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mathematical modelling, germination research tasks related to mathematical modelling of agrobiological

processes have been carried out for many years. Additionally, the use
of modern forecasting techniques in agriculture may bring real finan-
cial advantages with regard to the fact that based on crop yield predic-
tion estimation of their cultivation profitability is possible. Dynamic
and continuous progress of computer and informative technologies
creates new opportunities showing thus growth directions of agricul-
tural engineering. Taking this into consideration, it should be empha-
sised that mathematical modelling constitutes a support for decision
processes which take place in agricultural production. This article
discusses mathematical models, where the analysed system is de-
scribed with the use of mathematical formulas. The objective of the
paper was to present the current state of knowledge on mathematical
methods in describing and predicting seeds germination. Possibilities
of their use and new challenges which occur in the description of
seeds germination were presented.

Introduction

Modern agricultural engineering searches for "safe" methods of raising the quality of
crop yields with the use of an interdisciplinary combination of mathematics, biophysics,
agronomy, molecular biology and physics (Ciesla et al., 2015). Research tasks, including
mathematical modelling of agribiological processes are performed as a part of agricultural
engineering and its current activity (Michatek, 2008). Since, application of modern predic-
tion methods in agriculture may bring notable financial advantages. Mathematical model-
ling answers the challenges related thereto. Representation of knowledge in the form of
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computer models is one of paradigms of agricultural production systems based on
knowledge. Modelling enables fast, often automated transformation of expert knowledge in
the form of computer models. On the other hand, the quality of models depends on the
knowledge quality, not only the theoretical one, but also practical, and thus computer mod-
els should be made by specialists in this field (Maksym et al., 2006).

The model is a simplified representation of the system and the system is a limited part
of the reality, which includes elements combined together (de Wit, 1982, Prusinkiewicz,
2004). Mathematical models will be discussed in the article, where the analysed system is
described with the use of mathematical models.

Generally, models may be divided into static (describing plants in a specific growth
stage) or developmental ones (that describe plants during their growth). From among mod-
els of a developmental nature their two types need special attention i.e descriptive (the so-
called reconstruction) and mechanistic ones. Descriptive models constitute a tool that sup-
ports integration of results of measurements in time. While, mechanistic ones, in their as-
sumptions, constitute an attempt to explain plant growth based on the basis of processes:
biological, chemical and physical. In case of growth models we deal with calculation and
simulation research.

Despite numerous publications which describe the plant growth and development pro-
cesses, still there is no agreement as to the value and usefulness of calculation models in
developmental biology or agriculture. The discussion concerns mainly the possibilities of
application of research methods, including mathematical deduction, to the data with biolog-
ical nature (Keller, 2002). However, despite a low number of negative opinions, it is esti-
mated that modelling and simulation constitute and will constitute one of the most im-
portant elements in the description and prediction of plant growth and development (Room
et al. 1996; Minorsky, 2003; Niklas, 2003). Thanks to calculation models, it is possible to
understand growth mechanisms such as e.g. a detailed description of the plant growth dy-
namics in a quantitative manner. Computer modelling of plant growth and development has
become an area of interdisciplinary research (Prusinkiewicz, 2004). However, it would not
be possible, if not for information and computer systems evolution, which enabled the
knowledge synthesis in physiological processes of plants and explanation of crop function-
ing as an integrated whole.

Classical growth models, inter alia, logisitc, Gompertz and Richards equations are wide-
ly and often used for description of biological processes (Werker and Jaggard, 1997). Many
of these equations define sigmoid curves, in which the growth rate raises along with the
increase of the size (from low values to the maximum in situ point and then reduces to zero
in the upper asymptote) (Ratkowsky, 1983). Biologists, the most often used models, such as
logistic functions, Gompertz or monomolecular, which have only three parameters (if it is
assumed that the minimum value is 0) (Zeide, 1993; Birch, 1999).

In order to predict the biological systems development many models were introduced.
They are related to the population dynamics differently. This may be discreet modelling or
in case of big populations, continuous. Many papers inform that the simple exponential
model may ensure proper approximation of the growth in the initial period. However, in
this case, for example inter-species competition is not included. In this situation, population
would still be growing without any impediments (or inevitably would drop to zero, if initial
reduction of the growth would have taken place). Even if the impact of limiting factors
would be omitted, the model does not include the growth reduction due to inter-species
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competition for environmental resources. In case of per se growth, unlimited growth is also
unrealistic, for example, when plants will get close to maturity, their physical properties
will achieve a limiting dimension. Even Verhulst (1838) decided that for the model a stable
population would consequently have the feature of the saturation level. Such state of affairs
is usually called carrying capacity K and constitutes a numerical limitation of the growth
size. Thus, he introduced a logistic growth equation in order to ensure extension of the
exponential model. Regardless this limitation, logistic equation of the growth was used for
modelling many various biological systems (Tsoularis and Wallace, 2002).

Seeds germination modelling

Germination is a key element of seedlings formation. It is a constant and non-reversible
process, which starts from various physiological activities in seeds and after its beginning,
a germ will experience growth or death. However, according to Bewley and Black (1994)
a definition of germination is often used informally and even incorrectly, which is confused
with the seedlings growth, which starts when the germination process is completed. In
a practical sense, it is hard to define the beginning and the end of each process, of partial
germination, since molecular and cellular events are engaged in multi-cell and complex
tissues and the process reactivation takes place gradually (Ranal and Santana, 2006; Fenner
and Thompson, 2005). Finding out what determines the germination phenomenon in the
nature, is still a constant research objective (Baskin and Baskin, 1998).

However, germination is a rarely immediate phenomenon. Each single seed within pop-
ulation has a unique genotype and this genotype may affect the seeds reaction to environ-
mental stimuli.

Methods of germination dynamics analysis of various seeds have been developing very
dynamically in the recent years (Garcia-Huidobro et al., 1982; Ellis et al., 1986; Bradford,
1995).Within the last two centuries several methods or mathematical expressions for meas-
urements of the germination process were suggested or discussed. On one hand, it is fa-
vourable, and on the other, variety of expressions impedes a comparison. A few of those
expressions have the same name, and measure various features of the germination process,
some of them have the same meaning, although they are expressed with various symbols,
while various mathematical words are used for the measurement of the same characteristics
(Ranal and Santana, 2006). Time, speeds, homogeneity and synchronization are important
aspects that inform on the dynamics of the process. These properties are important not only
for physiologists and seeds technologies but also for ecologists, because one may predict
the degree of the success of the species based on the seeds ability to growth and develop in
time.

The main factors that regulate the seeds germination are temperature, water potential of
the environment and air quality (Roberts, 1988; Roberts and Ellis, 1989; Bradford, 1995).

In case of majority of seeds, a time pattern of their germination is strictly regulated with
soil water potential of the environment, since it determines the equilibrium water content in
seeds (Daws et al., 2008; Mesgaran et al., 2012). Germinating seeds have a great sensitivity
to thermal and hydrological conditions as well as clearly and immediately react to any ex-
ternal physical factors (e.g. soil temperature change). Ability to predict time of seedling
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occurrence becomes an indispensable element of the integrated system of crop production
management.

More and more attention is paid to this issue in the last years. Not without the meaning
is active support of specialists from other scientific fields (Hageseth and Joyner, 1975;
Shafii et al., 1991; Shafii and Price, 2001; Odabas and Mut, 2007; Tjerve and Tjerve,
2010). Since, the germination period and the period of seedling growth is the most deadly
for them (Fellner and Sawhney, 2001) optimization of mechanisms that control the begin-
ning of germination and its course, may ensure seedlings with bigger chances of survival
and significantly affect the final quality of yields and their market value (Finch-Savage and
Phelps, 1993; Mesgaran et al., 2012).

Fast and homogeneous seeds germination provides advantages both economic and envi-
ronmental ones in agriculture, since it enables the increase of the production automation
degree, control development of weeds and reduce pathogenic factors. It facilitates also
introduction and optimization of new technologies of a precise cultivation and plant pro-
duction. Modelling the seeds germination kinetics is a subject of numerous experimental
and theoretical papers. Although, germination is a constant process of changes of biological
activities in seeds, in majority of models it is recognised from the practical side. Germina-
tion is considered as a fact of visual registration of piercing of germ roots through external
layers of fruit and seeds cover. Mathematical models of germination are thus, the most
often descriptive models, which give a general image of basic properties of the process
dynamics (Ranal and Santana, 2006).

Berry et al., (1988) analysed a possibility of a description of the germination curve gen-
eralized in the form of Richards function. From this function, at a correct selection of val-
ues of particular parameters of equation, majority of sigmoid functions may be obtained
(logistic, autocatalic, Gompertz function, monomolecular and distribuants of the normal
and gamma distribution). The obtained results showed that for germination curves of the
majority of the investigated crop seeds, the values of the parameters which define the shape
of the curve, aimed at the value of allotted Gompertz function and simultaneously it dif-
fered in the highest degree from the values corresponding to the logistic function
(Muszynski et al., 2015). The germination process was mathematically described also with
simulation models, suggested by Gladyszewska and Koper 2002a, Gladyszewska and Ko-
per, 2002b, Gladyszewska, 1998. The mentioned authors assumed that germination has
three characteristic stages: physical, biochemical and physiological. It was also assumed
that the germination process includes a gradual development through subsequent stages at
a given level of probability (Gtadyszewska and Ciupak, 2009).

In the literature concerning this issue one may meet analytical (logistic function, Ray-
leigh distribution, Gauss distribution, Verhulst-Pearl equation) (Glaser, 1975;
Gladyszewska, 1998; Pabis, 1985) and simulation ones (Monte Carlo Method)
(Gladyszewska, 1998; Gtadyszewska and Koper 2002a; Jazwinski et al., 1975; Roe, 1982)
seed germination models. Analytical models may be used in a quite extensive mathematical
description of seeds germination. They deserve a particular attention in case, when the
impact of various external factors on the germination process kinetics is investigated
(Gtadyszewska et al., 2001).

However, how can we obtain information, when and how many seeds will germinate, in
the environment, when we have only imperfect models developed in laboratory conditions.
Hydrothermal models constitute a basis for many present efforts for seed germination pre-
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diction. A key feature of these models is an assumption that each seed accumulates hydro-
thermal time in relation to temperature and water potential referred to the base temperature
and water potential, at which seeds may grow. The main advantage of hydrothermal models
is the fact that their equations refer to the entire population of seeds and lead to simultane-
ous predictions of germination speed and the interest of germinating seeds (Alvarado and
Bradford, 2002; Batlla et al., 2004; Kochy and Tielborger, 2007; Mesgaran et al., 2012).
Often it is not clear, how the experimental data carried out in controlled conditions will
refer to the changing field environment. Simulation modelling ensures the best possible
hypothesis test that seeds and seedlings integrate in a predictable manner its possible water
potential and a thermal history in field conditions. This hypothesis was verified with hydro-
thermal time concepts for the loss of hybernation of Bromus tectorum seeds ( (Bauer et al.,
1998) but so far, not too much attention was paid to it in modelling of occurrence of seed-
lings (Finch-Savage et al., 1998, Roman et al., 1999). Improvements of hydrothermal mod-
elling suggested by Rowse and Finch-Savage (2003) are becoming parts of papers on ger-
mination modelling in field conditions, which leads to considerable progress in
development of hydrothermal threshold models, which more precisely predict seeds behav-
iour in the real environment (Allen, 2003).

It is significant to base on the methods enabling strict description of the germination
process both in laboratory conditions as well as field conditions when assessing the germi-
nation ability. Such a germination process is possible only when mathematical modelling of
the investigated process is applied. Parameters applied in such a model enable obtaining
precise relation between the results obtained in a laboratory in field experiments
(Gtladyszewska, 2004). Some three-parameter growth functions, such as Weibulla function
do not need the time constant since they have a zero value in the initial time, as a result they
are more elastic on other accounts (Gtadyszewska, 2004, Yang et al., 1978). However,
since the defined curves defined by those equations are seriously limited, many researchers
used equations with additional parameters. So far, Richards equation is more popular
among more elastic growth equations. It is preconditioned with the fact that it has an addi-
tional shape parameter, and it causes that it may be balanced with logistic equations, Gom-
pertz and monomolecular equations (France and Thornley, 1984). Shape parameter change
enables the inflection point of the curve to have any value between the minimum and upper
asymptote.

Conclusions

Seed germination models are still being improved as a result of mechanical integration
of microclimate and variables related to the germination speed and seedling elongation.
A good introduction to such mechanistic modelling integration with empirical one is re-
search on germination carried out by Benech et al., (1990), Romanet al., (2000). The model
from the first research integrates the seeds dormancy, germination and soil temperature. In
the second research, dormant cycles of seeds (interrupted with light and temperature), seeds
germination, seedlings growth and soil temperature are overlapping. In the third one, soil
temperature and water potential are combined in hydrothermal time in order to predict
seeds germination and thermal time of estimation of seedling elongation. Although, any of
these research does not achieve perfection, they indicate a direction, where emergency
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models must aim. In the meantime, simple but effective empirical models, which combine
soil temperature with water potential in soil (Finch-Savage and Phelps, 1993) will have to
suffice for the increase of the information resource concerning agronomic management
(Forcella, 1998).

Many processes and phenomena which take place in agriculture has a non-linear charac-
ter, therefore relations inside them are complex and not easy to be formally described. In
such situations, often application of traditional methods is difficult, thus, it is more often
suggested instead of using modern informative techniques, and in particular procedures that
base on artificial intelligence methods. A dynamic progress of computer and informative
technologies create new possibilities and directions of development of many scientific
fields, including agricultural engineering (Trajer, 2005; Boniecki and Nizewski, 2010).
Based on the experiments which were carried out, it was found out that neural techniques
are a suitable predictive tool that enables formation of a model for crop prediction (Bon-
iecki and Nizewski, 2010). Although, often application of models is limited, the simulation
test constitutes an example of how we can use it. It is a tool, which may supplement field
experiments due to the possibility of results generalization. It is almost possible at field
experiments only. It also ensures a help in planning subsequent experiments in order to
check the real meaning of controlling variables, which are not observed on fields, but are
detected by simulation.

On account of a very big number of data, based on which such models should be
formed, and also on account of a considerable variability of data within population, it seems
that techniques of formation of artificial neural networks may constitute a tool suitable for
formation of time models of parameters change (Biatobrzeski et. al., 2005).

The objective of the first formed models, called heuristic, was a wider understanding of
crops in the aspect of physiological mechanisms of plant growth and development. Howev-
er, with time, further development of simulation models was possible. Since, it occurred
that it is possible to use them for extrapolation and prediction. These models have, thus,
become a support with regard to tactical and strategic decisions in management of crops
(Rabbinge, 1986, Penning de Vries, 1982). At present, modelling and simulation of plant
growth (in particular crops) have become an accepted research tool in agriculture (Rab-
binge, 1986; Seligman, 1990). Therefore, extension of knowledge on crops efficiency has
become possible through comparison of simulation and experimental observation (Selig-
man, 1990). Models developed and presented in the research papers may be used not only
in the scientific research oriented at application, but also in the application research, where
their users may be inter alia managers of agricultural enterprises. However, the fact that so
far majority of research that uses crop growth models have concerned the problem of effi-
ciency prediction (Seligman, 1990; Aggarwal, 1993, van Keulen and Stol, 1995) and the
impact of climatic changes on plant production (Wolf, 1993, Matthews et al., 1995) should
be emphasised.

The plant growth models were applied in plant cultivation for simulation of morpholog-
ical and physiological changes of plant properties (Donald, 1968) in various environments
(Dingkuhn et al., 1993, Hunt, 1993, Kropff et al., 1995). Hunt (1993) and Palanisamy et al.
(1993) suggested the use of parametrized crop growth models in field conditions. As
a result of such approach, a simulation of long term stability of cultivars cropping in the
expected scope of climatic conditions is possible. This technique of mathematical methods
gives thus an opportunity to reduce the costs of cultivation programs through reduction of
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the expensive numbers and years, multi-location of field research, which are presently re-
quired in order to ensure their statistic credibility.
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KONCEPCJE IMETODY MODELOWANIA MATEMATYCZNEGO
PROCESOW WZROSTU I ROZWOJU ROSLIN.
KIELKOWANIE ROSLIN - CZESC 1

Streszczenie. Nowoczesna inzynieria rolnicza, szuka ,,bezpiecznych” metod podwyzszania jako$ci
plonéw roslin uprawnych, wykorzystujac powigzanie wiedzy z wielu nauk. W ten zakres wpisuje si¢
zatem modelowanie komputerowe wzrostu i rozwoju ro$lin, poniewaz stato si¢ to obszarem badan
interdyscyplinarnych. Przedstawienie wiedzy w postaci matematycznych modeli komputerowych jest
jednym z paradygmatow systemow produkcji rolniczej opartych na wiedzy naukowej i praktycznej
oraz informacji. W dzialalno$ci naukowej w obszarze inzynierii rolniczej realizuje si¢ juz od wielu lat
zadania badawcze zwigzane z matematycznym modelowaniem proceséw agrobiologicznych. Dodat-
kowo stosowanie nowoczesnych technik prognozowania w rolnictwie moze przynie$¢ realne korzysci
finansowe, ze wzgledu na fakt, iz na podstawie prognozowania plonu ro$lin uprawnych mozliwe jest
szacowanie oplacalno$ci ich uprawy. Dynamiczny i ciagly postep technologii komputerowych oraz
informacyjnych kreuje nowe mozliwosci wytyczajac tym samym kierunki rozwoju inzynierii rolni-
czej. Majac to na uwadze nalezy podkresli¢, ze modelowanie matematyczne stanowi wsparcie proce-
sow decyzyjnych zachodzacych w produkcji rolniczej. W artykule tym omoéwione zostaty modele
matematyczne, w ktorych analizowany system jest opisany przy zastosowaniu formul matematycz-
nych. Celem pracy bylo przedstawienie dotychczasowego stanu wiedzy na temat metod matematycz-
nych w opisywaniu i prognozowaniu kietkowania nasion. Przedstawiono mozliwosci ich wykorzysta-
nia i nowe wyzwania pojawiajace si¢ w opisie kietkowania nasion.

Stowa kluczowe: modelowanie w rolnictwie, symulacje komputerowe, modelowanie matematyczne,
kietkowanie
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