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Abstract: The problem of calculation of the characteristic equations of the standard and descriptor linear electrical circuits of integer
and fractional orders is addressed. It is shown that the characteristic equations of standard and descriptor linear electrical circuits
are independent of the method used in their analysis: the state space method, the mesh method and the node method. The considerations
are illustrated by examples of standard and fractional linear electrical circuits.
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1. INTRODUCTION

A dynamical system is called positive if its trajectory starting
from any nonnegative initial state remains forever in the positive
orthant for all nonnegative inputs. An overview of state of the art in
positive theory is given in the monographs (Farina and Rinaldi,
2000; Kaczorek, 2002). Variety of models having positive behavior
can be found in engineering, especially in electrical circuits (Ka-
czorek and Rogowski, 2015), economics, social sciences, biology
and medicine, etc. (Farina and Rinaldi, 2000; Kaczorek, 2002).
The analysis of linear systems and electrical circuits has been
addressed in (Antsaklis and Michel, 2006; Cholewicki, 1967;
Kaczorek, 1992; Kaczorek and Rogowski, 2015; Kailath, 1980;
Rosenbrock, 1970; Wolovich, 1974; Zak, 2003).

The mathematical fundamentals of fractional calculus are giv-
en in the monographs (Oldham and Spanier, 1974; Ostalczyk,
2008, 2016; Podlubny, 1999). The fractional systems theory and
its applications is presented in (Dzielinski et al., 2009; Kaczorek,
2008a, 2008b, 2009, 2010, 2011a, 2011b, 2012a, 2013a, 2014a;
Kaczorek and Rogowski, 2015; Sajewski, 2016; Vinagre et al.,
2002).

The positive electrical circuits have been analyzed in (Ka-
czorek, 2011c, 2013b, 2014b, 2015a, 2015b, 2016; Kaczorek and
Rogowski, 2015). The constructability and observability of stand-
ard and positive electrical circuits has been addressed in (Ka-
czorek, 2013b), controllability and observability in (Kaczorek,
2011d), the decoupling zeros in (Kaczorek, 2014b) and minimal-
phase positive electrical circuits in (Kaczorek, 2016). A new class
of normal positive linear electrical circuits has been introduced in
(Kaczorek, 2015b). Positive fractional linear electrical circuits have
been investigated in (Kaczorek, 2013a), positive linear systems
with different fractional orders in (Kaczorek, 2010, 2011a) and
positive unstable electrical circuits in (Kaczorek, 2012b). Zeroing
of state variables in descriptor electrical circuits has been ad-
dressed in (Kaczorek, 2013c).

In this paper the problem of calculation of the characteristic

equations of the standard and descriptor linear electrical circuits of
integer and fractional orders will be analyzed.

The paper is organized as follows. In section 2 some prelimi-
naries concerning positive electrical circuits of integer and frac-
tional orders are recalled. The characteristic equations of integer
order electrical circuits analyzed by the state space method, mesh
method and node method are investigated in section 3. The same
problem for descriptor electrical circuits is addressed in section 4.
The characteristic equations of fractional electrical circuits are
analyzed in section 5. Concluding remarks are given in section 6.

The following notation will be used: R - the set of real num-
bers, R™*™ — the set of n x m real matrices, RT*™ - the set of
n X m real matrices with nonnegative entries and R%? = R,
M, - the set of n x n Metzler matrices (real matrices with
nonnegative off-diagonal entries), I,, — the n X n identity matrix.

2. PRELIMINARIES

Consider the linear continuous-time electrical circuit described
by the state equation:

x(t) = Ax(t) + Bu(t), (1)

where x(t) € R™, u(t) € R™ are the state and input vectors
and A € R, B € R™™ It is well-known (Antsaklis, 2006;
Cholewicki, 1967; Kaczorek and Rogowski, 2015; Kailath, 1980;
Rosenbrock, 1970; Wolovich, 1974; Zak, 2003) that any standard
linear electrical circuit composed of resistors, coils, capacitors and
voltage (current) sources can be described by the equation (1).
Usually as the state variables x; (t), ..., x,,(t) (the components
of the vector x(t)) the currents in the coils and voltages on the
capacitors are chosen.

Definition 1. (Kaczorek and Rogowski, 2015) The electrical circuit

(1) is called (internally) positive if x(t) € R, for any initial condi-
tion x(0) € R} and every u(t) € R, t € [0, +).
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Theorem 1. (Kaczorek and Rogowski, 2015) The electrical circuit
(1) is positive if and only if:

A€M, BeRP™ 2)

The positive electrical circuit (1) for u(t) = 0 is called asymptoti-
cally stable if:

}imx(t) = 0 for all x(0) € R}. (3)

Theorem 2. (Kaczorek and Rogowski, 2015) The positive electri-
cal circuit (1) is asymptotically stable if and only if:

Re, < Ofork =1,...,no0r equivalentlyg < arghy, < 37" (4)
where A, is the eigenvalue of the matrix A € M,, and:
det[[L, A—Al = A =2 —2)...(A—1Ap). (5)

The following Caputo definition of the fractional derivative will be
used (Kaczorek, 2012a):

_ ac _ 1t M
DUf(t) = < f(®) = T Jo e 4T

n—1l<a<neN={12..}, (6)

where o € R is the order of fractional derivative, f™ (1) =
T and I(x) = J,” e=tt*~'dt is the gamma function.

dth
Consider fractional electrical circuits composed of resistors,
coils, capacitors and voltage (current) sources. Using the Kirch-
hoff's laws we may describe the transient states in the electrical
circuits by state equations (Kaczorek, 2012a; Kaczorek and

Rogowski, 2015):
D%x(t) = Ax(t) + Bu(t),0 < a < 1, (7)

where x(t) € R™, u(t) € R™ are the state and input vectors
and A € R™", B € ™M™,

Theorem 3. (Kaczorek, 2012a) The solution of equation (7)
is given by:

xX(£) = @o(D)xo + [, P(t — DBu(t)dt, x(0) = x5,  (8)

where:
_ o o Aktkon
Po(t) = Eo(At") = X0t rerry ©)
Ky (k+1)o—
B(O) = Tig i (10)

k=0 Pl(k+1)a]
and E, (At%) is the Mittag-Leffler matrix function (Kaczorek,
2012a).

Definition 2. (Kaczorek, 2012a) The fractional system (7) is called
the (internally) positive fractional system if and only if x(t) € RY,
t = 0 for any initial conditions x, € R} and all inputs u(t) €
R, t=>0.

Theorem 4. (Kaczorek, 2012a) The fractional system (7) is posi-
tive if and only if

A € M, B € RT*™, (11)
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3. CHARACTERISTIC EQUATIONS OF INTEGER ORDER
ELECTRICAL CIRCUITS

3.1. State space method

In this method as the state variables the voltages on the ca-
pacitors and the currents in the coils are chosen. The linear elec-
trical circuits are described by the state equation (1). The charac-
teristic polynomial of the circuit is given by:

p(s) = det[l,s — A] = s™ + a,_1s" 1 +...+a;s + ay (12)

and its characteristic equation by p(s) = 0.
Example 1. Consider the electrical circuit shown in Fig. 1 with

given resistances R,, R,, R3, inductances L,, L, and voltage
SOUrces ey, €.

TﬁLﬁ i) (D) ?Lﬁﬁa

R1§ R3§ Rzé

ei(t) ex(t)
() =)
\_/ _/

Fig. 1. Electrical circuit of Example 1

Using the Kirchhoff's laws for the electrical circuit we obtain
the equations:

. di o
e1 = Ruiy + L1+ Ry(in — ip),

. diy o (13)
e = Rzlz + LZE—}— R3(l2 - ll),

which can be written in the form:

d[i] _ iy C51
4 l.z] - A, [iz] +B1 o], (14a)
where:
_Ri+Rs B3 R
L L L
Al = R3 ! _1R2+R3]’ By = Iol l] (14b)
Ly Ly Ly

The electrical circuit is positive since 4; € M, and B; €
iR 2X2
Rt
The characteristic equation of the electrical circuit has the
form:

R1+R3 R3
s+= = 4
1 1
det[l;s — Aj] = |, Ry+R3
n StTo (1)
2 2
Ri+R3 = Ry+R3 R1(Ry+R3)+RyR3
=s? + ( + s+ = 0.
Ly L LyLy
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3.2. Mesh method

Any linear electrical circuit composed of resistors, coils, ca-
pacitors and voltage (current) sources in transient states can be
also analyzed by the use of the mesh method (Cholewicki, 1967;
Kaczorek and Rogowski, 2015).

Using the mesh method and the Laplace transform for zero in-
itial conditions we can describe the electrical circuit in transient
states by the equation:

Z(s)X(s) = E(s), (16a)
where: X(s) = L[x(t)] = ["x(t)e~*tdt (L is the Laplace
operator),
Zy1(s) = Zin(s) Ei(s)
Z(s) =} od l, E(s) =|: (16b)
an(s) Znn(s) En(s)

Example 2. Using the mesh method and the Laplace transform for
the electrical circuit (with given resistances R;, R, R, induct-
ances L,, L, and voltage sources e;, e,) shown in Fig.2
we obtain:

A PR e s

where I;.(s) = L[ix ()], Ex(s) = L[ex(t)], k = 1,2.
In this case we have:

_ R1 + R3 + SLl _R3 _ Il(S)
2() = | g, R Ry + st O =20
E1(s)
E = . 17b
© =5 (17b)
Note that:
detZ(S) _ |R1 + R3+sL; —R3 _ L1L252

_R3 RZ + R3 + SL2
+[(R1+ R3)L; + (Rz + R3)L1]s + R1(R; + R3) + RaR3

(18)

and after multiplication by i we obtain:

From (19) we have the following conclusion.

Conclusion 1. The characteristic equation (15) of the electrical
circuit can be also obtained by computation of the determinant
of the matrix Z(s) in the mesh method.

3.3. Node method

Any linear electrical circuit composed of resistors, coils, ca-
pacitors and voltage (current) sources in transient states can be
also analyzed by the use of the node method. Using the node
method and the Laplace transform for zero initial conditions we
can describe the electrical circuit in transient states by the equa-
tion (Cholewicki, 1967; Kaczorek and Rogowski, 2015):

Y(s)V(s) = I,(s), (20a)

where:

acta mechanica et automatica, vol.12 no.3 (2018)

Yis(s) - Yiq(s) Vi(s)
vs) = |: i v =l |
qu(s) qu(S) Vq(s)
|:121(S)
Ls)=: | (20b)
Iq(s)

q is the number of linearly independent nodes, Y;;(s) and V;(s),
i,j=1,...,q are Laplace transforms of conductances and
current sources of the electrical circuit, respectively.

L1 v (t) L2

g g Wy

R1% 11(t) Rs% 12(1t) Rz%

w—

ei(t) e2(t)

) )

NIV AN
v(t)=0

Fig. 2. Electrical circuit

Example 3. For the electrical circuit shown in Fig. 2 using the
node method we obtain:

Y($)V(s) = 1,(s), (21a)
where V(s) = L[v(t)], Ex(s) = L[ex(t)], k = 1,2 and:
Y& =Yu(® = i T orn T i ot

— £ Ea(s)
IZ(S) - Rq+sLq Ry+sLy”

Note that:

1 1 1

detY(S) = Y(S) = Ri+sLyq + Ro+sLy R_3

_ L1L2$2+[(R1+R3)L2+(R2+R3)L1]S+R1(R2+R3)+R2R3 (22)
- (Ry+sL1)(Ry+sLy)R3
and after multiplication by W, we obtain:
- lala _
detY(s) = TR AT det[l,s — A44]. (23)

From (23) we have the following conclusion.

Conclusion 2. The characteristic equation (15) of the electrical
circuit can be also obtained by computation of the determinant
of the matrix Y (s) in the node method.

In general case we shall prove the following theorem.

Theorem 5. The characteristic equation of any linear circuit com-
posed of resistors, coils and capacitors is given in state equations
method by:

det[l,s — Al = s™ + ap_1s" 1 +...+a;s+a, =0, (24)
in mesh method by detZ(s) =0 and in node method by
detY(s) = 0.

Proof. Applying the Laplace transform to (1) with zero initial condi-
tions we obtain:
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Uns~Aad pyy (s, (25)

det[Ins—A]

X(s) = [I,s — A]"*BU(s) =

where [I,s — A] 4 is the adjoint matrix of [I,s — A].
From (16) we have:
TUS)E(s) = 24D E(s). (26)

detZ(s)

X(s)=2Z

Comparing the denominators of (25) and (26) we obtain that
det[l,,s — A] = 0 is equivalent to detZ(s) = 0.
From (21a) we have:

V(s) = Y X)L (s). (27)

Note that knowing V(s) we can always find such matrix
P(s) € R™(s) that:

X(s) = P(s)V(s). (28)
Substituting (27) into (28) we obtain:

— 1 P($)Yad(s)Iz(s)
X(s) = P()Y ()L, (s) = " e, (29)
Comparing the denominators of (25) and (29) we obtain that
det[l,,s — A] = 0O is equivalent to detY (s) = 0.0

Remark 1. The characteristic polynomial and characteristic equa-
tion of any linear electrical circuit is independent of the voltage
(current) sources. Therefore, computing the characteristic equa-
tion (polynomial) of the electrical circuit the voltage (current)
sources can be assumed as zero.

Example 4. Consider the electrical circuit shown in Fig. 3 with
given resistances Ry, k = 1,...,5, inductances L{, L,, capaci-
tance C and source voltages e, e;.

Fig. 3. Electrical circuit of Example 4
Using the Kirchhoff's laws for the electrical circuit we can write
the equations:
. . du diq
61 + 62 = Rllll - R3lz + R5C_+ le,
0 = Ryiy — Ryiy + Ly 22, (30)
e, =UuU + R33CE + R5L1,

Where R11 = Rl + R3 + Rs, Rzz = R2 + R3, R33 = R4 + Rs.
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The equatlons (30) can be written in the form:

[Ll [
0 lzl
0 R33C % 1)
'_R11 R i1
= R3 _Rzz 0 [ez]
'_RS 0 - u
From (31) we have:
'i1 i
d
2lia| = 4z |ix | + B, [ez] (32a)
_u u
where
Ly 0 RgC Ry1 R; 0
A, 0 L, O [Rg, -R,, O l
0 0 RysC Ry O -1
1 (Rs _ Rs Rs
[Ll (R33 Rll) Ly LiR33 |
—|Rs R32 0 '
le Lz J (32b)
Rsg 1
" RasC 0 _R33C
(1 _Rs
Ll |L1 Lq (1 Rgg)]
B, =10 0 |
0 R33 1 J
R33C

Note that the electrical circuit is positive if and only if Rg = 0.
The characteristic equation of the electrical circuit has the
form:

det[I3S - 2]
R R
tr(Ra—g2) -2 -
R33 Ly L1R33
R3 Ra2
. o
Ly L,
| 0 s+ &
R33C R33C
_ L1LyR33Cs3+(L1Ly—LaREC+LyR11R33C+L1RyzR33C)s?
L1LyR33C
+ (L1R22+L2R11—Rp2REC—R33RC+R11R22R33C)s+R11R22—R3
L1LzR33C '

Applying to the electrical circuit in Fig. 3 the mesh method we
choose as the state variables the currents iy, i, C% and we
obtain:

R11 + SL1 _R3 _RS
Z(s) — _R3 Rzz + SL3 0 . , (34)
_RS 0 R33 + E

where Ry; = R; + R; + Rs, R,, = R, + R, R33 = R, + Rs
and:
L1LyR33Cs3+(L1Ly—LyREC+LyR11R33C+L RogR33C)s?
sC
2 2 . (39)
(L1R22+L2R11—R22R5C—R33R5C+R11R22R33C)S+R11R22—R3
sC '
From comparison of (33) and (35) it follows that the character-
istic equations are equivalent.
Applying to the electrical circuit in Fig. 3 the node method we
obtain:

detZ(s) =

+
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1 1 1 1
Rq+sLy Ry+sLy R3 Rq+sLy
Y(s) = 1 1 1 1 (36)
T Rytsly Ry+sLy R4+é Rs
and:
2 2
L1LyR33Cs3+(L1Ly—LyREC+LyR11R33C+L1Ra2R33C)s
detY(s) = 2

R3R5 (SR4,CS+ 1)(R1+SL1)(R2 +SL2)

2
i (L1R22+L2R11—RppREC—R33RC+R11R22R33C)s+R11R22—R3
R3R5(SR4Cs+1)(R1+5L1)(Ry+SLy)

(37)
where:
R11 = Rl +R3 +R5,R22 = R2 +R3,R33 = R4 +R5.

From comparison of (33) and (37) if follows that the character-
istic equations are equivalent.

4. DESCRIPTOR ELECTRICAL CIRCUITS

In this section the previous results will be extended to de-
scriptor linear electrical circuits.
Consider the linear electrical circuit described by the equation:

Ex = Ax + Bu, (38)

where x = x(t) € R", u = u(t) € R™ are the state and input
vectorsand E, A € R™", B € R™*™ |tis assumed that:

detE = 0 and det[Es — A] # 0 for some s € C
(the field of complex numbers). (39)

Definition 3. The linear electrical circuit described by (38) satisfy-
ing the assumption (39) is called a descriptor (singular) electrical
circuit.

Theorem 6. Linear electrical circuit is descriptor if it contains at
least one mesh consisting of only ideal capacitors and voltage
sources or at least one node with branches with coils.

Proof. The proof is given in (Kaczorek and Rogowski, 2015).
Example 5. Consider the descriptor electrical circuit shown in Fig.

4 with given resistances Ry, k = 1,2,3, inductances L, k =
1,2,3 and voltage sources eq, e;.

Fig. 4. Descriptor electrical circuit of Example 5

Using the Kirchhoff's laws we obtain the equations:

e, = Ryiy + L1 ~+ Ryis + Ly d‘: “0)
ez = Ryip + Ly 52 = Ryiy — L 22,

acta mechanica et automatica, vol.12 no.3 (2018)

which can be written in the form:

d 1:1 1:1 €1
ES || =ali|+ B[] (41)
l3 l3
where:
Ll 0 L3 _Rl 0 _R3
E=|0 L, —L;|,A=]0 -R, R; |,
0 0 O 1 -1 -1
1 0
B=|0 1] (41b)
0 0
The condition (39) is satisfied since detE = 0 and:
Ry+sL; O R3 + sLj
det[ES - A] = 0 Rz + SLZ _R3 - SL3
-1 1 1

= [Ll(LZ + L3) + L2L3]SZ + [L1R3 + L3R1 + L2(R1 + R3)
+(L; + L3)Ry]s + RiR; + R,(Ry + Ry) # 0.
(42)
Therefore, the characteristic equation of the electrical circuit
has the form:

LiR3+L3R1+L2(R1+R3)+(L1+L3)R; s

st +
Lyi(Lp+L3)+LyL3 43
R1R3+Ra(R1+Rz) _ : (43)
Ly(Lz+L3)+LpL3]

The descriptor electrical circuit shown in Fig. 4. is positive if
ir(t) =0, k=123 for any initial conditions i;(0) = 0,
k=123andalle;(t) =0,i=12fort = 0.

Substituting i, (t) = i,(t) + i5(t) into (40) we obtain:

P o | R

(44)
and:
£[i]-af o1
where:
Aol Lt L3]'1 -R, —(R,+ R3)]
- L2 _L3 _R2 R3
RiL3+Rp(L1+L3) (R1+R3)Lz—R3ly
_ | Lil3+Lp(L1+L3)  LiLz+Lp(L1+L3)
RiLa—RpLy (R1+R3)La—R3Lq |’ (45b)
LiL3+Lp(L1+L3) LiL3+Lp(L1+L3)
E _ [Ll L1 + L3]_1 _ 1 L3 Ll + L3]
- Lz _L3 - LiL3+Ly(L1+L3) Lz _L1 ’

From (45b) it follows that A € M, if and only if (R, +
R;)L, = R;L, and R;L, = R,L;, and B € R2*2 if and only if
L, =0.

Therefore, the descriptor electrical circuit is not positive for all
values of the resistances Ry, k = 1,2,3 and inductances L,
k=123.

Using the mesh method to the electrical circuit we obtain

Z( )_[R1+R3 +S(L1+L3) _Rg_SLg
8= |~Ry - sLy Ry + Ry + s(Ly + Ls)

(46)
and:
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—(R3 +5L3)? = [L1(Ly + L3) + LoL3]s?

+[LyRs + L3Ry + Ly(Ry + R3) + (Ly + L3)R,]s (47)

From comparison of (42) and (47) it follows that the character-
istic equation obtained in the mesh method is identical with (43).
Using the node method to the electrical circuit we obtain:

1 1 1
Y(s) = Ry+sLy = Rp+sl, = Rg+slg (48)
and:
detY(s) — (RZ+SL2)(R3+SL3)+(R1+SL1)(R3+SL3)+(R1+SL1)(R2+SL2)

(R1+5L1)(Ry+5Ly)(R3+5sL3)
_ Ll(Lz +L3)+L2L3]52+[L1R3 +L3Rq +L2(R1 +R3)+(L1 +L3)R2]S
- (R1+5L1)(Rz+SLy)(R3+5L3)
R1R3+R3(R1+R2) (49)
(Ry+SL1)(Ra+SLy)(R3+sL3)

Therefore, the characteristic equation obtained in the node
method is identical with (43).
In general case we have the following theorem.

Theorem 7. The characteristic equations of the descriptor linear
electrical circuit composed of resistors, coils and capacitors ob-
tained by the state space method, mesh method and node method
are equivalent.

Proof. The proof is similar to the proof of Theorem 5.

5. CHARACTERISTIC EQUATIONS OF FRACTIONAL
ELECTRICAL CIRCUITS

5.1. State space method

Consider the fractional linear electrical circuit described by (7)
for Bu(t) = 0. Applying to the equation (7) the Laplace transform
and taking into account that:

L[D%*x(t)] = s*X(s) — s17%x(0) (50)
for x(0) = 0 we obtain:
[I,s* — A]X(s) = 0. (51)

The characteristic polynomial of the electrical circuit (of matrix
A) has the form:

p(s®) = det[l,s* — A]

= (SO + ap 1 (SO M+ +as* + aq (52)

and its characteristic equation p(s*) = 0.

Example 6. Consider the fractional electrical circuit shown in Fig.
5 with given resistances R,, R,, R4, capacitances C,, C, and
source voltage e.

Using the Kirchhoff’s laws we obtain the equations:

e=R.C, S 4y, +R (C ﬂ+cda“2)
it +R3(Giga +Cyg)

e = +R3 (61%4‘ Cz dd;;Z) +U.2 + RzCde%

which can be written in the form:
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(R1 + R3)C1 R3C, ]d_“[u1]
R3C1 (Rz +R3)Cz at* [up ) (54)
_[—1 0 w1 1
= [0 _1] [uz] + [1] €
W U
P V N
C, G,
Rs
RZ R.2
c
Fig. 5. Electrical circuit of Example 6
Premultiplying (54) by the inverse matrix:
[(R1 +R3)C1 RsC ]‘1
R3Cy (Rz + R3)C,
_1[(Ry + R3)C;  —R3C, ] (5)
Y S (Ry + R3)CG )
A =[Ry(R; + R3) + RyR5]C,C,
we obtain:
a“ [U1] _ , W
dre uz] =4 [uz] + Be, (66a)
where:
_ R+R3 R3
A= [R1(R2+R3)+R2R3]C1y  [R1(R2+R3)+R2R3]Cy
= R3 _ Ri+R3 ,
[R1(R2+R3)+R2R3]C> . [R1(R2+R3)+R2R3]C2 (56b)
B= [Rl(R2+RI3e)1+R2R3]Cl .

[R1(R2+R3)+R2R3]C;

From (56b) it follows that the fractional electrical circuit is posi-
tive since A € M, and B € R3 for all nonzero values of the
resistances and capacitances.

The characteristic equation of the matrix A has the form:

det[I,A — A]
L+ Ry+Rs3 _ R3
_ [R1(R2+R3)+R2R3]Cy [R1(R2+R3)+R2R3]Cy
= R3 Rq+R3 (57)
[R1(R2+R3)+R2R3]C, [R1(Rz+R3)+R2R3]C,
=22+ (R1+R3)C1+(R2+R3)Cy A+ 1 =0,
[R1(R2+R3)+R2R3]C1C> [R1(R2+R3)+R2R3]C1C2
where A = s,

5.2. Mesh method

Using the mesh method and the Laplace transform for zero in-
itial conditions the fractional linear electrical circuits in transient
states can be described by the equation:

ZXQ) = EQ), A = s (58a)

where: X(A) = L[x(t)] is the Laplace transform of the mesh
currents.
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Ei(0)

En (1)

Z11(7\) ‘Zan\)

Zus) o Zan)

Example 7. For the fractional electrical circuit shown in Fig. 5.
using the mesh method and the Laplace transform for zero initial
conditions we obtain:

ZQ) = (58b)

l, EQM) =

Ry +R; + KLQ R3 L) _ [EO\) (59)

R, R2+R3+é LI LEMT
where: I (A) = L[ix ()], EQ) = L[e(t)], k = 1,2.
In this case:

1
R1+R3+E R3

ZQ0) = 1 (60)
R3 Rz + R3 + E
and:
1
Rl + R3 + E R3
detZ(A) = 1 L
R3 Rz + R3 + E

_ [(R1+R3)AC1 +1][(Ra+R3)AC2+1]—R5 C1 C2A2
A2C1Cy (61)
2, (R1+R3)C1+(R2+R3)C;
[R1(R2+R3)+R2R3]C1C;
1

+
[R1(R2+R3)+R2R3]C1C2
X [R1(Ry, + R3) + RyR3] = 0.

Dividing (61) by R, (R, + R3) + R,R; we obtain the char-
acteristic equation (57). Therefore, det[I,A—A] =0 and
detZ(A) = 0 represent the same characteristic equation of the
fractional electrical circuit shown in Fig. 5.

5.3. Node method

Using the node method and the Laplace transform for zero ini-
tial conditions the fractional linear electrical circuits in transient
states can be described by the equation:

YOV = L,(A), A = s© (62a)
where:
Y11(7\) qu O\) V1 (7\)
Y = | . RANERE )
qu @x - qu o) Vq oy
Iy ()
Lo = | , (62b)
Lq()

q is the number of linearly independent nodes, Y;;(A) and V;(A),

i,j =1,...,q are Laplace transforms of conductances and cur-
rent sources of the electrical circuit, respectively.

Example 8. For the fractional electrical circuit shown in Fig. 6
using the node method and the Laplace transform for zero initial
conditions we obtain (62) with:

1 1 1

Y(&)=Yu@)=—7+—7+7
Rr}-m R2+m 3 (63)

A Coh 1

T 14RC{A ' 1+RCA ' Ry

and I,(A) = %)

acta mechanica et automatica, vol.12 no.3 (2018)

v=0

Fig. 6. Electrical circuit

From (63) we have:

dety(A) =
)\z [R1(R2+R3)+RyR3]C1Co+A[(R1+R3)C1+(R2+R3)]Co+1 (64)
(14+R1C1M)(1+R2C2)R3

=0
and:
S ORI
X . (65)

+ [R1(R2+R3)+R2R3]C1C; =0

Therefore, detY(A) = 0 the same characteristic equation
of the fractional electrical circuit as the equation (57).
In general case we have the following theorem.

Theorem 8. The characteristic equation of any fractional linear
electrical circuit in the state space method det[l,A — A] = 0, in
the mesh method detZ(A) =0 and in the node method
detY (A) = 0is the same.

Proof. The proof is similar to the proof of Theorem 5.

The considerations presented in section 4 can be easily ex-
tended to the fractional descriptor linear electrical circuits.

6. CONCLUDING REMARKS

The problem of calculation of the characteristic equations
of the standard positive and descriptor linear electrical circuits
of integer and fractional orders has been addressed. It has been
shown that the characteristic equations of standard and descriptor
linear electrical circuits are independent of the method used in
their analysis. The state space method, the mesh method and the
node method have been analyzed (Theorems 5 and 8). The
results obtained for standard linear electrical circuits can be
extended to the fractional linear electrical circuits by substituting s
by A =s% where a is the order of the fractional differential
equation. The considerations have been illustrated by examples of
standard and descriptor linear electrical circuits.
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