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Abstract: An interface crack between two semi-infinite piezoelectric/piezomagnetic spaces under out-of-plane mechanical load
and in-plane electrical and magnetic fields parallel to the crack faces is considered. Some part of the crack faces is assumed to be electri-
cally conductive and having uniform distribution of magnetic potential whilst the remaining part of the crack faces is electrically
and magnetically permeable. The mechanical, electrical, and magnetic factors are presented via functions which are analytic in the whole
plane except the crack region. Due to these representations the combined Dirichlet-Riemann and Hilbert boundary value problems
are formulated and solved in rather simple analytical form for any relation between conductive and permeable zone lengths. Resulting
from this solution the analytical expressions for stress, electric and magnetic fields as well as for the crack faces displacement jump
are presented. The singularities of the obtained solution at the crack tips and at the separation point of the mention zones are investigated
and the formulas for the corresponding intensity factors are presented. The influence of external electric and magnetic fields upon
the mechanic, electric and magnetic quantities at the crack region are illustrated in graph and table forms.

Keywords: Piezoelectromagnetic Material, Mode-Ill Interface Crack, Analytical Solution

1. INTRODUCTION

Piezoelectromagnetic materials are often used as functional
parts of different engineering systems including sensors, trans-
ducers and actuators. However, existing micro-defects and partic-
ularly interface cracks can strongly reduce their strength. For this
reason, interface cracks in piezoelectric and piezoelectomagnetic
materials have been actively studying in the last several decades.
A certain attention in this period was devoted to plane interface
crack problem. Particularly, concerning piezoelectomagnetic ma-
terials this problem was developed in paper by Fan et al., (2009)
and Feng et al., (2010). Different variants of electrical and mag-
netic conditions at the crack faces of an interface crack with a
contact zone in a magnetoelectroelastic bimaterial under mechan-
ical, electric and magnetic loads were considered by Herrmann et
al., (2010), Feng et al., (2011, 2012), and Ma et al., (2012). Addi-
tional accounting of thermal flux for an interface crack in a magne-
toelectroelastic bimaterial were performed in papers of Ma et al.,
(2011) and Feng et al., (2012). Modelling of the pre-fracture zone
for an interface crack between two dissimilar magnetoelectroelas-
tic materials was done by Ma et al., (2013). The electrically im-
permeable and magnetically permeable conditions at the crack
faces were considered in this paper.

It is known (Parton and Kudryavtsev, 1988) that an in-plane
electric or magnetic field induces the out-of-plane deformation for
piezoelectric and piezoelectomagnetic material with certain direc-
tions of polarization. On this reason an investigation of such kind

of deformation, particularly the mode I cracks, is more important
for the mentioned materials than for electrically and magnetically
passive ones. The mode |Il interface crack problem for dissimilar
piezo-electromagneto-elastic bimaterial media with taking into
account the electro-magnetic field inside the crack was investigat-
ed by Li and Kardomateas (2006) for impermeable and permeable
crack models. A closed-form solution for anti-plane mechanical
and in-plane electric and magnetic fields for a crack between two
dissimilar magnetoelectroelastic materials was obtained in papers
by Wang and Mai (2006, 2008) for the two extreme cases of an
impermeable and a permeable crack. The anti-plane deformation
of the multilayered piezomagnetic/piezoelectric composite with
periodic interface cracks, subjected to in-plane magnetic or elec-
tric fields, was studied by Wan et al.,, (2012a) and Wan et al.,
(2012b) analyzed the mode Ill crack crossing the magnetoelectro-
elastic bimaterial interface under concentrated magnetoelectro-
mechanical loads. The behaviour of two collinear and also parallel
symmetry and non-symmetric interface cracks in magneto-
electro—elastic materials under an anti-plane shear stress loading
was by studied by Zhou et al., (2004, 2007a, 2009) with use of
Schmidt method. The solutions of a limited-permeable crack or
two collinear limited-permeable cracks in piezoelectric/ piezomag-
netic materials subjected to a uniform tension loading were inves-
tigated in paper by Zhou et al., (2007b) using the generalized
Almansi's theorem. Anti-plane problem for an impermeable
or permeable interface crack between two dissimilar magneto-
electroelastic plates subjected to anti-plane mechanical and in-
plane magneto-electrical loads was investigated by Su and
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Feng (2008). Multiferroic interface fracture of piezomagnetic/
piezoelectric composite under magnetic and electric loadings was
considered by Li and Lee (2010). Shi et al., (2013) investigated
arc-shaped interface cracks between a functionally graded mag-
neto-electro-elastic layer and an orthotropic elastic substrate un-
der anti-plane shear load. Single and periodic mode-Ill cracks
moving along the interface of piezoelectric-piezomagnetic bi-
material were considered by Chen et al., (2012) and Yue and Wan
(2014), respectively. Also the case of a moving interface crack
between magnetoelectroelastic and functionally graded elastic
layers was studied by Hu and Chen (2014). An exact analytic
solution to the anti-plane problem for a non-homogeneous bimate-
rial medium containing closed interfacial cracks, which faces can
move relatively to each other with dry friction under the action of
arbitrary single loading and also cyclic loading was considered by
Sulym et al., (2015a, 2015b). A more detailed review of anti-plane
crack problem investigation in piezoelectric/piezomagnetic bimate-
rials is presented in Govorukha et al., (2016).

Temporary actuators and other electronic devices are often
constructed with use of thin film electrodes sandwiched between
piezoelectric layers. Such electrodes are usually prepared of a
metal powder, conducting polymers etc. and do not change the
mechanical properties of matrixes (Ru, 2000). Delamination of the
mentioned electrodes leads to the appearance of conducting inter-
face cracks. For a plane case a conductive interface crack in a
piezoelectric bimaterial was considered by Beom and Atluri (2002)
and Loboda et al., (2014) for “open” and contact zone crack mod-
els, respectively. For an out-of-plane conductive interface crack
the results of the papers Wang and Zhong (2002) and Wang et
al., (2003) specifying the oscillating singularity at the crack tips are
valid. However in many cases only some part of the crack faces
can be conductive because of interface electrode delamination
while on remaining part some other kind of electrical conditions
can take place. Accounting of such mixed electrical conditions at
the crack faces leads to more complicated problem than for uni-
form ones. The crack with mixed (conductive-permeable) condi-
tions at the crack faces was considered for a piezoelectric bimate-
rial by Lapusta et al., (2017). However, for a piezoelectric/ piezo-
magnetic bimaterials this important situation has not been studied
before and it comprises the main subject of the present paper. In
spite of this case is more complicated than the piezoelectric one,
an exact solution of the problem was found.

2. BASIC FORMULAS FOR PEMM (PIEZO-ELECTRO-
MAGNETIC MATERIAL) FOR ANTI-PLANE CASE

The constitutive relations for the piezo-electro-magnetic mate-
rial are (Sih and Song, 2003):

0ij = Cijks€ks — €sijEs — hgijHs,

D; = eyséxs + aisEs + digH,

B; = hjys&ks + disEs + visHs,

where o;;, €; — components of stress and strain tensors,
D;, B; — components of the electric and magnetic inductions,
E;, H; - intensities of the electric and magnetic fields, c;jys -
elastic, e;,; — piezoelectric, h;,; — piezomagnetic, d;, — electro-
magnetic constants, «;, ;s — €electric and magnetic permeabili-

ties.
The equilibrium equations in the absence of body forces and
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free charges are:
o-ij,j = 0, Di,i = 0, Bi,i =0.

The expressions for the deformation, electric and magnetic
fields have the form:

1
&j = g(ut,j +u;;) By = =i Hy = =1y,

where u; — the components of the displacement vector, ¢, ¥ -
the electric and magnetic potentials, comma means differentiation
on the respective coordinate.

In an anti-plane case we have:

w = Uy =0, uz = uz(xy, X)),

b = d(x1,x2), Y = P(x1, x3).

Then, the constitutive relations take the form:

03 Us,i C4s €15 hys
(Di > =R| —b. ,R= <e15 —Qq1 _d11>,

B; -, his —din —V11
where i = 1,2.
Introducing the vectors:
u = [us, ¢, Y], t = [03;,,D,, B,]", (1)
one can write
t=Ru,. 2)

As the functions us, ¢ and y are harmonic, then taking into
account (2), the following presentations are valid:

u=>2) + d(2),
t =Bd'(z) + BD'(2), ®)

where: ®(z) = [®,(z), ®,(z), P3(2)]T - an arbitrary analyti-
cal vector-function of the complex variable z = x; + ix,,
B = iR.

3. FORMULATION OF THE PROBLEM AND BASIC
FORMULAS FOR A BIMATERIAL COMPOUND

Assume that the crack is located in the interval [c, b] of the
material separation line (Fig. 1). Suppose also that the section
[c, a] of the crack faces is covered with electrodes, which, more-
over, maintain a constant distribution of the magnetic field. It
means that the conditions on this section can be written in the
form:

ot =0l = 0,5 = E? =0,

Hl(l) = Hl(z) =0forc <x <a. (4)

The remaining part of the crack is assumed to be free from
electrodes. Therefore, because of the absence of the crack open-
ing in x,, direction this part of crack faces should be considered as
electrically and magneto permeable. Thus, one gets the following
conditions:

O‘é;) = Ué? = 07 (DZ) = Ol <BZ) = 0!
(E;)=0,(H;) =0fora <x; <b, (5)

where (*) means the jump of the function via material interface.
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Fig. 1. A crack between two piezoelectromagnetic materials
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The crack described above may arise due to a soft multi-
layered electrode exfoliation, made of ferro-magnetic material,
situated at the interval [c, a], with the additional exfoliation of the
interval [a, b] of the non-electroded interface. Electric and mag-
netic conditions used in (4), (5) can be considered as a certain
approximation of real conditions taking place at the interface crack
faces in piezoelectromagnetic bimaterials. However in many cas-
es these conditions model electric and magnetic state at these
faces with sufficient accuracy Wang and Mai (2008). It's also
assumed, that the vector P® = [a33, Es°, H°]" is given at infini-
ty.

Introducing the vectors:

v = [u3',D,;,B, I",P= (032, 9, wl]T (6)

(the derivatives in (6) are implicit on x;), on the basis of (3) we
have:

v = M®'(2) + MD'(2), (
P = N®'(2) + NO'(2),

—
o~

where the matrixes M and N have the structure:

1 0 0 Byy Byy Biz
M= (Bu By, Bz3>, N= (0 1 0 )
B3y B3, Bss 0 0 1

For a bimaterial compound the relations (7), (8) can be written
in the form:

V’(k) — M(k)ch(k)(Z) + M(k)a)l(k)(z_), (9)
PH = N®@'(z) + NOD'® (3), (10)

where k = 1 for the area 1 and k = 2 for the area 2; M® and
N are the matrixes M and N for the areas 1 and 2, respective-
ly; @) (z) are arbitrary vector-functions, analytic in the areas
1 and 2, respectively.

Next we require that the equality PV = P® holds true on
the entire axis x; . Then it follows from (10):

NOO' D (x, +i0) + NOO'D(x, —i0) =

=N@'@D(x, —i0) + N@ D' @ (x, + i0). (11)

Here we have used the designation F(x; + i0) = F¥(x,),
which means the limit value of a function F(z) at x, —» 0 from
above or below, respectively.

The equation (11) can be written as:

acta mechanica et automatica, vol.12 no.4 (2018)

BOO'D(x, +i0) — BAP @ (x, +i0) =
= B@9'@(x, —i0) — BOF'D(x, — i0).

The left and right sides of the last equation can be considered
as the boundary values of the functions:

NOP'D(z) - N@P'@(z)
and:
N(z)q)'(z)(z) _ N(l)&)’(l)(z), (12)

which are analytic in the upper and lower planes, respectively. But
it means that there is a function I7(z), which is equal to the men-
tioned functions in each half-plane and is analytic in the entire
plane.

Assuming I1(z)|,_,. — 0, on the basis of the Liouville theo-
rem we find that each of the functions (12) is equal to 0 for each z
from the corresponding half-plane. Hence, we obtain:

3@ (z) = (N?) ' ND' D (2) for x, > 0, (13)
D (z) = (NW) 'N@d'@(z) for x, < 0. (14)
Further we find the jump of the following vector function:
(V' (x)) = vV (x; +i0) — v (x; —i0), (15)
when passing through the interface. Finding from the formula (9):
vV® (x; £i0) = MO’ ® (x; +i0) + MPD'® (x, F i0)
and substituting in (15), one gets:
(V'(x1)) = MDD’ D (x; +i0) + MDD’ D (x; — i0) —
~M@ '@ (x; —i0) - MP D' P (x, + i0).
Determining further:
'@ (x, — i0) = (N®) 'NDP'D(x, — i0)
from (14) and substituting this expression together with (13), at
x, — 40, into the latest formula, leads to:
(V'(x1)) = DO'D(x; + i0) + DO’ D (x, — i0), (16)

where: D = M@ — M(Z)(N(Z))_lN(l).
Introducing a new vector-function:

o)
W(2)- D®"(z), x>0, (17)

oV (z), xp<0

the expression (16) can be written as:

(V'(x)) = W*(xy) = W (xp). (18)
From the relations (10) we have:

P(l) (xll 0) =

NDO'D(x, +i0) + NOD' D (x; — i0). (19)

Taking into account that on the base of (17):

O'D(x; 4+ i0) = D"'W(x, + i0),
O'D(x; —i0) = =D 'W(x; — i0),

and substituting these relations into (19), leads to:
P®(x;,0) = SW*(x;) — SW(xy), (20)
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where: S = N(UD~1, From the last relations it follows that:
5= [MOND) T - M(Z)(N(Z))_l]_ll

The representations (18) and (20) can be used for solving of
anti-plane problems for bimaterials with cracks at the interface.
However, we transform further these representations to the form,
which is more convenient for the solution of the formulated prob-
lem.

Consider the matrix L = [L,, L,, L3] and the composition:

LP®W (x;,0) = LSWH(x;) — LSW™(x,). (21)
Denoting Y = [Y;,Y,, Y] = LS, we introduce the function:
F(z) = YW(2). (22)

Let's assume that LS = —yLS and transpose last equation for
convenience. It gives:

(ST + 81T = 0. (23)

This is an eigenvalue problem for finding an eigenvalue y and an
eigenvector LT. The eigenvalues are the roots of the equation:

det(yS” +S™) =0, (24)
which we denote as y;, V¥, V3. Eigenvectors L]T=

[le,LjZ,LB]T (j = 1,2,3), which correspond to the eigenval-
ues y; are found from the system (23).
Denoting:

Y, = LS, (25)
we obtain from (21):
LiPM(x;,0) = ,W*(x,) + v, ;W™ (xy),

or, taking into account (22), one gets:

LPM(x;,0) = F*(x1) + ¥, (x), (26)
where:
Fi(2) = Y,W(2). (27)

Because F*(x;) =F (x;) =F(x;) for x; & (c,b),
we obtain from (26) the following condition at infinity:

1 fee) fee) (oo}

Z—00

It should be noted that for the considered class of piezoelec-
tric/piezomagnetic materials the matrix S has the following struc-
ture:

[S11 S12 S13

S={sxn 0532 USy3 |, (29)
S31 1S3z IS33

where all s; (k,1 = 1,2,3) are real. In this case the eigenvalues

of the system (23) are:

§+1 §-1
i=1v; =57V T 50

, (30)
+1

where 1 = 51532513 + 12523531 — S31522513 — S12521533,
ty = 511522833 — S23532511, 6 = /t2/t1.

The eigenvectors, corresponding to these eigenvalues are
found from the system (23) and can be presented in the form:
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Ll = [0,1, (1)13], LZ = [1, iwzz,iw23],

L; = [1,iws;, iwss], (31)
. _ S21 _w —

where: w3 = —==, Wy, = —(S12523 — S13532), W23 =

® S31 Do

D_0(522513 —523512), W33 = —W33, W3z = —Wy3, W =

Y2 +1 _

—, Dy = $33533 — S235332.
Y2—1

Taking into account the presentation (31) the relation (26) for
J = 1,2 can be written in the form:

E® (x1,0) + wy3HP (0,0) = Ff (e) + Fr(xy),  (32)

082 (x1,0) + i, EP (x1,0) + iwps H® (1, 0) =

= F3 (x1) + v2F5 (x1). (33)
From the equations (6), (18) and (27) one gets:

le(u3’(x1' 0)) + YD (xq, 0)) + Yj3(B,(x,0)) =

= F(x) — 7 (xy). (34)

It follows from analysis of (29) and (31) that for the considered
class of materials Y;; = 0, Yj, are real and Yy, Yj; are pure
imaginary. Therefore, introducing the following designations
Nk = — Y1, Mj1 = =i, 1je = Y (, k = 2,3) the Eq. (34)
for j = 1,2 can be written in the form:

iM12(D3(x1,0)) + in13(B, (x4, 0)) = F{ (x;) — F{ (x1), (35)
i1 (us’ (xq, 0)) + 122Dz (1, 0)) + 123(B, (x1,0)) =
= F (1) — F3 (y). (36)

It's important that all w;; and n;; in Egs. (32), (33) and (39),
(36) are real.

4. FORMULATION AND SOLUTION OF THE PROBLEMS
OF LINER RELATIONSHIP

Satisfying the conditions (14) with use of (33), one gets:
F3(x;) +v,F7(xy) = 0forc <x; <a. (37)

Satisfying further the conditions (15) by using (33) and (36),
we obtain:

Re[F; (x1) + v2F7 (x)] = 0,
Re[F; (%) — F; (x;)] = 0fora < x; < b.
The last equation can be written in the form:
ReFf(x;) =0 fora < x; <b. (38)

The equations (37), (38) form the combined Dirichlet-Riemann
boundary value problem. To solve this problem we introduce the
following substitution:

F, (2) = i®,(2) (39)
and Egs. (37), (38) attain the form:

o5 (%) +y,P; () =0,c<x <a,

Im®3(x;) =0,a <x; <b. (40)
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On the base of (28) and (39) the conditions at infinity can be
presented in the form:

D, (2) oo = By + Hy — 163, (41)

0

w22 i w23 ~(2 [
EP B, = P2 HY 6 = 72
1+y,

where E, =

Considering the results of Nahmein and Nuller (1986) and
Kozinov et al., (2013) the solution of the problem (40) under the
conditions at infinity (41) has the following form:

?,(z) = P(2)X,(2) + Q(2)X,(2), (42)

where: P(z) = C,z+ C,,Q(2) =D,z+ D,,l =b —c,
jeix® elx@

@) = =y 1 = e

2(2) = 26,ln L0909 = —lnyz,

Jiz—a)+/(@-0)(z-b)’ &

C1 = —5'32COSﬁ - (EZ + HZ)Sll’lﬁ, C2 = -

2 1 _ﬁlDli

Dl = (Ez + HZ)COSﬁ - &325111[3, D2 = B].Cl - C+TaD1

In the above relations:

p=eniimfi= /@ 0b-0.1= b=/l
Using presentation (33) one can write:
0'32) (x,0) + lwzzE (xl, 0) + iwyH, )(xl, 0) =
= i[®7 (x1) + ¥, P2 (x1)]. (43)

The stress o, )(xl, 0) can be found from (43), however only

the combination of EX(x;, 0) and H™ (x;, 0) can be obtained
as imaginary part of this expression. To find the mentioned values
separately consider the expressions (32) and (35).

Satisfying with use of (32) to second and third boundary con-
ditions of (4) one arrives at the following equation:

Fi () + F{ (%) = 0forc < x; < a. (44)

Due to second and third boundary conditions of (5) the func-
tion F,(z) is analytic in the whole plane except the segment
[c, a]. Taking this fact into account, the solution of Eq. (44) can
be presented in the form Muskhelishvili (1977):

Cotc1Z

k@) ===

where ¢, and c; are arbitrary constants. Determining these con-
stants from the condition at infinity F;(2)|,-. = 0.5(E® +
w13 H:?), which follows from (32), and from the requirement of
single valuedness of displacements, one gets:

0 (a+c)/2
Fi(@) = (B + wisHp) 7 (45)

Using the solutions (42), (45) and the presentations (35), (36),
we get the following system for us;, D,, B, determination at
x; € (c,a):

in21(u'3(x1, 0)) + 122(D5 (1, 0)) + 123(B, (x4, 0)) =

P(x1) Q(x1) explix” (x1)]
= iva ﬂ x/a X1 Vxi—c (46)

in12(D5(x1,0)) + iny3(B;(x1,0)) =

acta mechanica et automatica, vol.12 no.4 (2018)

x1—(a+c)/2

= (E{” + m3HY?) RS IE)

(47)

1+y2)?2
where: o = &2
4y2

J-a)(x1—c)
J=-c)(a—x1)+/(a-c)(b-x1)]|

From Eq. (46) one gets the following expression for the dis-
placement jump at the segment (c, a):

¥ Gy) = 2650 |

2Va P(x1)cosy”(x1) | Q(xq1)siny™(x1)
u'5(x,0)) = ( + )
(W5 (1, 00) N21VX1-C \Vb—xq1 va=x1

Integrating this equation, one arrives at:

2Va (P(t)cosx*(t) N
NVt — ¢ b—t

dt,c<x, <a. (48)
)l

(u3(x1,0)) = T [

Q(®)siny”(t)

a—t

+

and also the real part of (46) and imaginary part of (47) lead to the
following system of equations at the interval x; € (c, a):

N12{D2(x1,0)) + n13(B,(x;,0)) =
x1—(a+c)/2

J&x—c)a—x1)’

N22(D2(x1,0)) + M23(B2 (x4, 0)) =

Py(x1) Q2(x1)
\/b_sm)( (xy) + ‘/_cosx (xy). (49)
From this system the expressions for (D,(x;,0)) and
(B, (x4, 0)) at the interval (¢, a) can be easily found.
With use of (42), it follows from (33) for x; > b:

= —(E° + wi3H) -

032)(x1, 0)+i (wzzE (x1,0) + w23H( )(xl,O))
Q(x1) lP(xl) (1+yz)explix(x1)]
vXi—a X1~ Vxi=c

From this equation the expression for the stress at the crack
continuation can be written in the form:

Q(x,) sm[}((xl)]
Vxi—a x;—c¢

oD (x1,0) = —(1 + 2)(

P(x1) cosy(xq1)
+ m) x> b. (50)

For electrical and magnetic fields at the crack continuation
x; > b one arrives at the following system:

E1(1)(x1: 0) + a)13H1(1)(x1, 0) =

x1—(a+c)/2

V=0 (x1-a)’
(U22E1(1)(x1' 0) + w23H1(1) (x1,0) =

= G (£89 cosfy ()] — sinlx(e)]). (62

= (EY” + my3H?)

From the last system the expressions for El(l)(xl, 0)

and H™ (x,,0) at x;, > b can be easily found.
Consider now the interval (a, b). Taking into account that
at this interval (Herrmann and Loboda, 2003):

305



§ sciendo

Oleg Onopriienko, Volodymyr Loboda, Alla Sheveleva, Yuri Lapusta

DOI 10.2478/ama-2018-0046

An Interface Crack with Mixed Electro-Magnetic Conditions at it Faces in a Piezoelectric/ Piezomagnetic Bimaterial under Anti-Plane Mechanical and In-Plane Electric Loadings

+e+X0(x1) etxo(x1)
X (xl) NIE2 c)(b X1 (xl) 1/(xl c)(x1—a)

. _ (a=c)(b-x1)
where: y,(x;) = 2e,tan™?! [7@ S 0r—a) and using (42), one

can write

_Xo(xl)p (xp) | etxo1)g (x))
t Jeaxi-0W-x1)  JExi-0Gi-a)’

Substituting (53) into (36), (39) and taking into account that
(Dy(x1,0)) =0, (B1(x1,0)) = 0 at (a,b) we obtain the fol-
lowing expression for the displacement jump:

2 ( P(xy)
N21VX1 = C\b — x4
Q(x1)

+ == smh)(o(x1)> ya<x; <b.

Py (x) = (53)

(u'3(x1,0)) = coshy,(x;) +

ia

Integrating this equation, one arrives at:

(uz(x1,0)) = f[ 2 ( P(®) coshy,(t) +
3(X1, J " T—c\vb—¢ Xo

®
+f:smh)(0(t))] dt,a <x, <b. (54)

The formulas (32), (33) give for a < x; < b the equation (51)
and the following expression:
wzzEl(l)(xl' 0) + (U23H1(1) (x1,0) =

= P(xl) (eXO(Xl) _ yze—)(o(x1)) +

(= c)(b—x1)

Q) (oxetan) ~Xo(x1)
ﬁxl IR (e o¥1) e X0 1 ) (55)

From the system (51), (55) the expressions for El(l) (x4,0)
and Hl(l) (x4,0) ata < x; < b can be easily found.

5. STRESS, ELECTRIC AND MAGNETIC INTENSITY
FACTORS

Analysis of the formulas (47)-(49) and (52), (53) shows that
the stress o, )(xl,O) is singular for x; = b + 0, E(l)(xl,O)
Hl(l)(xl, 0) are singular for x; > a+ 0 and x; » b — 0, and
also (D, (x4, 0)), (B, (x4, 0)) are singular for x; - a — 0. Inall
mentioned cases, a square root singularity takes place. Therefore,

introducing the following stress and electrical intensity factors
(IFs):

K3 = lim oV 21 (x; — b)os, (x4, 0),

x1—-b+

K# = lim 0,/21r(x1 E(l)(xl,O)
xX1—-a+

K3 = lim 0,/21r(x1 H(l)(xl,O),
xX1—a+

Kb = llrp 0,/27T(b —x;) E(l)(xl,O)
X1

K= lim 0,/271(19 —x)H®P (x1,0),
x1-b—
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K§ = lim w/2n(a—x1 (D;(x4,0)),

x1-a—0
K = lim J2m(a - x,)(B,(x;, 0))

and using formulas (50), (51), (55) and (48), (49), one obtains:
K, = - S py)

K¢ + w3Kf = \[m(El + wy3H?),

W KE + 0p3Kf = |25 (1 +72)Q(0), (56)
K§ + wy3KE =0,

w2 KE + wysKE = |22 (1= y,)P(b), (57)

N12Kp + 1n13Kg = —(E7° + w3H?)m(a — ¢) /2,
N22Kp + 123Kg = V2mQ(a). (58)

Substituting the expressions for P(b) from (42), we obtain the
following formula:

Tl
K3 = \/;{_ngcosﬁ - ((UzzEloo + (1)23Hf0)5inﬁ -
—2&,V1 — A[—o53sinf + (wy, E° + w23H{’°)cosﬁ]}.(59)

The intensity factors K¢ and K2, K2 and K2, K& and K&
can be found from the systems (56), (57), (58), respectively.

At the left crack tip c, an oscillating singularity takes place.
Such singularity for a conductive interface crack in an anti-plane
case of a piezoelectric material has been already analyzed in
papers by Wang et al., (2003) and Wang and Zhong (2002). For
this reason, we do not pay special attention to this singularity
here. At the right crack tip, the same oscillating singularity will take
place only if a = b, i.e. if the permeable part of the crack is ab-
sent. In a more general case, which is studied in this paper, i.e. for
zone [a, b] having nonzero length, the previously mentioned
oscillating singularity at the point a = b transforms into two
square root singularities at two different points a and b with inten-
sity factors defining by Egs. (56)-(59). Similar situation has been
studied for an antiplane case of a piezoelectric material by
Lapusta et al., (2017) and also it is similar to the case of a friction-
less contact zone at the interface crack tip for a plane problem
(Comninou, 1977).

6. NUMERICAL REALIZATION

For the numerical analysis the materials with the following
characteristics (Sih and Song, 2003) were chosen:
&) = 43.7-10°[Pa], Y = 17[c/m?],
of) =151-10° [-=| df) =0, nY =165[%]
Y = 180510~ [NCZ ] cfjf = 42.47 - 10°[Pd],
e® = —0.48[c/m?], =0.0757 -107° [i]

dY = 0,n) = 385 | ] y? = 4145 10" [
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andc =—-0.01m,b = 0.01m A=0,1.

oo p—
0'32—2

a) g - <a3(X1,U_]>-IU?[m:|

108

-0.01

-4

—D.IU1 -[].[I]DE D[I]U-E—hh [].[]I I 0.01
2 - x, [m]
b) 8 <.u3 [Xl,UD-lU?[H}:I

Fig. 2. The displacement jump at the segment [c, b]
for EY = 9-10%[v/m], HY = 0(a)
and EY = 0, HY = 1.7 - 10*[4/m] (b)

a) (:113 [_Xl,l):]>- 107 I:m:I

-0.01 -0.005 -1 0 0.005 0.

01

b) 10

30 - 4
bl =-2-10 9

0 x[m]
-0-01 0105 0 0005

<u3[ xl,0]>- 107

[ﬁ'}]

001

Fig. 3. The displacement jump at the segment [ ¢, b] for different

vaues of HY’[A/m] (a) and ET [V /m](b)
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The crack sliding for E° =9 -103[V/m], H =0 and
E =0, H® = 1.7 -10*[A/m] and different values of
o35[Pa] are presented in Figures 2a and 2b, respectively. It can
be seen from these Figures that even for zero mechanical loading
o055 the crack faces slide with respect to each other due to non-
zero electric (Fig. 2a) or magnetic (Fig. 2b) fields.

The crack sliding for o055 = 2 - 106[Pa] and different values
of H[A/m] and E{°[V /m] are presented in Figs. 3a and 3b,
respectively.

It should be mention that the oscillating singularity takes place
at the left crack tip. However for the presented model of the crack
sliding the oscillating singularity is physically admissible because
the faces can slide relative to each other in any direction. One of
the appearances the negative crack faces jump (analogy of the
oscillating singularity) can be seen for the lower lines at the left
crack tip in Fig. 3a.

300 £ (4, 0)-1074 [V /] )

Obszar wykresu

HF=0
1.00 '
HF=10%

0.00 0.0085 0.009 0.009%5 0.01

.00 Hy =210"

14.00 Y (x,,0)107*[4/m] b)

10.00
Hy =2-10*

6.00

2.00 v, [m]

_2.000.008 Hf[]-:UgBﬁ 0.009 0.009% 0.01

Fig. 4. The variation of the electric El(l) (x4, 0) (a) and magnetic

Hl(l) (x4, 0) (b) fields along the electro-magnetically permeable
crack region (a, b)

The variation of the electric El(l) (x4,0) and magnetic
Hl(l) (x4, 0) fields along the electro-magnetically permeable crack
region (a, b) are shown in Figs. 4a and 4b, respectively, for
A=0.1, o35 =10°Pa], E* =0 and different values of
H’[A/m]. It is seen from these figures that El(l) (x4,0) and
Hl(l)(xl,o) is almost equal to 0 for Ef° = 0 and H® = 0, but
they become rather large for a nonzero external magnetic field.
Besides, EXY (x;,0) and H™ (x;,0) are singular at both ends
of the segment [a, b].

Consider further the behavior of mechanic, electric and mag-
netic values at the crack continuation. Fig. 5 show the stress

aéé)(xl,o) variations in this zone for E° =9 - 103[V /m)],
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H® =0 (a) and EF° = 0, H® = 1.7 - 10*[A/m] (b) and dif-

ferent values of a55[Pal.

6 1 a)
ngl[xl,ﬂ][MPa]
4
o5y =2-10°

0

0.01 0.015 \ 0.02 0.025 0.03

X1|:IH':|
-2 cr?z:ﬂ
4 ) (0[] :
of, =2-10°

2 oy, =10°

0

0.01 0.015 0.02 0.025 0.03
) CT;EE -0 Xy [m]

Fig. 5. The stress crg)(xl, 0) variations on (a, b)
for EP =9-103[V/m], H® = 0 (a)and E° = 0,
H = 1.7 - 10*[4A/m] (b) and different values of o3

a) 001 0.014 0018 0.022 0026 0.03

1 L
\Hic =0 X [m}

@ 4
l Hl =10

D 4
Hl =2-10

-3.00

-1.00

-11.00 E}l)(xl,o)&o*‘*[r//m]

(1)

3.5
Hy

(Xl,(}]-ll}_4 [A/m] b)

HY =2-10%

_0.50-01 0.015 0.02 0.025 0-03

Fig. 6. The variation of the electric El(l) (x4, 0) (a) and magnetic

Hfl) (x4, 0) (b) fields along the crack continuation b > 0
for 2 = 0.1, o33 = 10°[Pa], E* = 0 and different values
of Hy?
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The variation of the electric El(l)(xl,O) and magnetic

Hl(l) (x4, 0) fields along the crack continuation b > 0 are shown
in Figs. 6a and 6b, respectively, for 1 = 0.1, a53 = 10°[Pal],
E® = 0 and different values of H{°[A/m]. Itis seen from these
figures that Hl(l)(xl, 0) is almost equal to 0 for Ef* = 0 and
H =0, but Efl)(xl, 0) decreases on modulus while
Hl(l) (x4, 0) increases with growing of H7°.

Variations of the normalized stress intensity factor (SIF) K5 is
shown in Tables 1 for o33 = 10°[Pa], E° = 0 and different
values of A and H7°. It can be seen that for each A the decreasing
of magnetic field H;° (growing it on modules) leads to decreasing
of the SIF K5 and even to turning it into zero for A = 0.1 and
H® = —18742[A/m]. It means that electric and magnetic
fields can be used for governing of the SIF and decreasing the
probability of fracture.

Tab. 1. Variations of the normalized stress intensity factor (SIF) K5

A
0.1 0.2 0.3
HCD

0 177676. 181031. 181731.
-5000 130277. 150716. 160997.
-10000 82877.8 120401. 140263.
-15000 35478.5 90086. 119529.
-18742.6 0.0 67394.7 104009.

To control the obtained analytical solution the numerical
experiment has been performed. The finite sized body composed
of two piezoelectric parallelepipeds —30mm < x; < 30mm,
0<x, <20mm, 0 <x3 <180mm and —30mm < x; <
30mm, —20mm <x, <0, 0<x; <180mm with the
same piezoelectric material parameters as above is considered.
A crack in the region —10mm < x; < 10mm, x, =0,
0 <x; <180mm is situated. It is assumed that for
—10mm < x; < 5mm the faces of the crack are conductive
while in the remaining part they are permeable. The lower bound-
ary x, = —20mm was fixed while to the upper one x, =

20mm the uniformly distributed shear stress cr?f;)(xl,zo) =
10MPa was applied. The finite element ABAQUS code was used
for the solution of this problem. The mesh grinding at the crack
tips was done. As a result of this solution the maximum value of
the crack sliding at the point x; = x, = 0, x3 = 90mm turned
out to be 4.93 x 10~*mm. Analytical analysis performing for the
same loading, materials, conducting and permeable zone lengths
gave the result 4.61 x 10~* mm for the crack sliding at the
same point. Taking into account that we compared the results for
finite size domain (with a crack 3 times shorter than the width of
the compound) and for infinite domain, the obtained error in
6.51% can be considered as quite satisfactory. Therefore, this
numerical test confirms the validity of the analytical approach
developed in this paper.

7. CONCLUSIONS

An interface crack ¢ < x; < b, x, = 0 between two semi-
infinite piezoelectric/piezomagnetic spaces x, > 0 and x, < 0
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under out-of-plane mechanical load and in-plane electrical and
magnetic fields parallel to the crack faces is considered. The part
(c, a) of the crack (a < b) faces is assumed to be electrically
conductive and having uniform distribution of magnetic potential
on it faces. The remaining part of the crack faces is electrically
and magnetically permeable. Such situation can occur because of
a soft multi-layered electrode exfoliation, made of ferromagnetic
material, situated at the interval [c, a], with additional exfoliation
of the interval [a, b] of the non-electroded interface. The consid-
ered problem involves the mixed electric and magnetic conditions
at the crack faces and is much more complicated than the tradi-
tional formulation of the interface crack problem for a conductive
crack.

The presentations (32), (33) and (35), (36) were formulated for
mechanical, electrical, and magnetic factors via a functions which
are analytic in the whole plane except the crack region. With these
representations the combined Dirichlet-Riemann boundary value
problem (37), (38) and Hilbert problem (44) are formulated and
solved in the form of relatively simple analytical formulas for any
position of the point a. Due to this solution analytical expressions
for stress, electric and magnetic fields as well as for the crack
faces displacement jump are presented. The singularities of the
obtained solution at the points a and b are investigated and the
formulas for the corresponding intensity factors are presented. In
Figures 2-6 the variations of the mechanic, electric and magnetic
quantities along the appropriate parts of the interface are illustrat-
ed for certain materials combinations and for certain positions of
the point a. The stress intensity factor corresponding to the results
of Figs. 2-6 are given in Tab. 1.

The results of analytical and numerical analysis showed that
both electric and magnetic fields essentially influence the mechan-
ical, electrical and magnetic fields at the crack tip. It follows from
this results that the mentioned fields can be used for decreasing
of the stress intensity factor and consequently for the decreasing
of failure dangerous of electronic devices working under the action
of the mention fields.

REFERENCES

1. Beom H. G., Atluri S. N. (2002), Conducting cracks in dissimilar
piezoelectric media, International Journal of Fracture, 118, 285-301.

2. Chen H., Wei W, Liu J., Fang D. (2012), Propagation of a mode-Il|
interfacial crack in a piezoelectric-piezomagnetic bi-material, Int. J.
Solids Struct., 49, 2547-2558.

3. Comninou M. (1977), The interface crack, Trans. ASME. Ser. E, J.
Applied Mechanics, 44(4), 631-636.

4. Fan C., Zhou Y., Wang H., Zhao M. (2009), Singular behaviors of
interfacial cracks in 2D magnetoelectroelastic bimaterials, Acta
Mech. Solida Sinica, 22, 232-239.

5. Feng W. J., Ma P, Pan E. N, Liu J. X. (2011), A magnetically im-
permeable and electrically permeable interface crack with a contact
zone in a magnetoelectroelastic bimaterial under concentrated mag-
netoelectromechanical loads on the crack faces, Sci. China Ser. G,
54, 1666-1679.

6. Feng W. J., MaP., SuR. K. L. (2012), An electrically impermeable
and magnetically permeable interface crack with a contact zone in
magnetoelectroelastic bimaterials under a thermal flux and magneto-
electromechanical loads, Int. J. Solids Structures, 49, 3472-3483.

7. FengW.J., SuR.K.L,LiuJ.X,LiY.S8.(2010), Fracture analysis
of bounded magnetoelectroelastic layers with interfacial cracks under
magnetoelectromechanical loads: plane problem, J. Intell. Mater.
Syst. Struct., 21, 581-594,

10.

1.

12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

23.

24.

25.

26.

27.

2

acta mechanica et automatica, vol.12 no.4 (2018)

Govorukha V., Kamlah M., Loboda V., Lapusta Y. (2016), Interface
cracks in piezoelectric materials, Smart Mater. Struct., 25, 023001
(20pp).

Herrmann K. P., Loboda V. V. (2003), Fracture mechanical as-
sessment of interface cracks with contact zones in piezoelectric bi-
materials under thermoelectromechanical loadings, |. Electrically
permeable interface cracks, Int. J. Solids and Structures, 40, 4191-
4217,

Herrmann K. P., Loboda V. V., Khodanen T. V. (2010), An inter-
face crack with contact zones in a piezoelectric/piezomagnetic bima-
terial, Archive of Applied Mechanics, 80(6), 651-670.

Hu K., Chen Z. (2010), An interface crack moving between magne-
toelectroelastic and functionally graded elastic layers, Appl. Math.
Modelling, 38, 910-925.

Kozinov S., Loboda V., Lapusta Y. (2013), Periodic set of limited
electrically permeable interface cracks with contact zones, Mech.
Res. Communic., 48, 32-41.

Lapusta Y., Onopriienko O., Loboda V. (2017), An interface crack
with partially electrically conductive crack faces under antiplane me-
chanical and in-plane electric loadings, Mech. Res. Commun., 81,
38-43.

Li R., Kardomateas G. A. (2006), The mode Ill interface crack in
piezo-electro-magneto-elastic dissimilar bimaterials, J. Appl. Mech.,
73, 220-227.

Li Y. D., Lee K. Y. (2010), Effects of magneto-electric loadings and
piezomagnetic/piezoelectric stiffening on multiferroic interface frac-
ture, Eng. Fract. Mech., 77, 856-866.

Loboda V., Sheveleva A., Lapusta Y. (2014), An electrically con-
ducting interface crack with a contact zone in a piezoelectric bimate-
rial, Int. J. Solids Struct., 51, 63-73.

Ma P., Feng W. J., Su R. K. L. (2012), An electrically impermeable
and magnetically permeable interface crack with a contact zone in a
magnetoelectroelastic bimaterial under uniform magnetoelectrome-
chanical loads, Eur. J. Mech. A/Solids, 32, 41-51.

Ma P., Feng W. J., Su R. K. L. (2013), Pre-fracture zone model on
electrically impermeable and magnetically permeable interface crack
between two dissimilar magnetoelectroelastic materials, Eng. Fract.
Mech., 102, 310-323.

Ma P., Feng W., Su R. K. L. (2011), Fracture assessment of an
interface crack between two dissimilar magnetoelectroelastic materi-
als under heat flow and magnetoelectromechanical loadings, Acta
Mech. Solida Sinica, 24, 429-438.

Muskhelishvili N. 1. (1977), Some Basic Problems of Mathematical
Theory of Elasticity, Noordhoff International Publishing, Leyden.
Nahmein E. L., Nuller B. M. (1986), Contact of an elastic half plane
and a particularly unbonded stamp [in russian], Prikladnaja matemat-
ica i mechanika, 50, 663-673.

Parton V. Z., Kudryavtsev B. A. (1988), Electromagnetoelasticity,
Gordon and Breach Science Publishers, New York.

Ru C. Q. (2000), Electrode-ceramic interfacial cracks in piezoelectric
multilayer materials, ASME J. Appl. Mech., 67, 255-261.

Shi P. P., Sun 8., Li X. (2013), The cyclically symmetric cracks on
the arc-shaped interface between a functionally graded magneto-
electro-elastic layer and an orthotropic elastic substrate under static
anti-plane shear load, Eng. Fract. Mech., 105, 238-249.

Sih G. C., Song Z. F. (2003), Magnetic and electric poling effects
associated with crack growth in BaTiO3-CoFe204 composite, Theo-
retical and Applied Fracture Mechanics, 39, 209-227.

SuR. K. L., Feng W. J. (2008), Fracture behavior of a bonded mag-
neto-electro-elastic rectangular plate with an interface crack, Arch.
Appl. Mech., 78, 343-362.

Sulym H. T., Piskozub L. G., Piskozub Y. Z., Pasternak Ya. M.
(2015a), Antiplane deformation of a bimaterial containing an interfa-
cial crack with the account of friction. 1. Single loading, Acta Mechan-
ica et Automatica, 9(2), 115-121.

8. Sulym H. T., Piskozub L. G., Piskozub Y. Z., Pasternak Ya. M.

(2015b), Antiplane deformation of a bimaterial containing an interfa-
cial crack with the account of friction. 2. Repeating and cyclic loading,
Acta Mechanica et Automatica, 9(3), 178-184.

309



§ sciendo

Oleg Onopriienko, Volodymyr Loboda, Alla Sheveleva, Yuri Lapusta
An Interface Crack with Mixed Electro-Magnetic Conditions at it Faces in a Piezoelectric/ Piezomagnetic Bimaterial under Anti-Plane Mechanical and In-Plane Electric Loadings

29.

30.

31.

32.

33.

34.

35.

36.

310

DOI 10.2478/ama-2018-0046

Wan Y, Yue Y, Zhong Z. (2012a), Multilayered piezomagnetic/ pie-
zoelectric composite with periodic interface cracks under magnetic or
electric field, Eng. Fract. Mech., 84, 132-145.

Wan Y., Yue Y., Zhong Z. (2012b), A mode Il crack crossing the
magnetoelectroelastic bimaterial interface under concentrated mag-
netoelectromechanical loads, Int. J. Solids Structures, 49,
3008-3021.

Wang B. L., Mai Y. W. (2006), Closed-form solution for an antiplane
interface crack between two dissimilar magnetoelectroelastic layers,
J. Appl. Mech., 73, 281-290.

Wang B. L., Mai Y. W. (2008), An exact analysis for mode Il cracks
between two dissimilar magneto-electro-elastic layers, Mech. Com-
pos. Mater., 44, 533-548.

Wang X., Zhong Z. (2002), A conducting arc crack between a circu-
lar piezoelectric inclusion and an unbounded matrix, Int. J. Solids
Struct., 39, 5895-5911.

Wang X., Zhong Z., Wu F. L. (2003), A moving conducting crack at
the interface of two dissimilar piezoelectric materials, Int. J. Solids
Struct., 40, 2381-2399.

Yue Y., Wan Y. (2014), Multilayered piezomagnetic/piezoelectric
composite with periodic interfacial Yoffe-type cracks under magnetic
or electric field, Acta Mech., 225, 2133-2150.

Zhou Z. G., Chen Y., Wang B. (2007), The behavior of two parallel
interface cracks in magneto-electro-elastic materials under an anti-
plane shear stress loading, Compos. Struct., 77, 97-103.

37.

38.

39.

Zhou Z. G., Wang B., Sun Y. G. (2004), Two collinear interface
cracks in magneto-electro-elastic composites, Int. J. Eng. Science,
42, 1155-1167.

Zhou Z. G., Wang J. Z., Wu L. Z. (2009), The behavior of two paral-
lel non-symmetric interface cracks in a magneto-electro-elastic mate-
rial strip under an anti-plane shear stress loading, Int. J. Appl. Elec-
tromagn. Mech., 29, 163-184.

Zhou Z. G., Zhang P. W., Wu L. Z. (2007), Solutions to a limited-
permeable crack or two limited-permeable collinear cracks in piezoe-
lectric/piezomagnetic materials, Arch. Appl. Mech., 77, 861-882.

Acknowledgements: This work has been carried out within the framework
of the Transversal Program of the Pascal Institute (UMR CNRS 6602),
Division "Materials and Multiscale Modeling", of the Excellence Laborato-
ry LabEx IMobS3 (ANR-10-LABX-16-01) (supported by the French pro-
gram investissement d’avenir and managed by the National Research
Agency (ANR), the European Commission (Auvergne FEDER funds) and
the Region Auvergne), and, also, of the project CAP 20-25, Axis 2,
Theme Usine du Futur, which is gratefully acknowledged.



