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Abstract: The paper presents comparison of results of impulse response spectral analysis that has been obtained using a method based
on cross-correlation with results obtained using classical FFT. The presented non-Fourier method is achieved by correlating the analyzed
signal and reference single-harmonic signals and using Hilbert transform to obtain an envelope of cross-correlation. The envelope of cross-
correlation makes it possible to calculate appropriate indicator and make its plot in frequency domain as a spectrum. The spectrum obtained
this way has its advantage over the FFT that the spectral resolution does not depend on duration of signal. At the same time, the spectral
resolution can be much greater than spectral resolution resultant from FFT. Obtained results show that presented non-Fourier method gives
frequency readout more accurate in comparison to FFT when the impulse response is a short-time signal e.g. few dozen of miliseconds

lasting.
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1. INTRODUCTION

Impulse response as a result of impact testing has been used
in wide area of engineering owing to its convenience and simplicity
on experimentation (Ahn et al., 2005). It is well known that using
fast Fourier transform (FFT) for spectrum analysis will give an im-
mediate frequency profile of recorded signals. When analyzing sig-
nals using FFT, frequency resolution is fixed as an inverse of the
duration of the analyzed signal (Bendat and Piersol, 1980; Gasior,
2004) and, as a result, it fails to meet the requirements of measure-
ment. One of the ways to increase frequency resolution and im-
prove frequency reading is interpolation. It improves the resolution
by a few orders, depending on the interpolation method (Gasior,
2006; Gasior, 2010). In order to avoid limitation in frequency reso-
lution using FFT, it has been investigated the problem of frequency
resolution and showed that it was possible to obtain frequency res-
olution of one-tenth of the spacing between the frequency points
produced by the Fourier transform (Cawley and Adams, 1979). For
increasing spectral frequency resolution and improving frequency
estimation, the zero-padding technique also is widely used (Quinn,
2009; Dunne, 2002). In general, the interpolation algorithms can be
a computing-cost-effective replacement of the zero-padding tech-
nique in applications (Gasior, 2006).

There are a great number of engineering applications of corre-
lation function (Bendat and Piersol, 1980). Looking for its new ap-
plications, the cross-correlation function has been utilized to corre-
late real-measured signal and a single-harmonic signal generated
by software (Kotowski, 2010). Also, the Hilbert transform was used
to obtain the envelope of the cross-correlation function (Thrane,
1984; Thrane et al., 1999).

This paper describes a method of reading a particular fre-
quency of the harmonic developed on the basis of the cross-corre-
lation function and its envelope. The main advantage of this method
over the FFT is its ability to obtain different frequency resolution

from that obtained by using FFT, often required as increased reso-
lution, e.g. ten times increased.

2. METHODOLOGY

The cross-correlation function R,., () between two processes,

x(t) and y(t), is calculating by the expression (Bendat and
Piersol, 1980):

Ryy(r) = Jim = [ x()y (¢ + 1) dt (1)

where: T - signal record length, T — argument of cross-correlation
function (time delay).

The Hilbert Transform (HT) enables calculation of the envelope
A(t) of areal-valued function x(t) as follows (Thrane et al., 1999;
Feldman, 2011):

A1) = x2(1) + X2(0) (2)

where %(t) is HT of a real-valued function x (t). Then, an envelope
of the cross-correlation function Renv is as follows:

Reny(T) = \/nyz (m+ ﬁxyz ™ )

where: ny is HT of the cross-correlation R,,,. The envelope of the
cross-correlation of two harmonic processes with one of them being
damped, decays exponentially. In addition, the equality of the fre-
quencies of the harmonics creates the highest position of the en-
velope plot in comparison to the non-equality of the frequencies
(Kotowski, 2014). Apart from analyzed signal y(t), the method
used in the paper requires a series of harmonic signals gi(t) gener-
ated as follows:

gi =sin2m-w-i-t) (4)
where: i — an integer value (index), w — frequency resolution.
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After correlating the input and the generated signals, the plot
position of the envelope of the cross-correlation indicates an iden-
tification of the harmonic detected. This phenomenon is easy to ob-
serve and the determination of common frequency is simple.
As a result, the envelope plot can be effectively used to identify
the harmonics incorporated in recorded signals with no need for the
Fourier transform. The frequency value of the harmonic in the input
signal y(t) can be determined using the envelope plot. Studying
the envelopes, we obtain both w and i values of signal g;(t) used
for calculations. Thus, formula (w - i) indicates the frequency
of the identified harmonic. Apart from cross-correlation envelope
plots, indicator S, is used to express envelope position numerically
as follows:

Se(n) = At 21[!:1 Renv(n) (5)

where R,,,,, is the cross-correlation envelope, At is the sampling
period and N stands for the number of samples. As a result,
it is possible to prepare the S, plot, as a result of spectral analysis,
for a frequency span in which the impulse response has been rec-
orded. The frequency resolution of S, plot is strictly connected to
w value.

3. DATA FOR ANALYSIS

To illustrate the comparison between cross-correlation-based
method and FFT for spectral analysis of impulse response,
a numerical example of a four-degree-of-freedom system impulse
response is considered.

The unit impulse response function of a multi-degree-of-free-
dom system can be expressed as (Ahn et al., 2005):

h(t) = Xr=1 Arexp(—o,t)sin(wg,t) (6)

where: A, - the rth modal constant, o;. — the rth modal damping,

w,, the rth damped angular frequency of the system. Thus, four-
degree-of-freedom system impulse response can be expressed as:

h(t) = A;exp(—o,t)sin(2mf;t)
+A,exp(—o,t)sin(2nf,t) 7)
+...+A5exp(—o3t)sin(2nf;t)

+A,exp(—o,t)sin(2nfyt)
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Fig. 1. Impulse response for analysis

For obtaining time history of four-degree-of-freedom system
impulse response, values of parameters of Eq. (7) have been
assumed. They are: A; =0.13, A, =040, A; =0.23,
A, =030, o, =560, 0, =610, o3 = 640, o, = 600,
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fi =3196.4Hz, f, =11027.3Hz, f; = 13244.5 Hz,
fa = 15168.7 Hz. The considered impulse response have been
calculated by sampling frequency equal to 48000 Hz and sam-
pling time T equal to 0.025 s. The impulse response under con-
sideration is shown in Fig.1. In fact, the impulse response goes to
zero after the time of 0.010 s. These two periods of time history
are to be considered in the next Section.

4. RESULTS

In this section, it is presented results of impulse response spec-
tral analysis by using cross-correlation-based (CCB) method and
FFT. These kinds of analysis are compared on the basis of values
of frequencies readout for four spectra peaks.
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Fig. 2. Impulse response spectrum obtained using FFT for T = 0.025s
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Fig. 3. S, indicator plot for T = 0.025s and Af = 40Hz
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Fig. 4. S, indicator plot for T = 0.025s and Af = 10Hz
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Fig. 5. S, indicator plot for T = 0.025s and Af = 1Hz

15 2

0 0.5 1
Frequency (Hz) x 10°

Fig. 6. Impulse response spectrum obtained using FFT for T = 0.010s
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Fig. 7. S, indicator plot for T = 0.010s and Af = 100Hz
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Fig. 8. S, indicator plot for T = 0.010s and Af = 10Hz
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Fig. 9. S, indicator plot for T = 0.010s and Af = 1Hz

The spectral analysis using FFT has resulted frequencies
readout by frequency resolution Af as a result of the sampling time
of impulse response T. It has been 40Hz and 100Hz for 0.025
second and 0.010 second, respectively. The spectral analysis us-
ing CCB method has resulted frequencies readout by different fre-
quency resolution independent of the sampling time of impulse re-
sponse.

The spectra obtained using FFT and the Se indicator (Eq.5)
for T = 0.025 second and T = 0.010 second are shown in Figs.
2-5 and Figs. 6-9, respectively.

The values of frequencies read from plots for both methods are
shown in Tabs. 1 and 2 for sampling tine equal to 0.025s and
0.010s, respectively. There are four frequency values for succeed-
ing four plot peaks. The one of CCB method frequency resolution
has been fixed the same as for FFT (40Hz, 100Hz). For further
research of CCB method, resolution of 10Hz and 1Hz has also
been considered for that method.

Tab. 1. Results for sampling time T = 0.025s

Theoretical FFT ccs ccs ccs
frequency Af=40Hz method method method
(Hz) Af=40Hz | Af=10Hz | Af=1Hz
3196.4 3200 3200 3200 3198
11027.3 11040 11040 11030 11028
13244.5 13240 13240 13240 13244
15168.7 15160 15160 15170 15169
Tab. 2. Results for sampling time T = 0.010s
Theoretical FFT CCB CCB CCB
frequency Af=100Hz | method method method
(Hz) Af=100Hz | Af=10Hz | Af=1Hz
3196.4 3200 3200 3200 3199
11027.3 11000 11000 11030 11028
13244.5 13200 13200 13240 13244
15168.7 15200 15200 15170 15169

The main difference between methods is connected with the
errors between determined frequencies and theoretical frequen-
cies. The CCB method allows to obtain higher frequency resolution
than classical FFT. It resulted less errors between determined fre-
quencies and theoretical frequencies. Hence, frequency determina-
tion has been improved in comparison to classical FFT. Tabs. 1
and 2 also show that results obtained by CCB method do not de-
pend on sampling time, they are the same or difference seems very

221



DE GRUYTER
OPEN

Adam Kotowski

Cross-Correlation-Based Method vs. Classical FFT for Spectral Analysis of Impulse Response

negligible. For the frequency resolution of 1Hz, the CCB method
resulted the lowest error for both signal lengths. In this case, abso-
lute errors between theoretical frequency and measured frequency
reached 2.6(1.6)Hz, 0.7Hz, 0.5Hz and 0.3Hz. Using FFT, this
errors reached varies from 3.6 to 44.5 Hz. Figs. 10 and 11 show
relation in frequency determination errors for two lengths of ana-
lyzed impulse response, 0.025s and 0.010s, respectively.
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Fig. 10. Relation in frequency determination errors for FFT
and CCB method for sampling time T = 0.025s
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Fig. 11. Relation in frequency determination errors for FFT
and CCB method for sampling time T = 0.010s

Except peak near theoretical frequency of 3196.4Hz, the fre-
quency errors using CCB method (0.3+0.7Hz) are several dozen
times lower than frequencies errors using FFT (4.5+44.5Hz).

5. CONCLUSIONS

The paper presents comparison of results of frequency reading
based on impulse response spectral analysis that has been ob-
tained using cross-correlation-based method with results obtained
using classical FFT. The presented non-Fourier method is achieved
by correlating the analyzed signal and reference single-harmonic
signals and using Hilbert transform to obtain an envelope of cross-
correlation. The spectral analysis obtained using proposed method
has its advantage over the FFT that the spectral resolution does not
depend on signal length and it gives a possibility to obtain a con-
trollable spectral resolution. Moreover, the spectral resolution can
be much greater than spectral resolution resultant from FFT. By ex-
tension, frequency readings are more accurate by doing proposed
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frequency resolution improvement. Thus, cross-correlation-based
method can be an additional method for improving the accuracy of
natural frequencies measurement using impulse tests.
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