmetry reductions by using the similarity variables
and the similarity solutions which allow us to reduce our equation into an ordinary differential equation. Moreover, we
prove that the nonclassical method applied to the equation leads to new symmetries, which cannot be obtained by using the
Lie classical method. Finally, we calculate exact travelling wave solutions of the equation by using the simplest equation
method.
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1 Introduction

Many nonlinear phenomena are described by differential equations, especially by partial differential equa-
tions (PDEs). Symmetry group analysis of a differential equation appears as a powerful method to analyse
PDEs [11] and fractional PDEs [13, 17]. Among its many applications, we highlight the fact that they allow us
to obtain exact solutions of a PDE, directly or by using similarity solutions [1, 14]; classify invariant equations;
reduce the number of independent variables and construct conservation laws [4,7,12,21].

The symmetry group of a PDE is defined as the largest group of transformations acting on independent and
dependent variables which transforms solutions of the equation into other solutions. Probably the most famous
method used to obtain symmetries is the Lie classical method. The basic idea of Lie method is that, when a
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differential equation is invariant under a Lie group of transformations, there is a transformation which reduces
the number of independent variables, in the case of a PDE; either the order of the equation, in the case of an
ordinary differential equation (ODE).

Nevertheless, symmetry reductions for many PDEs are unobtainable by using classical symmetries. Accord-
ingly, several generalizations of the Lie classical method have been established, for instance, the nonclassical
method of Bluman and Cole [2]. This method generalizes the Lie classical method, however it is much more
difficult to implement due to it leads to a system of nonlinear determining equations. This, couple with the fact
that for some equations, such as the Korteweg-de Vries, the nonclassical method does not lead to new symme-
tries, it is appropriate to apply previously the Lie classical method. Many authors have used the nonclassical
method to solve PDEs. In [10] Clarkson and Mansfield proposed an algorithm for calculating the determining
equations associated to the nonclassical method. A different procedure for finding nonclassical symmetries was
proposed by Bild and Niesen in [3]. In [4] Bruzén and Gandarias extended the algorithm described for Bild and
Niesen to determine the nonclassical symmetries of a PDE for the case &, = 0.

In the last decades travelling wave solutions of nonlinear PDEs have been studied [5]. A very successful
method to obtain exact travelling wave solutions of numerous nonlinear PDEs is the method of simplest equa-
tion, especially its version called modified method of simplest equation. Simplest equation method is based on
a procedure analogous to the first step of the test for the Painleve property. In the modified simplest equation
method, this procedure is substituted by the concept of balance equations [15, 16].

In this paper, we consider a generalized Gardner equation given by

u,+au"ux+bu2”ux+cum+dux—l—eu—l—f:0, (1)

where n is a positive constant, @ and b are not simultaneously equal to zero, ¢ # 0, d, e and f are arbitrary
constants.

The Gardner equation, also known as combined KdV-mKdV equation, is widely used in various areas of
physics, such that plasma physics, fluid dynamics, quantum field theory, and it is a useful model for the descrip-
tion of a great variety of wave phenomena in plasma and solid state. The Gardner equation has been recently
considered by different authors [6, 12, 18,20].

The aim of this paper is to study equation (1) from the point of view of symmetry reductions in PDEs. We
obtain the classical and nonclassical symmetries of equation (1). Using the optimal system, we get the similarity
variables and the similarity solutions which allow us to transform our equation into an ordinary differential
equation. From these reductions we derive exact travelling waves solutions by using the simplest equation
method given by Kudryashov. Some concluding remarks will end the paper.

2 Classical symmetries

In order to obtain the classical symmetries of equation (1) we apply the Lie classical method. This method is
based on the determination of the symmetry group of a differential equation. For equation (1), a general element
of the symmetry group is given by

v ="1(x,t,u)0 + & (x,t,u)dy + N (x,7,u)0,. 2)
The invariance of equation (1) under the infinitesimal generator (2) leads us to a set of determining equations

for the unknown infinitesimals 7(x,7,u), &(x,f,u) and N (x,7,u) [19]. Simplifying this system we obtain that
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T =1(t), & = &(x,1) and N = N(x,7,u) must satisfy the following conditions:

Nuu = 07
Nux — éxx = 07
Tl‘ - 35)6 - 07

2062 L 2bnnut 4 2aé T Fannu + 3 e Ny — cEcu+2dEu—Eu=0,
b +anu —eNuu+3e&utcNax+dnNe— fNu+n+en+3&f=0.

From determining system (3), if a, b, c, d, e, f and n are arbitrary, we get

Vi :8x, ngat.

In the following cases, we obtain additional symmetries.

Casel: ¢ #0

11. If n= %,a:O,b:korn: l,a=k,b=0,
k
vz = ——exp(—et)dy +exp(—et)d,.
e
Case2:e=0
1
21. If n= E,a:O,b:korn: l,a=k,b=0,

5
V4= <x+2dt— 2kft2> Oy +3t0; — (5ft +2u) 9y,
vs = ktd; + 0.
1
2.2, If n 3 ha=0,f=0,

Vo = (x-+2dt) O+ 310, — 9.
n

23. Ifn#1,b=0, f=0,

2
V7 = (x+2dt) O+ 310, — — 9.
n

24. Ifn=1, =0,

vg = (2bx +4bdt — a’t) d; + 6btd, — (2bu+a) 9.

In the previous cases, k # 0 represents an arbitrary constant.
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3)

“4)

&)

(6)

(7

®)

(€))

(10)

Suppose that <7 is an r-dimensional Lie algebra, and vy,Vs,...v,, form a basis for «7. If we consider that
two subalgebras are related by a transformation of the group of symmetries, invariant solutions calculated from
them will be related by the same transformation. We construct the optimal system of subalgebras to obtain
those invariant solutions that cannot be derived from others. By using the optimal system, we calculate the
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similarity variables and the similarity solutions. This allows us to transform equation (1) into an ODE, solving
the characteristic system

dx_dt_

E T

du
-

(1D

In Table 1, we show the elements of the optimal system for each case in the symmetry classification along
with their corresponding similarity variables and similarity solutions. Furthermore, in Table 2 we present the
corresponding reduced ODEs.

Table 1 Similarity solutions and similarity variables of equation (1)

Subcase  Optimal system  Similarity Similarity
of subalgebras  variables solutions
arbitrary < Avi+uvy > z=pux—At u=h(z)
1.1. a) <AViHuvy > z=ux—At u=h(z)
wexp(—et)x
1.1. b) <AVi+UvV3> z=t u=h(z)+
1 THV3 () l—%exp(—et)
2.1. a) <AVi+uvy > z=ux—At u=h(z)
h(z) + ux
2.1.b A =t ="
) <AVI+UVs > 7 A+ ke
kt3
2.1.¢) < vy > z=(x—di)t 34—f22 u:t_%h(z)—ft
2.2.a) <AV UVy > z=ux—At u=h(z)
2.2.b) < Vg > z=(x— dt)t_% u= t‘ﬁh(z)
2.3. a) <AVi+uvy > z=ux—At u=h(z)
23.b)  <vi> z=(x—di)t 3 u=1t"hz)
2.4. a) <AVi+uvy > z=ux—At u=h(z)
2 4bd)t3
24.b)  <vg> R S C o d)ts u:f%h(z)—%

3 Nonclassical symmetries

We apply the nonclassical method of Bluman and Cole [2] to get nonclassical symmetries of equation (1).
Let us consider a s-th order PDE with p independent variables, x = (xj,... ,xp), and one dependent variable,

u=u(x),
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Table 2 Reduced equations

Subcase ODEs

arbitrary  cu3h” +buh® i +aph™W + (du — AW +eh+f =0

1.1.a)  cu’h"” +kuhh' + (du — AW +eh+f=0
1.1.b)  Aeexp(ez) (W+f)—p (e*x+kh —ehk+ fk—de) =0

2.1.a)  culh" +kuhh' +(du— AW +f=0
21.b) W+pud+A+pkz)f=0
21.¢) 3ch”+3khh —HWz—2h=0

22.a)  cwh" +buh®h + (du—A)h =0
22.b)  3cenh"4+3knh K —nh'z—h=0

23.a)  culn” +pah™n + (du — AW =0
23.b)  3cnh"+3anh"h —nh'z—2h=0

2.4.a)  cudH" +buhh +aphh’ + (du —A)h' =0
24.b)  3ch"+3bW*H —HWz—h=0

where u(’) (x) denotes the set of /-th partial derivatives of u.

The basic idea of the method is as follows. Equation (12) is augmented with the invariance surface condition

P du
Y=Y &ixu)5— —n(xu)=0, (13)
i=1 8)6,'
which is associated with the vector field

P
V= Zéi(x,u)axi—l—n(x,u)au. (14)

i=1

The infinitesimal invariance criterion for equation (12) along with the invariant surface condition (13) imply that
PY(S)V(A)‘A:O,\P:O =0, pr(S)V(lP)‘A:O,‘P:O =0, (15)

where pri®)v is the s-th prolongation of the vector field (14). This yields an overdetermined nonlinear system of
equations for the infinitesimals.

To calculate the determining equations we implement the algorithm described in [9]. The application of this

algorithm involves tedious, mechanical computations. Therefore, we make use of the Macsyma program symm-
grp.max [8]. We can distinguish two different cases: T # 0 and 7 = 0.
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31 Casel: 7#0

In the case that T # 0, without loss of generality, we may set T(x,7,u) = 1, and we obtain a set of nine
determining equations for the infinitesimals & (x,z,u) and 1 (x,7,u)

& =0,

& =0,

Euun =0,

Nuu — 38ux = 0,

Nux — &x = 0,
N — 3Euux = 0, (16)

bE " +a&u" + Muux — e — E&u +d&y = 0,

b + ana — e+ 3e8t + cMue +d M — [N+ 10
+3&m +en +38f =0,

2bE P 4 20 ™ 4 2bnnu®" 4+ annu + 4eE,u” 4 3Nt
+3E&Enu+4E, fu—céou—3EEu+2dEu—Eu=0.

Solving this system for e = f = 0, we obtain:

1
LAfn# 2. 1.a=0

cx+2cdt + 3k + ¢ u
é: ) TI:_ .
3c(t+ky) 3n(t+ki)
1
2. Ifnzi,a:(),
cx+2cdt + 3k +c¢ 2u
£= s NM=—Z—"7+
3¢ (r+ky) 3(t+ki)
3. Ifn=1b+#0,
- 2bex + 4bedt — a*ct + 2be + 6k b _ —2bu—a
- 6be (1 + k1) N T S k)

In the above cases, k| represents an arbitrary constant.
3.2 Case2: =0

In the case T = 0, without loss of generality, we may set & = 1 and the determining equation for the infinitesimal
n are:

b+ ama™ +2bnn 2w 4 ann?u" — e, u? + cMectt + 3N Ny Nt
3N Mctt + dN A €M Nt 3N Nt A 3N > MM+ 3N Mot (17)
+3ennu Nt — fNuu+ nu+enu=20.
The complexity of this equation is the reason why we cannot solve (17) in general. Thus, we proceed by making
ansatz on the form of 1 (x,z,u).

1
Forn = > a=0,b=korn=1,a=k,b=0, k# 0 an arbitrary constant, choosing 1 = 1(¢), we find that the

infinitesimal generator takes the form:

(18)
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where kj is an arbitrary constant.

It is easy to check that generator (18) does not satisfy the Lie classical determining equations. From (18) the
similarity variables for equation (1) have the form

_ _e(x+h(z)
€5 U= kyexp(et) —k’ (19

where h(z) satisfies the following ODE
eh' +ky fexplez) —kf+de=0. (20)
By solving this equation and substituting (19) we obtain the following exact solution of equation (1)

_ e?x—ki fexplet)+ (efk—de*) t+ky e

u(x,) = e (kr exp(er) —K) !

where k; represents an arbitrary constant.

4 Travelling wave solutions
Let us remember that, if we consider a, b, c, d, e, f and n arbitrary constants, we get the following generator
AVI 4+ UV = A0y + U0, 21
We substitute (21) into the invariant surface condition
n(x,t,u)—é(x,t,u)gz—T(x,t,u)gl: =0, (22)
and we obtain the similarity variable and the similarity solution
7= ux—At, u(x,t) = h(z). (23)
Substituting (23) into (1) we obtain
e h" + buh®n + auh™W +duh’' — AW +eh+ f = 0. (24)
In order to obtain travelling wave solutions, we apply the simplest method to equation (24) withn =1
e h" 4+ buh*h' + aphh' +duh' — AW +eh+ f = 0. (25)

We assume that equation (25) has a solution in the following form

h(z) = ap+a1¥ +---+ay¥", (26)
where a, (n=0,1,...,N) are constant to be determined and Y (z) is the general solution of the Riccati equation:
Y'(2) +Y(2) — a¥ () - B =0, @7

with a and B unknown constants which must be determined. Taking the homogeneous balance between the
highest order derivative 4" and the nonlinear term of highest order 4>’ we obtain N = 2. Therefore, the solution
of (25) takes the following form

h(z) = ag+a1Y +ax¥>. (28)
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Inserting (28) and the derivatives #’, 4", . .., into (25) we get a polynomial in Y (z) and its derivatives. Requiring
the vanishing of the coefficients of the different powers of the function ¥ (z), we obtain an overdetermined system
of equations

aaoar Bu +aapa i+ ag’ a1 b +ag’arbBu
+ape +a1c(x2[3,u3 — 2a1cl32u3 +ardBu—aBAr +a2c(x2Bu3
—2aycBru 4+ ardBu — afA+ f =0,

aapa QL + aagar Ol + aa > B + 2aa1ax B 1

+aar* B+ ap’arbo + ag’arbopt + 2agar >bB u + 4aparab 1

+2a0a2’bBu +arca’u? —8ajcofud +ardap +are —ajad +area’
—8arcafu’ +ardo +are —arad =0,

—aapa L — aapax U +aa12au +2aaia,0u

+aa22au — aozalb,u — aozazbu + 2a0a12b05u +4dapaiambopl + Zaoazzbau

+a*bBu +3a>abBu+ 3ara*bBu — Tajco u® + 8ajcfu’ — aydu +a A
+a23b[3u — 7Cl2CO£2[J3 + 8a2c[3u3 —axdlU +apA =0,

12a2ca,u3 - aalzu —2aayar b — aagzu - 2aoa12bu —4dapajarbu
—2aoa22b,u + a13b06,u + 3a12azba,u + 3a1a22boc,u + 12alcau3 + afba,u =0.

1(—(ar+a2)) (a1*b+2a1azb + ar*b + 6¢cp*) = 0.
(29)

Solving (29) we obtain that this system is satisfied when

a) = —ay apg = —{. (30)

Equation (27) with 8 = 0 is the Bernoulli equation, so we can obtain the corresponding solution 4 of the ODE
(25) in terms of this equation. As a result, the solution of the Bernoulli equation is

YI4+1,
Y(z)=o —L22 ) 31
(2) <1+Y1+Y2> 1)

where Y} (z) = sinh (a(z+ 0)), Y2(z) = cosh (a(z+ &)) and § is an arbitrary constant. Substituting (31) into (28)
we obtain the following solution

h(z) = £+% a (1+tanh(g(z+5)>> —2aaltanh(%(z+5)>} .

By using transformation (23) we can obtain a solution of equation (1) with n = 1.

5 Conclusions

In this paper, we have studied the classical and nonclassical symmetries admitted by the generalized Gardner
equation (1). We have established a symmetry classification of equation (1) in terms of the arbitrary constants

‘UR:


http://www.up4sciences.org

On the classical and nonclassical symmetries of a generalized Gardner equation 271

a, b, c, d, e, f and n. We have proved that the nonclassical method applied to this equation leads to new
symmetries. Furthermore, similarity variables and similarity solutions of equation (1) have been obtained from
the optimal system of subalgebras. Taking into account the elements of the optimal system of subalgebras we
reduce equation (1) to an ordinary differential equation. Finally, we have constructed some travelling wave
solutions by using the modified simplest equation method.

6 Acknowledgements

The authors are grateful to the Universidad de C4diz and Junta de Andalucia (FQM-201 group) for their

support. The first author also expresses his sincere gratitude to the Plan Propio de Investigacién 2013 de la
Universidad de Cadiz.

References

(1]

(2]
(3]

(4]
(5]
(6]
(7]
(8]
(9]
[10]
[11]
[12]

[13]

[14]

[15]
[16]
[17]
[18]
[19]

[20]

E.D. Avdonina, N.H. Ibragimov. (2013), Conservation laws and exact solutions for nonlinear diffusion in anisotropic
media, Commun. Nonlinear Sci. Numer. Simulat. 18:2595-2603. doi 10.1016/j.cnsns.2013.02.009

G.W. Bluman, J.D. Cole. (1969), The general similarity solution of the Heat equation, J.Math. Mech. 18:1025-1042.
N. BilA, J. Niesen. (2004), On a new procedure for finding nonclassical symmetries, J. Symb. Comp. 38:1523-1533.
doi 10.1016/j.jsc.2004.07.001

M. S. Bruzén and M. L. Gandarias. (2008), Applying a new algorithm to derive nonclassical symmetries, Commun.
Nonlinear Sci. Numer. Simul. 13:517-523. doi 10.1016/j.cnsns.2006.06.005

M.S. Bruzén, M. L. Gandarias. (2009), Travelling wave solutions for a generalized double dispersion equation, Non-
linear Analysis. 71:¢2109—e2117. doi 10.1016/j.12.2009.03.079

M.S. Bruzén, M.L. Gandarias, R. de la Rosa. (2015), Conservation laws of a Gardner equation with time-dependent
coefficients, J. Appl. Nonlinear Dynamics. 4(2):169-180. doi 10.5890/JAND.2015.06.006

M. S. Bruzén, T. M. Garrido, R. de la Rosa. (2016), Conservation laws and exact solutions of a Generalized Benjamin-
Bona-Mahony-Burgers equation, Chaos, Solitons and Fractals. In Press. doi 10.1016/j.chaos.2016.03.034

B. Champagne, W. Hereman, P. Winternitz. (1991), The computer calculation of Lie point symmetries of large systems
of differential equations, Comp. Phys. Comm. 66:319-340. doi 10.1016/0010-4655(91)90080-5

P.A. Clarkson. (1995), Nonclassical Symmetry Reductions of the Boussinesq Equation, Chaos, Solitons and Fractals.
5(12):2261-2301. doi 10.1016/0960-0779(94)E0099-B

P.A. Clarkson, E.L. Mansfield. (1994), Algorithms for the nonclassical method of symmetry reductions, SIAM J. Appl.
Math. 54(6):1693-1719. doi 10.1137/S0036139993251846

R. de la Rosa, M.L. Gandarias, M.S. Bruzén. (2016), Symmetries and conservation laws of a fifth-order KdV equation
with time-dependent coefficients and linear damping, Nonlinear Dyn. 84:135-141. doi 10.1007/s11071-015-2254-3
R. de la Rosa, M.L. Gandarias, M.S. Bruzén. (2016), Equivalence transformations and conservation laws for
a generalized variable-coefficient Gardner equation, Commun. Nonlinear Sci. Numer. Simulat. 40:71-79. doi
10.1016/j.cnsns.2016.04.009

R.K. Gazizov, A.A. Kasatkin, S.Y. Lukashchuk. (2007), Continuous transformation groups of fractional differential
equations. Vestnik, USATU. 9:125-135.

M.B. Hubert, G. Betchewe, S.Y. Doka, K.T. Crepin. (2014), Soliton wave solutions for the nonlinear transmission
line using the Kudryashov method and the (G’/G)-expansion method, Appl. Math. and Comput. 239: 299-309. doi
10.1016/j.amc.2014.04.065

N.A. Kudryashov. (2005), Simplest equation method to look for exact solutions of nonlinear differential equations,
Chaos, Solitons and Fractals. 24:1217-1231. doi 10.1016/j.chaos.2004.09.109

N.A. Kudryashov, N.B. Loguinov. (2008), Extended simplest equation method for nonlinear differential equations,
Appl. Math. and Comput. 205:396-402. doi 10.1016/j.amc.2008.08.019

J. Jiang, D. Cao, H. Chen. (2016), Boundary value problems for fractional differential equation with causal operators,
Applied Mathematics and Nonlinear Sciences. 1:11-22. doi 10.21042/AMNS.2016.1.00002

M. Molati, M.P. Ramollo. (2012), Symmetry classification of the Gardner equation with time-dependent coefficients
arising in stratified fluids, Commun. Nonlinear Sci. Numer. Simulat. 17:1542—-1548. doi 10.1016/j.cnsns.2011.09.002
P. Olver. (1993), Applications of Lie groups to differential equations. Springer-Verlag, New York. doi 10.1007/978-1-
4684-0274-2

O. Vaneeva, O. Kuriksha, C. Sophocleous. (2015), Enhanced group classification of Gardner equations with time-
dependent coefficients, Commun. Nonlinear Sci. Numer. Simulat. 22:1243—1251. doi 10.1016/j.cnsns.2014.09.016

‘UR%


http://dx.doi.org/10.1016/j.cnsns.2013.02.009
http://dx.doi.org/10.1016/j.jsc.2004.07.001
http://dx.doi.org/10.1016/j.cnsns.2006.06.005
http://dx.doi.org/10.1016/j.na.2009.03.079
http://dx.doi.org/10.5890/JAND.2015.06.006
http://dx.doi.org/10.1016/j.chaos.2016.03.034
http://dx.doi.org/10.1016/0010-4655(91)90080-5
http://dx.doi.org/10.1016/0960-0779(94)E0099-B
http://dx.doi.org/10.1137/S0036139993251846
http://dx.doi.org/10.1007/s11071-015-2254-3
http://dx.doi.org/10.1016/j.cnsns.2016.04.009
http://dx.doi.org/10.1016/j.amc.2014.04.065
http://dx.doi.org/10.1016/j.chaos.2004.09.109
http://dx.doi.org/10.1016/j.amc.2008.08.019
http://dx.doi.org/10.21042/AMNS.2016.1.00002
http://dx.doi.org/10.1016/j.cnsns.2011.09.002
http://dx.doi.org/10.1007/978-1-4684-0274-2
http://dx.doi.org/10.1007/978-1-4684-0274-2
http://dx.doi.org/10.1016/j.cnsns.2014.09.016
http://www.up4sciences.org

272 R. de la Rosa and M.S. Bruzon. Applied Mathematics and Nonlinear Sciences 1(2016) 263-272

[21] R. Tracind, M.S. Bruzén, M.L. Gandarias, M. Torrisi. (2014), Nonlinear self-adjointness, conservation laws, exact
solutions of a system of dispersive evolution equations, Commun. Nonlinear Sci. Numer. Simulat. 19:3036-3043. doi
10.1016/j.cnsns.2013.12.005

©UP4 Sciences. All right reserved.

‘UR%


http://dx.doi.org/10.1016/j.cnsns.2013.12.005
http://www.up4sciences.org

	Introduction
	Classical symmetries
	Nonclassical symmetries
	Case 1:  =0
	Case 2: =0

	Travelling wave solutions
	Conclusions
	Acknowledgements

